CHAPTER 9

CENTRE OF MASS, LINEAR
MOMENTUM, COLLISION

9.1 CENTRE OF MASS

Suppose a spin bowler throws a cricket ball
vertically upward. Being a spinner, his fingers turn
while throwing the ball and the ball goes up spinning
rapidly. Focus your attention to a particular point on
the surface of the ball. How does it move in the space ?
Because the ball is spinning as well as rising up, in
general, the path of a particle at the surface is
complicated, not confined to a straight line or to a
plane. The centre of the ball, however, still goes on the
vertical straight line and the spinner’s fingers could
not make its path complicated. If he does not throw
the ball vertically up, rather passes it to his fellow
fielder, the centre of the ball goes in a parabola.

Figure 9.1

All the points of the ball do not go in parabolic
paths. If the ball is spinning, the paths of most of the
particles of the ball are complicated. But the centre of
the ball always goes in a parabola irrespective of how
the ball is thrown. (In fact the presence of air makes
the path of the centre slightly different from a parabola
and bowlers utilise this deviation. This effect will be
discussed in a later chapter. At present we neglect it.)

The centre of the ball is a very special point which
is called the centre of mass of the ball. Its motion is
Just like the motion of a single particle thrown.

Definition of Centre of Mass
Let us consider a collection of N particles
(Figure 9.2). Let the mass of the ith particle be m; and

its coordinates with reference to the chosen axes be
X;, ¥, 2;. Write the product m;x; for each of the

particles and add them to get Y m;x;. Similarly get
Y. m;y; and ¥ m; z;. Then find
i i

1 1 1
= 2%, Y=gpymy; and Z=-r 3 m; z;
i i i

where M =Y m, is the total mass of the system.
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Figure 9.2

Locate the point with coordinates (X, Y, Z). This point
is called the centre of mass of the given collection of
the particles. If the position vector of the i th particle
is 7; , the centre of mass is defined to have the position

vector

- 1 -
RCM=M§miri. .o (9.1)

Taking x, ¥, z components of this equation, we get the
coordinates of centre of mass as defined above

1 1 1
X=M§.mixi, Y=ﬁ§,miy,-, Z=H2i‘,m,-z,- ... (9.2)
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Example 9.1

Four particles A, B, C and D having masses m, 2m,
3m and 4m respectively are placed in order at the corners
of a square of side a. Locate the centre of mass.

Y
4mD Csm
mA B{2m

Figure 9.3

Solution : Take the axes as shown in figure (9.3). The
coordinates of the four particles are as follows :

Particle mass x-coordinate y-coordinate
A m 0 0
B 2m a 0
C 3m a a
D 4m 0 a

Hence, the coordinates of the centre of mass of the
four-particle system are

X_m-0+2ma+3ma+4m-0_g
B m+2m+3m+4m ]
Y_m-0+2m-0+3ma+4ma_7_a

m+2m+3m+4m ~10

Ta
The centre of mass is at (2 1 0]

Centre of Mass of Two Particles

As the simplest example, consider a system of two
particles of masses m, and m, separated by a distance
d (figure 9.4). Where is the centre of mass of this
system ?

me ’mz
d ]

Figure 9.4

Take the origin at m, and the X-axis along the line
joining m; and m,. The coordinates of m, are (0, 0, 0)
and of m, are (d, 0, 0). So,

Emz X =

The total mass is M =m, + m,. By definition, the
m,d

1t m,
the centre of mass of a system of two particles is

my0+myd=myd, Y m;y;=0, Y m;z;=

i i

centre of mass will be at ,0,0|- We find that

situated on the line joining the particles. If O, C, P be
the positions of m,, the centre of mass and m,
respectively, we have

m,d

0C = myd
m,+m,

m,;+m,

so that m,(OC) =my(CP)

and CP=

. (9.3)

The centre of mass divides internally the line joining
the two particles in inverse ratio of their masses.

Centre of Mass of Several Groups of Particles

Consider a collection of N, + N, particles. We call
the group of N, particles as the first part and the other
group of N, particles as the second part. Suppose the
first part has its centre of mass at C; and the total
mass M, (figure 9.5). Similarly the second part has its
centre of mass at C, and the total mass M, . Where is
the centre of mass of the system of N; + N, particles ?

My M,

Figure 9.5

The x-coordinate of the centre of mass is

N, +N, N, +N,
Y m;x; Zm X+ Y mx;
_i=1 i=N +1
X*M1+M2 M, +M, - 94

If X, , X, are the x-coordinates of C, and C,, then
by the definition of centre of mass, Y m; x; for the first

part is M,X; and Y m;x; for the second part is
M,X,. Hence equation (9.4) becomes,

X_M1X1+M2X2

T M+ M,
. . _M1Y1+M2Y2
Slmllarly, Y——W

_M,Z,+M,Z,
and Z_——M1+M2 .

But this is also the centre of mass of two point
particles of masses M, and M, placed at C, and C,
respectively. Thus, we obtain a very useful result. If
we know the centres of mass of parts of the system and
their masses, we can get the combined centre of mass
by treating the parts as point particles placed at their
respective centres of mass.
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Example 9.2

Two identical uniform rods AB and CD, each of length
L are jointed to form a T-shaped frame as shown in
figure (9.6). Locate the centre of mass of the frame. The
centre of mass of a uniform rod is at the middle point
of the rod.

D

Figure 9.6

Solution : Let the mass of each rod be m. Take the centre
C of the rod AB as the origin and CD as the Y-axis. The
rod AB has mass m and its centre of mass is at C. For
the calculation of the centre of mass of the combined
system, AB may be replaced by a point particle of mass
m placed at the point C. Similarly the rod CD may be
replaced by a point particle of mass m placed at the
centre E of the rod CD. Thus, the frame is equivalent
to a system of two particles of equal masses m each,
placed at C and E. The centre of mass of this pair of
particles will be at the middle point F of CE.

The centre of mass of the frame is, therefore, on the rod
CD at a distance L/4 from C.

9.2 CENTRE OF MASS OF CONTINUOUS BODIES

If we consider the body to have continuous
distribution of matter, the summation in the formula
of centre of mass should be replaced by integration.
So, we do not talk of the ith particle, rather we talk
of a small element of the body having a mass dm. If
x,y,z are the coordinates of this small mass dm, we
write the coordinates of the centre of mass as

1
M
The integration is to be performed under proper limits
so that as the integration variable goes through the

limits, the elements cover the entire body. We
illustrate the method with three examples.

=2 fxdm, Y=2[ydm, 2=5[zdm. .. 95)

(a) Centre of Mass of a Uniform Straight Rod

x
Q
x

Figure 9.7

Let M and L be the mass and the length of the
rod respectively. Take the left end of the rod as the
origin and the X-axis along the rod (figure 9.7).
Consider an element of the rod between the positions
x and x + dx. If x =0, the element is at the left end of
the rod. If x = L, the element is at its right end. So as
x varies from 0 through L, the elements cover the
entire rod. As the rod is uniform, the mass per unit
length is M/L and hence the mass of the element is
dm =M /L)dx. The coordinates of the element are
(x,0,0). (The coordinates of different points of the
element differ, but the difference is less than dx and
that much is harmless as integration will
automatically correct it. So x-coordinate of the left end
of the element may be called the “x-coordinate of the
element.”)

The x-coordinate of the centre of mass of the rod
is

The y-coordinate is

and similarly Z = 0. The centre of mass is at (%, 0, 0),
i.e., at the middle point of the rod.

(b) Centre of Mass of a Uniform Semicircular Wire
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Figure 9.8

Let M be the mass and R the radius of a uniform
semicircular wire. Take its centre as the origin, the
line joining the ends as the X-axis, and the Y-axis in
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the plane of the wire (figure 9.8). The centre of mass
must be in the plane of the wire i.e., in the X-Y plane.

How do we choose a small element of the wire ?
First, the element should be so defined that we can
vary the element to cover the whole wire. Secondly, if
we are interested in jx dm, the x-coordinates of

different parts of the element should only
infinitesimally differ in range. We select the element
as follows. Take a radius making an angle 6 with the
X-axis and rotate it further by an angle d6. Note the
points of intersection of the radius with the wire
during this rotation. This gives an element of length
R d0. When we take 6 = 0, the element is situated near
the right edge of the wire. As 0 is gradually increased
to m, the element takes all positions on the wire i.e.,
the whole wire is covered. The “coordinates of the
element” are (R cos®, Rsinf). Note that the
coordinates of different parts of the element differ only
by an infinitesimal amount.

As the wire is uniform, the mass per unit length

of the wire is M The mass of the element is,

TR
therefore,

(M =M
dm =|-= |(R d6)=""d®.

The coordinates of the centre of mass are
=—dem=—J(R cose)[ }de 0

and

Jydm ——J(R s1n9)[ ]d9=2
The centre of mass is at (0, %)

(c) Centre of Mass of a Uniform Semicircular Plate

This problem can be worked out using the result
obtained for the semicircular wire and that any part
of the system (semicircular plate) may be replaced by
a point particle of the same mass placed at the centre
of mass of that part.

Figure 9.9

Figure (9.9) shows the semicircular plate. We take
the origin at the centre of the semicircular plate, the

X-axis along the straight edge and the Y-axis in the
plane of the plate. Let M be the mass and R be its
radius. Let us draw a semicircle of radius r on the
plate with the centre at the origin. We increase r to
r+dr and draw another semicircle with the same
centre. Consider the part of the plate between the two
semicircles of radii r and r+dr. This part, shown
shaded in figure (9.9), may be considered as a
semicircular wire.

If we take r =0, the part will be formed near the
centre and if r =R, it will be formed near the edge of
the plate. Thus, if r is varied from 0 to R, the elemental
parts will cover the entire semicircular plate.

We can replace the semicircular shaded part by a
point particle of the same mass at its centre of mass
for the calculation of the centre of mass of the plate.

The area of the shaded part == rdr. The area of
the plate is TR °/2. As the plate is uniform, the mass
- Hence the mass of the

per unit area is A42
nR /2

semicircular element

2Mrdr
nrdr)= .
=R / ( )=——5
The y-coordinate of the centre of mass of this wire is
2r/n . The y-coordinate of the centre of mass of the
plate is, therefore,
R
_1[(2r\(2Mr \_1 4MR'_4R
Y—MJ.[“)[RZ dr) - 2 -
The x-coordinate of the centre of mass is zero by
symmetry.

9.3 MOTION OF THE CENTRE OF MASS

Consider two particles A and B of masses m; and
m,, respectively. Take the line joining A and B as the
X-axis. Let the coordinates of the particles at time ¢
be x, and x,. Suppose no external force acts on the
two-particle-system. The particles A and B, however,
exert forces on each other and the particles accelerate
along the line joining them. Suppose the particles are
initially at rest and the force between them is
attractive. The particles will then move along the line
AB as shown in figure (9.10).

A B
@ ®-— X
m, F F m

2

Figure 9.10

The centre of mass at time ¢ is situated at

myx, + myx,
m,+m,

X=
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As time passes, x,, x, change and hence X changes
and the centre of mass moves along the X-axis.
Velocity of the centre of mass at time ¢ is

dx mu,+m,u,

VCM:%z—m‘ ... (9.6)
The acceleration of the centre of mass is
dv,
Qo= Tg T e e, . 9

m,+m,
Suppose the magnitude of the forces between the
particles is F. As the only force acting on A is F
towards B, its acceleration is @, = F/m, . The force on
B is (-F) and hence a,=-F/m,
Putting in (9.7),

=m1(F/m1)+m2(_F/m2) _

a 0.
M m, + m,

That means, the velocity of the centre of mass does
not change with time. But as we assumed, initially the
particles are at rest. Thus, v, =v,=0 and from (9.5)
Ve =0. Hence the centre of mass remains fixed and
does not change with time.

Thus, if no external force acts on a
two-particle-system and its centre of mass is at rest (say
in the inertial frame A) initially, it remains fixed (in
the inertial frame A) even when the particles
individually move and accelerate. Let us now
generalise this result.

Consider a system of N particles, the ith particle
having a mass m; and the position vector r; with
respect to an inertial frame. Each particle is acted
upon by forces due to all other (V- 1) particles and
forces due to the sources outside the system. The
acceleration of the ith particle is

- -
E; = El— [ S Fy+ Fim] (Newton’s second law)
"\ i

3 ext

- -
or, m; a; = ZFL_]+F1 .
J#i
_)
Here Fj; is the force on the ith particle due to the
-
Jth particle and F,«w is the vector sum of the forces

acting on the ith particle by the external sources.
Summing over all the particles
- = Text T ext
Zmiai=2 ZFU+ZF1 =F . (98)
i izjj i
ﬂ
The internal forces F;; add up to zero as they cancel
- o -

in pairs, (Fjj+ Fji=0) by Newton’s third law. F “ is
the sum of all the forces acting on all the particles by
the external sources.

- - .. - -
Now Y m;r;=M Rcy giving Y m;a; =M acy

2 14

Putting in (9.8),
%
May, =F*. .. (9.9)

If the external forces acting on the system add to zero,
@z =0 and hence the velocity of the centre of mass is
constant. If initially the centre of mass was at rest
with respect to an inertial frame, it will continue to
be at rest with respect to that frame. The individual
particles may go on complicated paths changing their
positions, but the centre of mass will be obtained at
the same position.

If the centre of mass was moving with respect to
the inertial frame at a speed v along a particular
direction, it will continue its motion along the same
straight line with the same speed. Thus, the motion of
the centre of mass of the system is not affected by the
internal forces. If the external forces add up to zero,
the centre of mass has no acceleration.

Example 9.3

Two charged particles of masses m and 2m are placed
a distance d apart on a smooth horizontal table. Because
of their mutual attraction, they move towards each other
and collide. Where will the collision occur with respect
to the initial positions ?

Solution : As the table is smooth, there is no friction. The
weight of the particles and the normal force balance each
other as there is no motion in the vertical direction.
Thus, taking the two particles as constituting the
system, the sum of the external forces acting on the
system is zero. The forces of attraction between the
particles are the internal forces as we have included both
the particles in the system. Therefore, the centre of mass
of the system will have no acceleration.

Initially, the two particles are placed on the table and
their velocities are zero. The velocity of the centre of
mass is, therefore, zero. As time passes, the particles
move, but the centre of mass will continue to be at the
same place. At the time of collision, the two particles
are at one place and the centre of mass will also be at
that place. As the centre of mass does not move, the
collision will take place at the centre of mass.

The centre of mass will be at a distance 2d/3 from the
initial position of the particle of mass m towards the
other particle and the collision will take place there.

When the external forces do not add up to zero,
the centre of mass is accelerated and the acceleration
is given by equation (9.9)

-
N F ext

Gem="p1 "

If we have a single particle of mass M on which a
force F * acts, its acceleration would be the same as
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2 ext

A Thus the motion of the centre of mass of a system

is identical to the motion of a single particle of mass
equal to the mass of the given system, acted upon by
the same external forces that act on the system.

To explain this statement, once again consider the
spinning ball of figure (9.1b). The ball is spinning and
at the same time moving under gravity. To find the
motion of the centre of mass of the ball, which is
actually the centre of the ball, we imagine a particle
of mass equal to that of the ball. We throw this particle
with the velocity v, which the centre of mass had at
the time of projection. What is the motion of this single
particle of mass M subjected to the force Mg
downward, thrown initially with velocity v? It is a
parabolic motion, given by,

xX=0,t, y=vyt—%gt2. ... (9.10)

The centre of the ball exactly traces this curve with
coordinates given by this equation only.
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Figure 9.11

Next, suppose the ball breaks up into two parts
(figure 9.11) because of some internal stress, while
moving along the parabola. The two parts go on two
different parabolae because the velocities of the parts
change at the instant of breaking. Locate the two parts
at some instant ¢ and calculate the position of the
centre of mass of the combination at that instant. It
will be found at the same point on the original
parabola where the centre would have been at the
instant ¢ according to equation (9.10).

9.4 LINEAR MOMENTUM AND ITS
CONSERVATION PRINCIPLE

The (linear) momentum of a particle is defined as
p =mv. The momentum of an N-particle system is the
(vector) sum of the momenta of the N particles i.e.,

g o -
P=Ypi=Ymuv;.
i i

- d - d - -
Butzmlv,=—z miri_—'_MRCM=MVCM.
; dt < dt
- -
Thus, P=MVCM' ces (9.11)

As we have seen, if the external forces acting on the
system add up to zero, the centre of mass moves with
constant velocity, which means P = constant. Thus the

linear momentum of a system remains constant (in
magnitude and direction) if the external forces acting
on the system add up to zero. This is known as the
principle of conservation of linear momentum.
Consider a trivial example of a single particle on
which no force acts (imagine a practical situation
where this can be achieved). Looking from an inertial
frame, the particle is moving with uniform velocity and
so its momentum remains constant as time passes.

M+m M

® —o0 o¢—

Figure 9.12

As a different example, consider a radioactive
nucleus at rest which emits an alpha particle along
the X-axis. Let m and M be the masses of the alpha
particle and the residual nucleus respectively. Take
the entire nucleus as the system. The alpha particle
is ejected from the nucleus because of the forces
between the neutrons and protons of the nucleus (this
is the nuclear force and not gravitational or
electromagnetic). There is no external force acting on
the system and hence its linear momentum should not
change. The linear momentum before the emission was
zero as the nucleus was at rest. After the emission,
the system is broken up into two parts, the alpha
particle and the residual nucleus. If the alpha particle
is emitted with a speed v, the residual nucleus must
recoil in the opposite direction with a speed V, so that

M17+m17)=0 or, ‘7):—%2

9.5 ROCKET PROPULSION

In a rocket, the fuel burns and produces gases at
high temperatures. These gases are ejected out of the
rocket from a nozzle at the backside of the rocket. The
ejecting gas exerts a forward force on the rocket which
helps it in accelerating.

Suppose, a rocket together with its fuel has a mass
M, at t =0. Let the gas be ejected at a constant rate
aM
dt
velocity u with respect to the rocket.

At time ¢, the mass of the rocket together with the
remaining fuel is

r=-==. Also suppose, the gas is ejected at a constant

M=M,-rt.
If the velocity of the rocket at time ¢ is v, the linear
momemtum of this mass M is
P=Mv=@M,-rty. .o @)
Consider a small time interval Af¢. A mass
AM =rAt of the gas is ejected in this time and the
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velocity of the rocket becomes v + Av. The velocity of
the gas with respect to ground is
- - -

Ugas, ground = Ugas, rocket t Urocket, ground
=—u+v
in the forward direction.
The linear momentum of the mass M at ¢ + A¢ is,
(M- AM) (v + Av) + AM(v - u). ... (i)
Assuming no external force on the rocket-fuel
system, from (i) and (ii),
M-AM) (v+Av)+ AM(v — u)=Mv

or, (M - AM) (Av) = (AM) u
or Ap =AMy
’ M-AM
Av  Am u ru
or, —

At~ At M-Am M-rAt
Taking the limit as Az — 0,

This gives the acceleration of the rocket. We see
that the acceleration keeps on increasing as time
passes. If the rocket starts at ¢ =0 and we neglect any
external force such as gravity,

v t
fdv=ruj dt
0 0

MO - rt
or, v=ru - n ——-——MO
=ul M,
or, v=uln M,—rt
9.6 COLLISION
—V —v,
B A
mq my
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Figure 9.13

Consider the situation shown in figure (9.13). Two
blocks of masses m; and m, are moving on the same
straight line on a frictionless horizontal table. The
block m, , which is ahead of m, , is going with a speed
v, smaller than the speed v, of m, . A spring is attached
to the rear end of m, . Since v, > v,, the block m; will
touch the rear of the spring at some instant, say ¢, .
Then onwards, the velocity of the left end of the spring
will be equal to the velocity of m, (as they are in
contact). The velocity of the right end of the spring
will be same as that of m, (as they are in contact).
Since m,; moves faster than m,, the length of the

spring will decrease. The spring will be compressed.
As it is compressed, it pushes back both the blocks
with forces kx where x is the compression and %, the
spring constant. This force is in the direction of the
velocity of m,, hence m, will accelerate. However, this
is opposite to the velocity of m, and so m, will
decelerate. The velocity of the front block A (which was
slower initially) will gradually increase, and the
velocity of the rear block B (which was faster initially)
will gradually decrease. The spring will continue to
become more and more compressed as long as the rear
block B is faster than the front block A. There will be
an instant ¢, + At;, when the two blocks will have equal
velocities. At this instant, both the ends of the spring
will move with the same velocity and no further
compression will take place. This corresponds to the
maximum compression of the spring. Thus, “the
spring-compression is maximum when the two blocks
attain equal velocities”.

Now, the spring being already compressed, it
continues to push back the two blocks. Thus, the front
block A will still be accelerated and the rear block B
will still be decelerated. At #, + A#; the velocities were
equal and hence, after ¢; + At; the front block will move
faster than the rear block. And so do the ends of the
spring as they are in contact with the blocks. The
spring will thus increase its length. This process will
continue till the spring acquires its natural length, say
at a time ¢, + At; + Af,. Once the spring regains its
natural length, it stops exerting any force on the
blocks. As the two blocks are moving with different
velocities by this time, the rear one slower, the rear
block will leave contact with the spring and the blocks
will move with constant velocities. Their separation
will go on increasing.

During the whole process, the momentum of the
two-blocks system remains constant. The momentum
before the instant ¢, was m,v;, + my,=P. At time
ty + At;, the two blocks have equal velocities say V and
we have m,V+m,V=P. After the contact is broken,
the blocks finally attain constant velocities v,” and
v'’(vy>v) and the momentum will be
m, + my,’ =P. In fact, take the velocities of the
blocks at any instant, before the collision, during the
collision or after the collision; the momentum will be
equal to P. This is because there is no resultant
external force acting on the system. Note that the
spring being massless, exerts equal and opposite forces
on the blocks.

Next, consider the energy of the system. As there
is no friction anywhere, the sum of the kinetic energy
and the elastic potential energy remains constant. The
gravitational potential energy does not come into the
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picture, as the motion is horizontal. The elastic
potential energy is %k x? when the spring is
compressed by x. If u;, and u, are the speeds at this
time, we have,
%mluf+%m2u;+%kx2=E

where E is the total energy of the system.
At and before ¢ =t, , the spring is at its natural length
so that,

1

1 .
Emlvf+§m2v22=E. .o @

At time ¢t =%, + At;, u; =u, =V and the compression of
the spring is maximum. Thus,

1 1
E(m1+m2)V2+§kx;ax=E_

At and after t=t¢, + At, + At,, the spring acquires its
natural length, so that,

2

—%mlvl'z'f'%mzvz, =E. eoe (li)
From (i) and (ii),
1 2 1 2 ,2 1 ,2
- mU; + = myly == mlvl + = mgyUy .

2 2 2 2

The kinetic energy before the collision is the same as
the kinetic energy after the collision. However, we can
not say that the kinetic energy remains constant
because it changes as a function of time, during the
interval £, to #; + A¢;, + At,.

Example 9.4

Each of the blocks shown in figure (9.14) has mass 1 kg.
The rear block moves with a speed of 2 m/s towards the
front block kept at rest. The spring attached to the front
block is light and has a spring constant 50 N/m. Find
the maximum compression of the spring.

—
e e 7

Figure 9.14

Solution : Maximum compression will take place when the
blocks move with equal velocity. As no net external force
acts on the system of the two blocks, the total linear
momentum will remain constant. If V is the common
speed at maximum compression, we have,

(1kg) 2 m/s)=(1kg) V+ (1 kg)V

or, V=1ms.

Initial kinetic energy = % (1kg) @m/s)’ =2J

Final kinetic energy
=%(1 kg) (1 m/s)2+%(1 kg) (1 m/s) >
=1d.

The kinetic energy lost is stored as the elastic energy in
the spring.

Hence, + (50 N/m)x*=2J-1J=1J

or, x=02m.

Almost similar is the situation when two balls
collide with each other and no spring is put between
them (figure 9.15). At the instant they come into
contact, the rear ball has a larger velocity v, and the
front ball has a smaller velocity v,. But the surfaces
in contact must move equal distance in any time
interval as long as they remain in contact. The balls
have to be deformed at the contact.

Figure 9.15

The deformed balls push each other and the
velocities of the two balls change. The total kinetic
energy of the two balls decreases as some energy is
converted into the elastic potential energy of the
deformed balls. The deformation is maximum (and the
kinetic energy minimum) when the two balls attain
equal velocities. Total momentum of the balls remains
constant. The behaviour of the balls after this depends
on the nature of the materials of the balls. If the balls
are perfectly elastic, forces may develop inside them
so that the balls try to regain their original shapes. In
this case, the balls continue to push each other, the
velocity of the front ball increases while that of the
rear ball decreases and thus the balls separate. After
separation, the balls regain their original shapes so
that the elastic potential energy is completely
converted back into kinetic energy. Thus, although the
kinetic energy is not constant, the initial kinetic energy
is equal to the final kinetic energy. Such a collision is
called an elastic collision.

On the contrary, if the materials of the balls are
perfectly inelastic, the balls have no tendency to regain
their original shapes after maximum deformation. As
a result, they do not push each other and continue to
move with the common velocity with their deformed
shapes. The kinetic energy decreases at the time of
deformation and thereafter remains constant at this
decreased value. Such a collision is called an inelastic
collision.
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If the material is partially elastic, the balls try to
regain their original shapes, they push each other,
even after maximum deformation. The velocities
further change, the balls separate but the shapes are
not completely recovered. Some eriergy remains inside
the deformed ball. The final kinetic energy is,
therefore, less than the initial kinetic energy. But the
loss of kinetic energy is not as large as that in the
case of a perfectly inelastic collision.

Thus, for an elastic collision,

- - -, -,
myUq + MUy = MUy + myv,
ndlmvz+1mv2 1mv’2+1mv’2 - 912)
and o Py =3 >y
2 V1 2 2Y 2 2 1v1 2 2Y 2
i.e., Kf= Ki .
) . R T =
For an inelastic collision, v,"=v,’ =V,
- - - -
mqv; + myvy =m,V +m,V ... (9.13)

and K;< K;.
For a partially elastic collision,
- - - -
mq Uy + Mg Uy =myq U + My Uy
K:<K;, AK=K;-K;
is the loss of kinetic energy. It is less than that in the
case of a perfectly inelastic collision. For one

dimensional collision (head-on collision) the vector sign
may be removed.

9.7 ELASTIC COLLISION IN ONE DIMENSION

—y, —v, —y —»vé

-

A B A B
Figure 9.16

Consider two elastic bodies A and B moving along
the same line (figure 9.16). The body A has a mass m,
and moves with a velocity v; towards right and the
body B has a mass m, and moves with a velocity v, in
the same direction. We assume v; > v, so that the two
bodies may collide. Let v,” and v,” be the final velocities
of the bodies after the collision. The total linear
momentum of the two bodies remains constant, so that,

MUy + MoUs = MUy + Moy .. @)
or, m1U1 - mlvl, = m2v2, - mzvz
or, m,y (vl - Ul,) =m, (vz’ - Uz). cos (ii)

Also, since the collision is elastic, the kinetic energy
before the collision is equal to the kinetic energy after

the collision. Hence,
1mvz+1m vz—lmv'2+lmv ’2
§ Y1 2 22_2 1Y1 2 2V 2

2 ;2 , 2 2
or, mlvl - m,v, = m202 - m2v2

or, m, (vl2 -vy = my (Vg 2 v;). ... (i)
Dividing (iii) by (ii),

v+ =0y + 0,
or, v, — Uy =0y — 0. .. @)

Now, (v;—v,) is the rate at which the separation
between the bodies decreases before the collision.
Similarly, (v, — v;’) is the rate of increase of separation
after the collision. So the equation (iv) may be written
as

Velocity of separation (after collision)

= Velocity of approach (before collision). ... (9.14)

This result is very useful in solving problems
involving elastic collision. The final velocities v,” and
v,” may be obtained from equation (i) and (iv). Multiply
equation (iv) by m, and subtract from equation (i).

2 myvy + (my — my) vy = (My +my) vy
(my —my) 2m,

or, v = v, + Uy ... (9.15)
my+m, m;+m,

Now multiply equation (iv) by m,; and add to
equation (i),
2m, — (my —my) vy = (Mmy + my) vy’
_ 2my v,

_ (my — my)v, )
2 my+m,

m,+mg

’

or, v ... (9.16)

Equations, (9.15) and (9.16) give the final velocities
in terms of the initial velocities and the masses.

Special cases :

(a) Elastic collision between a heavy body and a light body :

Let m; >>m, . A heavy body hits a light body from
behind.

We have,
ml - m2 _ 1 2 mz _
my+m, m,+m,
2m,
and —_— =
my + mqy

With these approximations the final velocities of
the bodies are, from (9.15) and (9.16),

vl, = U, and,vz’ = 2v1 —Uy.

The heavier body continues to move with almost
the same velocity. If the lighter body were kept at rest
v, =0, vy =2v, which means the lighter body, after
getting a push from the heavier body will fly away
with a velocity double the velocity of the heavier body.

Next suppose m, >>m,. A light body hits a heavy
body from behind.
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We have,
mTm 1
m, + m,
2m, ~9
m, +m,
and 2m, ~0
m, + m,
The final velocities of the bodies are, from (9.15)
and (9.16),

vl’ =—=0U; + 202 and vz,z Uy.

The heavier body continues to move with almost
the same velocity, the velocity of the lighter body
changes. If the heavier body were at rest, v, =0 then
v,’ =—v;, the lighter body returns after collision with
almost the same speed. This is the case when a ball
collides elastically with a fixed wall and returns with
the same speed.

(b) Elastic collision of two bodies of equal mass :
Putting m,; =m, in equation (9.15) and (9.16)
v/ =v, and v, =v,.

When two bodies o, equal mass collide elastically, their
velocities are mutually interchanged.

9.8 PERFECTLY INELASTIC COLLISION
IN ONE DIMENSION

Final Velocity

When perfectly inelastic bodies moving along the
same line collide, they stick to each other. Let m, and
m, be the masses, v, and v, be their velocities before

the collision and V be the common velocity of the
bodies after the collision. By the conservation of linear
momentum,

myU; + myv, =m,V+m,V
myv, + myU,
my + my

. (@

or,

Loss in Kinetic Energy

The kinetic energy before the collision is

1 2 1 2

and that after the collision is %(m1+m2)V ?. Using

equation (i), the loss in kinetic energy due to the
collision is

mlvlz + % m2v22 - % (ml + mz) Vz

2

2 2 (mlvl + mzvz)
m, +meyg ————————— —
my+m,

D= DN

2
2
_mam, (v1—vy) )
2 (my+my)
We see that the loss in kinetic energy is positive.

2 2
_ 1| mym, (v + vy — 2v10,)
m, +m,

Example 9.5

A cart A of mass 50 kg moving at a speed of 20 km/h
hits a lighter cart B of mass 20 kg moving towards it at
a speed of 10 km/h. The two carts cling to each other.
Find the speed of the combined mass after the collision.

Solution : This is an example of inelastic collision. As the
carts move towards each other, their momenta have
opposite sign. If the common speed after the collision is
V, momentum conservation gives

(50 kg) (20 km/h) — (20 kg) (10 km/h) = (70 kg) V

or V=87—°km/h.

9.9 COEFFICIENT OF RESTITUTION

We have seen that for a perfectly elastic collision

velocity of separation = velocity of approach
and for a perfectly inelastic collision

velocity of separation = 0.
In general, the bodies are neither perfectly elastic nor
perfectly inelastic. In that case we can write

velocity of separation = e (velocity of approach),
where 0<e<1. The constant e depends on the
materials of the colliding bodies. This constant is
known as coefficient of restitution. If e = 1, the collision
is perfectly elastic and if e = 0, the collision is perfectly
inelastic.

Example 9.6

A block of mass m moving at speed v collides with
another block of mass 2m at rest. The lighter block
comes to rest after the collision. Find the coefficient
of restitution.

Solution : Suppose the second block moves at speed v’
towards right after the collision. From the principle of
conservation of momentum,

mv =2mv’ or v =v/2.
Hence, the velocity of separation =v/2 and the velocity
of approach =v. By definition,
_ velocity of the separation _v/2_1
velocity of approach ~ v ~ 2

9.10 ELASTIC COLLISION IN TWO DIMENSIONS

Consider two objects A and B of mass m; and m,
kept on the X-axis (figure 9.17). Initially, the object
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B is at rest and A moves towards B with a speed
u,. If the collision is not head-on (the force during the
collision is not along the initial velocity), the objects
move along different lines. Suppose the object A moves
with a velocity v; making an angle 6 wigh the X-axis
and the object B moves with a velocity v, makmg an
angle ® with the same axis. Also, suppose v1 and v2
lie in X-Y plane. Using conservation of momentum in
X and Y directions, we get

mqly = MU, cos6 + myvu, cos® .o @

and 0 =m,v, sinb — myv, sind. ... (ii)

If the collision is elastic, the final kinetic energy is
equal to the initial kinetic energy. Thus,
1 1 2 1 2
5 E mlvl + Emzvz . cee (111)
We have four unknowns v,, v,, 6 and ® to describe
the final motion whereas there are only three relations.

Thus, the final motion cannot be uniquely determined
with this information.

2
myu, =

Y
—y ﬁ/‘ﬁ
L O <=
l A B X ¢ X
N
\)

Figure 9.17

In fact, the final motion depends on the angle
between the line of force during the collision and the
direction of initial velocity. The momentum of each
object must be individually conserved in the direction
perpendicular to the force. The motion along the line
of force may be treated as a one-dimensional collision.

9.11 IMPULSE AND IMPULSIVE FORCE

When two bodies collide, they exert forces on each
other while in contact. The momentum of each body is
changed due to the force on it exerted by the other.
On an ordinary scale, the time duration of this contact
is very small and yet the change in momentum is
sizeable. This means that the magnitude of the force
must be large on an ordinary scale. Such large forces
acting for a very short duration are called impulsive
forces. The force may not be uniform while the contact
lasts.

The change in momentum produced by such an
implusive force is

Pr tf _)
- o -
P-P;=[dP= d—dt det . (9.17)
Pi ti L
F
Area =
R-P,
t; tg t
Figure 9.18

¢
.9
This quantity f F dt is known as the impluse of
t.
_) 13
the force F during the time interval ¢; to ¢, and is equal
to the change in the momentum of the body on which
it acts. Obviously, it is the area under the F — ¢ curve

for one-dimensional motion (figure 9.18).

Worked Out Examples

1. Three particles of masses 0'50 kg, 1'0 kg and 1'5 kg are
placed at the three corners of a right-angled triangle of
sides 3'0 cm, 4'0 cm and 50 cm as shown in figure
(9-W1). Locate the centre of mass of the system.

1.5 kg

3.0cm 5.0cm

050kg 4.0cm 1.0kg

Figure 9-W1.

Solution : Let us take the 4'0 cm line as the X-axis and
the 30 cm line as the Y-axis. The coordinates of the
three particles are as follows :

m x y
0-50 kg 0 0
1.0 kg 40 cm 0
1-5 kg 0 3-:0 cm

The x-coordinate of the centre of mass is
X m, %, + my %, + my X,
m,+m,+m,
_(050kg) . 0+(1'0kg) . (40cm) +(1'5kg). 0
- 050 kg + 10 kg + 1'5 kg
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_4kgem Lo
3 kg
The y-coordinate of the centre of mass is
myy,tmyy, +myy;
m,+my,+m;g

_(050kg). 0+ (1'0kg).0+ (1'5kg) (30 cm)

- 050kg+1-0kg + 15 kg

_45kgecm _ 15 em

= 3kg .
Thus, the centre of mass is 1'3 cm right and 1'5 cm
above the 05 kg particle.

Y=

2. Half of the rectangular plate shown in figure (9-W2) is
made of a material of density p, and the other half of
density p,. The length of the plate is L. Locate the centre
of mass of the plate.

-0

C2

-0
e

Figure 9-W2

Solution : The centre of mass of each half is located at the
geometrical centre of that half. Thus, the left half may
be replaced by a point particle of mass Kp, placed at C,
and the right half may be replaced by a point particle
of mass Kp, placed at C,. This replacement is for the
specific purpose of locating the combined centre of mass.
Take the middle point of the left edge to be the origin.
The x-coordinate of C, is L/4 and that of C, is 3L/4.
Hence, the x-coordinate of the centre of mass is

(Kpy) =+ (Kpy) 2
X=
Kp, + Kp,
_(py+3py)
CAp +p)

The combined centre of mass is this much to the right
of the assumed origin.

8. The density of a linear rod of length L varies as
p=A+Bx where x is the distance from the left end.
Locate the centre of mass.

X

S E—
(o) dx

Figure 9-W3

Solution : Let the cross-sectional area be a. The mass of
an element of length dx located at a distance x away
from the left end is (A + Bx) oo dx. The x-coordinate of
the centre of mass is given by

L

fxdm _!x (A +Bx) a.dx

Xow

— = L
J.dm I(A + Bx) oo dx
1]
rr _L
A *B3 34L+2BL’
= 4 )
AL+BL? 3(2A+BL)

4. A cubical block of ice of mass m and edge L is placed in
a large tray of mass M. If the ice melts, how far does the
centre of mass of the system “ice plus tray” come down ?

Solution : Consider figure (9-W4). Suppose the centre of
mass of the tray is a distance x, above the origin and
that of the ice is a distance x, above the origin. The
height of the centre of mass of the ice-tray system is

_mx,+Mx,

T m+M
T T\ |——| i
X2
[ o

Figure 9-W4

When the ice melts, the water of mass m spreads on the
surface of the tray. As the tray is large, the height of
water is negligible. The centre of mass of the water is
then on the surface of the tray and is at a distance
x,— L/2 above the origin. The new centre of mass of the
ice-tray system will be at the height

m (xz - %J +Mx,
x= m+M .
oy , mL

The shift in the centre of mass =x —x'=————-

2 (m + M)

5. Consider a two-particle system with the particles having
masses m, and m,. If the first particle is pushed towards
the centre of mass through a distance d, by what distance
should the second particle be moved so as to keep the
centre of mass at the same position ?

Solution : Consider figure (9-W5). Suppose the distance of
m, from the centre of mass C is x, and that of m, from
C is x,. Suppose the mass m, is moved through a
distance d’ towards C so as to keep the centre of mass
at C.

—d— c —d -
m,O--@ @--Om,
; X4 + X2 4
Figure 9-W5
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Then,
myx, =my,Xx, .o @
and m, (x,—d)=m, (x,—d"). ... (i)
Subtracting (ii) from (i)
m,d=m,d’

m.
or, d'=—d.
m,

6. A body of mass 2'5 kg is subjected to the forces shown
in figure (9-W6). Find the acceleration of the centre of
mass.

Y 4N
_— —_
53° X
5N 6N
37°
Figure 9-W6

Solution : Take the X and Y axes as shown in the figure.
The x-component of the resultant force is

F,=-6N+ (5N)cos 37° + (6 N) cos 53° + (4 N) cos 60°

=-6N+(5N)-(4/5)+ (6 N)-(3/5)+ (4 N)- (1/2)=36 N.
Similarly, the y-component of the resultant force is

F,=5Nsin 37° - (6 N) sin 53° + 4 N sin 60°
=(BN)-(3/5)-(6N)- 4/5)+ (@ N)- (¥3/2)=1TN -

The magnitude of the resultant force is

F=\F,”+F,” =\N(36N)*+(1'TN)* ~40N.

The direction of the resultant force makes an angle 6

with the X-axis where

1-7

tan@ = F =——=047
I AaE T
The acceleration of the centre of mass is
F 40N =16m/s 2

Qo =3~ 25 kg
in the direction of the resultant force.

k F

m m f——

Ve S

Figure 9-W7

7. Two blocks of equal mass m are connected by an
unstretched spring and the system is kept at rest on a
frictionless horizontal surface. A constant force F is
applied on one of the blocks pulling it away from the
other as shown in figure (9-W7). (a) Find the position of
the centre of mass at time t. (b) If the extension of the

spring is x, at time t, find the displacement of the two
blocks at this instant.

Solution : (a) The acceleration of the centre of mass is
given by
. _F_F_
MM 2m
The position of the centre of mass at time ¢ is
x= 1 Aoy t’= F_t2 .
2 M 4m

(b) Suppose the displacement of the first block is x, and
that of the second is x,. As the centre of mass is at x,
we should have

mx, +mx,
x= 2m
Ft® x+x,
o 4am- 2
or, X, +x2=F—t2 @)
2m
The extension of the spring is x,—x,. Therefore,
Xy =X, =%, . ... (i)

2{2m

1(Ft*
and B=5 5, T x|

A projectile is fired at a speed of 100 m/s at an angle of
37° above the horizontal. At the highest point, the
projectile breaks into two parts of mass ratio 1:3, the
smaller coming to rest. Find the distance from the
launching point to the point where the heavier piece
lands.

2
from (i) and (i), %, =+ [F L _ x°J

8

Figure 9-W8

Solution : See figure (9-W8). At the highest point, the
projectile has horizontal velocity. The lighter part comes
to rest. Hence the heavier part will move with increased
horizontal velocity. In vertical direction, both parts have
zero velocity and undergo same acceleration, hence they
will cover equal vertical displacements in a given time.
Thus, both will hit the ground together. As internal
forces do not affect the motion of the centre of mass, the
centre of mass hits the ground at the position where the
original projectile would have landed. The range of the
original projectile is

3,

5

o

4

2 u ?sind cos 2310 "x

xCM = g = 10
=960 m.

m
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The centre of mass will hit the ground at this position.
As the smaller block comes to rest after breaking, it-falls
down vertically and hits the ground at half of the range
ie., at x = 480 m. If the heavier block hits the ground at

x,, then

my;+m,
M X480 m + 3M X %,
960 m = 4 4
or, = M
or, x5, =1120 m.

. A block of mass M is placed on the top of a bigger block

of mass 10 M as shown in figure (9-W9). All the surfaces
are frictionless. The system is released from rest. Find
the distance moved by the bigger block at the instant the
smaller block reaches the ground.

10M

22m i
Figure 9-W9

Solution : If the bigger block moves towards right by a

10.

distance X, the smaller block will move towards left by
a distance (2'2 m — X). Taking the two blocks together
as the system, there is no hoﬁzoptal external force on
it. The centre of mass, which was at rest initially, will
remain at the same horizontal position.

Thus,

M@22m-X)=10 MX
or, 22m=11X
or, X=02m.

The hero of a stunt film fires 50 g bullets from a machine
gun, each at a speed of 1'0 km/s. If he fires 20 bullets
in 4 seconds, what average force does he exert against
the machine gun during this period ?

Solution : The momentum of each bullet

= (0050 kg) (1000 m/s) = 50 kg-m/s.
The gun is imparted this much of momentum by each
bullet fired. Thus, the rate of change of momentum of
the gun
_ (50 kg-m/s) x 20
B 4s
In order to hold the gun, the hero must exert a force of
250 N against the gun.

=250 N

11. A block moving horizontally on a smooth surface with a

speed of 20 m/s bursts into two equal parts continuing

in the same direction. If one of the parts moves at 30 m/s,
with what speed does the second part move and what is
the fractional change in the kinetic energy ?

Solution : There is no external force on the block. Internal

12.

Solution :

13.

Solution :

forces break the block in two parts. The linear
momentum of the block before the break should,
therefore, be equal to the linear momentum of the two-
parts after the break. As all the velocities are in same
direction, we get,

M(20m/s)=%(30m/s)+%v

where v is the speed of the other part. From this
equation v = 10 m/s. The change in kinetic energy is
1M 2 1M .1 .
279 (30 m/s) “ + 279 (10 m/s) 2 M (20 m/s)
M m’ m?
=E(450+50—400)—2= 50 — M.
s s

Hence, the fractional change in the kinetic energy
2

—;—M(20 m/s) *

A car of mass M is moving with a uniform velocity v on
a horizontal road when the hero of a Hindi film drops
himself on it from above. Taking the mass of the hero to
be m, what will be the velocity of the car after the event ?

Consider the car plus the hero as the system.
In the horizontal direction, there is no external force.
Since the hero has fallen vertically, so his initial
horizontal momentum = 0.

Initial horizontal momemtum of the system =Mv
towards right.

Finally the hero sticks to the roof of the car, so they

move with equal horizontal velocity say V. Final
horizontal momentum of the system

=M+m)V
Hence, Muv=(M+m)V
Mv
o “Mim

A space shuttle, while travelling at a speed of 4000 km/h
with respect to the earth, disconnects and ejects a module
backward, weighing one fifth of the residual part. If the
shuttle ejects the disconnected module at a speed of
100 km/h with respect to the state of the shuttle before
the ejection, find the final velocity of the shuttle.

Suppose the mass of the shuttle including the
module is M. The mass of the module will be M /6. The
total linear momentum before disconnection

= M (4000 km/h).



Centre of Mass, Linear momentum, Collision 153

The velocity of the ejected module with respect to the earth
= its velocity with respect to the shuttle + the velocity
of the shuttle with respect to the earth

=-100 km/h + 4000 km/h = 3900 km/h .

If the final velocity of the shuttle is V then the total
final linear momentum

=5TMV+%><3900km/h.

By the principle of conservation of linear momentum,

M(40001m/h)=%V+4:—x3900km/h

or, V =4020 km/h .

14. A boy of mass 25 kg stands on a board of mass 10 kg
which in turn is kept on a frictionless horizontal ice
surface. The boy makes a jump with a velocity component
5 m/s in a horizontal direction with respect to the ice.
With what velocity does the board recoil ? With what rate
are the boy and the board separating from each other ?

Solution : Consider the “board + boy” as a system. The
external forces on this system are (a) weight of the
system and (b) normal contact force by the ice surface.
Both these forces are vertical and there is no external
force in horizontal direction. The horizontal component
of linear momentum of the “board + boy” system is,
therefore, constant.

If the board recoils at a speed v,

0= (25 kg) x (5 m/s) - (10 kg

or, v=12'5m/s.
The boy and the board are separating with a rate
5 m/s + 125 m/s = 17'5 m/s.

15. A man of mass m is standing on a platform of mass M
kept on smooth ice. If the man starts moving on the
platform with a speed v relative to the platform, with
what velocity relative to the ice does the platform recoil ?

Solution : Consider the situation shown in figure ( 9-W10).
Suppose the man moves at a speed w towards right and
the platform recoils at a speed V towards left, both
relative to the ice. Hence, the speed of the man relative
to the platform is V+w. By the question,

V+w=v, or w=v-V. ..o @
— W
V-e—-
[z Ea N ZE|
Figure 9-W10

Taking the platform and the man to be the system, there
is no external horizontal force on the system. The linear

momentum of the system remains constant. Initially,
both the man and the platform were at rest. Thus,

0=MV -mw
or, MV=m@-V) [Using ()]
or __mv
’ “"M+m

16. A ball of mass m, moving with a velocity v along X-axis,
strikes another ball of mass 2m kept at rest. The first
ball comes to rest after collision and the other breaks into
two equal pieces. One of the pieces starts moving along
Y-axis with a speed v,. What will be the velocity of the
other piece ?

Solution : The total linear momentum of the balls before
the collision is mv along the X-axis. After the collision,
momentum of the first ball = 0, momentum of the first
piece =m v, along the Y-axis and momentum of the
second piece =m v, along its direction of motion where
v, is the speed of the second piece. These three should
add to mv along the X-axis, which is the initial
momentum of the system.

Figure 9-W11

Taking components along the X-axis,
m v, cosd =m v .o @
and taking components along the Y-axis,
muv,sin@=muv,. ... (i1)

From (i) and (i),

v,=Vv*+v? and tanb =v, /v.

17. A bullet of mass 50 g is fired from below into the bob of
mass 450 g of a long simple pendulum as shown in figure
(9-W12). The bullet remains inside the bob and the bob
rises through a height of 1'8 m. Find the speed of the
bullet. Take g =10 m/s”.

'

Figure 9-W12
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Solution : Let the speed of the bullet be v. Let the common

18.

Solution :

velocity of the bullet and the bob, after the bullet is
embedded into the bob, is V. By the principle of
conservation of linear momentum,

B (0°05 kg)v v

T 045kg+005kg 10
The string becomes loose and the bob will go up with a
deceleration of g =10 m/s 2 As it comes to rest at a
height of 1'8 m, using the equation v’ =u*+ 2ax,

2
18m=—210
2x 10 m/s
or, v=60m/s.

A light spring of spring constant k is kept compressed
between two blocks of masses m and M on a smooth
horizontal surface (figure 9-W13). When released, the
blocks acquire velocities in opposite directions. The spring
loses contact with the blocks when it acquires natural
length. If the spring was initially compressed through a
distance x, find the final speeds of the two blocks.

k
m M
FLLFSI A7 i
Figure 9-W13

Consider the two blocks plus the spring to be
the system. No external force acts on this system in
horizontal direction. Hence, the linear momentum will
remain constant. As the spring is light, it has no linear
momentum. Suppose the block of mass M moves with a
speed V and the other block with a speed v after losing
contact with the spring. As the blocks are released from
rest, the initial momentum is zero. The final momentum
is MV — mv towards right. Thus,

v=2ty. )

MV-mv=0 u

or,
Initially, the energy of the system = % kx .

Finally, the energy of the system = % mv’+ %MV 2,

As there is no friction,
lmvz+—1-MVz=lkxz
2 2 2 ’
Using (i) and (i),

mv“’[l%»ﬂ]=kx2

o (i)

M
or b=\ —M
’ mM+m)
km
and V= \’M(M+m) x.

19. A block of mass m is connected to another block of mass

M by a massless spring of spring constant k. The blocks
are kept on a smooth horizontal plane. Initially, the
blocks are at rest and the spring is unstretched when a
constant force F starts acting on the block of mass M to
pull it. Find the maximum extension of the spring.

k M F F1 . k n F2
m 00000

Figure 9-W14

Solution : Let us take the two blocks plus the spring as

20.

the system. The centre of mass of the system moves with

. F
an acceleration a = - Let us work from a reference
m

+M

frame with its origin at the centre of mass. As this frame
is accelerated with respect to the ground we have to
apply a pseudo force ma towards left on the block of
mass m and Ma towards left on the block of mass M.
The net external force on m is

”—Z‘M towards left
and the net external force on M is
MF  mF

m+M m+M
The situation from this frame is shown in figure
(9-W14Db). As the centre of mass is at rest in this frame,
the blocks move in opposite directions and come to
instantaneous rest at some instant. The extension of the
spring will be maximum at this instant. Suppose the left
block is displaced through a distance x, and the right
block through a distance x, from the initial positions.
The total work done by the external forces F, and F, in
this period are

F =ma-=

F,=F-Ma=F- towards right.

F
W=F1x1+F2x2=mmTA4(x1+x2).

This should be equal to the increase in the potential
energy of the spring as there is no change in the kinetic
energy. Thus,

mF 1
——m+M(x1+x2)=§k (x, +x,)°

2mF
k (m + M)

This is the maximum extension of the spring.

or, X X, =

The two balls shown in figure (9-W15) are identical, the
first moving at a speed v towards right and the second
staying at rest. The wall at the extreme right is fixed.
Assume all collisions to be elastic. Show that the speeds
of the balls remain unchanged after all the collisions
have taken place.
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Figure 9-W15

1st collision : As the balls have equal mass and
make elastic collision, the velocities are interchanged.
Hence, after the first collision, the ball A comes to rest
and the ball B moves towards right at a speed v.

2nd collision : The ball B moving with a speed v, collides
with the wall and rebounds. As the wall is rigid and
may be taken to be of infinite mass, momentum conser-
vation gives no useful result. Velocity of separation
should be equal to the velocity of approach. Hence, the
ball rebounds at the same speed v towards left.

3rd collision : The ball B moving towards left at the
speed v again collides with the ball A kept at rest. As
the masses are equal and the collision is elastic, the
velocities are interchanged. Thus, the ball B comes to
rest and the ball A moves towards left at a speed v. No
further collision takes place. Thus, the speeds of the
balls remain the same as their initial values.

21. A block of mass m moving at a velocity v collides head

on with another block of mass 2m at rest. If the coefficient
of restitution is 1/2, find the velocities of the blocks after
the collision.

Solution : Suppose after the collision the block of mass

m moves at a velocity u, and the block of mass 2m moves
at a velocity u,. By conservation of momentum,

mv =mu, + 2mu,. .. @
The velocity of separation is u,—u, and the velocity of
approach is v.
So, u, - u, =v/2. ... (i)
From (i) and (ii), ¥, =0 and u,=v/2.

22. A block of mass 12 kg moving at a speed of 20 cm/s

collides head-on with a similar block kept at rest. The
coefficient of restitution is 3/5. Find the loss of kinetic
energy during the collision.

Solution : Suppose the first block moves at a speed v, and

the second at v, after the collision. Since the collision is
head-on, the two blocks move along the original direction
of motion of the first block.

By conservation of linear momentum,

1-2kg) 20 c/s) = (1'2kg) v, + (1'2kg) v,
or, v, + v, = 20 cm/s. o @)
The velocity of separation is v,—v, and the velocity of

approach is 20 cm/s. As the coefficient of restitution is
3/5, we have,

23.

Solution :

24,
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v, — U, =(3/5)x 20 cm/s = 12 cm/s.
By (i) and (i), -
v,=4cm/s and v, = 16 cm/s.

The loss in kinetic energy is

... (i)

% (12 kg)(20 cm/s) ® — (4 em/s) ® — (16 co/s)

= (06 kg) [004 m */s* - 00016 m /s * — 00256 m */s *]
= (06 kg) (0:0128 m ¥/s*=7-7x 107* J.

A ball of mass m hits the floor with a speed v making
an angle of incidence 0 with the normal. The coefficient
of restitution is e. Find the speed of the reflected ball and
the angle of reflection of the ball.

Figure 9-W16

See figure (9-W16). Suppose the angle of
reflection is 6" and the speed after the collision is v’. The
floor exerts a force on the ball along the normal during
the collision. There is no force parallel to the surface.
Thus, the parallel component of the velocity of the ball
remains unchanged. This gives

v’ sin®’ = v sin®. .. @)
For the components normal to the floor,
the velocity of separation = v’ cos8’

and the velocity of approach = v cos6.

Hence, v’ cosB’ =e v cosO. ... (i)

From (i) and (ii),
v'=vVNsin’0 +e’cos’®

tan0

and tan®’ =

For elastic collision, e=1 so that =0 and v’ =v.

A block of mass m and a pan of equal mass are connected
by a string going over a smooth light pulley as shown in
figure (9-W17). Initially the system is at rest when a
particle of mass m falls on the pan and sticks to it. If
the particle strikes the pan with a speed v find the speed
with which the system moves just after the collision.

Solution : Let the required speed be V.

As there is a sudden change in the speed of the block,
the tension must change by a large amount during the

AnlliniAm
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Figure 9-W17

Let N = magnitude of the contact force between the
particle and the pan
T = tension in the string

. Can the centre of mass of a body be at a point outside
the body ?

. If all the particles of a system lie in X-Y plane, is it
necessary that the centre of mass be in X-Y plane ?

. If all the particle of a system lie in a cube, is it neccesary
that the centre of mass be in the cube ?

N
. The centre of mass is defined as R = % S m; ;: Suppose
i

-
we define “centre of charge” as RC=—1—Zqi ;: where g;

Q“
13

represents the ith charge placed at ;: and @ is the total
charge of the system.
(a) Can the centre of charge of a two-charge system be
outside the line segment joining the charges ?
(b) If all the charges of a system are in X-Y plane, is it
necessary that the centre of charge be in X-Y plane ?
(c) If all the charges of a system lie in a cube, is it
necessary that the centre of charge be in the cube ?

The weight Mg of an extended body is generally shown
in a diagram to act through the centre of mass. Does it
mean that the earth does not attract other particles ?

., A bob suspended from the ceiling of a car which is
accelerating on a horizontal road. The bob stays at rest
with respect to the car with the string making an angle
0 with the vertical. The linear momentum of the bob as
seen from the road is increasing with time. Is it a
violation of conservation of linear momentum ? If not,
where is the external force which changes the linear
momentum ?

. You are waiting for a train on a railway platform. Your
three-year-old niece is standing on your iron trunk

Consider the impulse imparted to the particle. The force
is N in upward direction and the impulse is J.N dt. This

should be equal to the change in its momentum.

Thus, J.N dt=mv -mV. ... @)
Similarly considering the impulse imparted to the pan,
[ -Ddt=mv G
and that to the block,
|Tdt=mv. oo (i)
Adding (ii) and (iii),
[Ndt=2mv.
Comparing with (i),
mv —mV =2mV
or, V=uv/3.

QUESTIONS FOR SHORT ANSWER

containing the luggage. Why does the trunk not recoil
as she jumps off on the platform ?

. In a head-on collision between two particles, is it

necessary that the particles will acquire a common
velocity at least for one instant ?

. A collision experiment is done on a horizontal table kept

in an elevator. Do you expect a change in the results if
the elevator is accelerated up or down because of the
noninertial character of the frame ?

. Two bodies make an elastic head-on collision on a

smooth horizontal table kept in a car. Do you expect a
change in the result if the car is accelerated on a
horizontal road because of the noninertial character of
the frame ? Does the equation “Velocity of separation =
Velocity of approach” remain valid in an accelerating
car ? Does the equation “final momentum = initial
momentum” remain valid in the accelerating car ?

. If the total mechanical energy of a particle is zero, is its

linear momentum necessarily zero? Is it necessarily
nonzero ?

12. If the linear momentum of a particle is known, can you

find its kinetic energy ? If the kinetic energy of a particle
is known can you find its linear momentum ?

13. What can be said about the centre of mass of a uniform

hemisphere without making any calculation ? Will its
distance from the centre be more than r/2 or less than
r/2?

You are holding a cage containing a bird. Do you have
to make less effort if the bird flies from its position in
the cage and manages to stay in the middle without
touching the walls of the cage ? Does it make a difference
whether the cage is completely closed or it has rods to
let air pass?
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A fat person is standing on a light plank floating on a
calm lake. The person walks from one end to the other
on the plank. His friend sitting on the shore watches
him and finds that the person hardly moves any distance
because the plank moves backward about the same
distance as the person moves on the plank. Explain.

A high-jumper successfully clears the bar. Is it possible
that his centre of mass crossed the bar from below it ?
Try it with appropriate figures.

Which of the two persons shown in figure (9-Q1) is more
likely to fall down ? Which external force is responsible
for his falling down ?

@]e) 00O

Figure 9-Q1

Suppose we define a quantity ‘Linear Pomentum’ as
linear pomentum = mass x speed.

The linear pomentum of a system of particles is the sum

of linear pomenta of the individual particles. Can we

state a principle of conservation of linear pomentum as

“linear pomentum of a system remains constant if no

external force acts on it” ?

Use the definition of linear pomentum from the previous

question. Can we state the principle of conservation of -

linear pomentum for a single particle ?

20.

21.

22.

23.

24.

25.
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To accelerate a car we ignite petrol in the engine of the
car. Since only an external force can accelerate the
centre of mass, is it proper to say that “the force
generated by the engine accelerates the car” ?

A Dball is moved on a horizontal table with some velocity.
The ball stops after moving some distance. Which
external force is responsible for the change in the
momentum of the ball ?

Consider the situation of the previous problem. Take
“the table plus the ball” as the system. Friction between
the table and the ball is then an internal force. As the
ball slows down, the momentum of the system decreases.
Which external force is responsible for this change in
the momentum ?

When a nucleus at rest emits a beta particle, it is found
that the velocities of the recoiling nucleus and the beta
particle are not along the same straight line. How can
this be possible in view of the principle of conservation
of momentum ?

A van is standing on a frictionless portion of a horizontal
road. To start the engine, the vehicle must be set in
motion in the forward direction. How can the persons
sitting inside the van do it without coming out and
pushing from behind ?

In one-dimensional elastic collision of equal masses, the
velocities are interchanged. Can velocities in a one-
dimensional collision be interchanged if the masses are
not equal ?

OBJECTIVE 1

Consider the following two equations :

- 1 -
(A) "Mzmi T

B) (—;CM =

and

=

In a noninertial frame

(a) both are correct (b) both are wrong
(c) A is correct but B is wrong

(d) B is correct but A is wrong.

Consider the following two statements :
(A) Linear momentum of the system remains constant.
(B) Centre of mass of the system remains at rest.
(a) A implies B and B implies A.
(b) A does not imply B and B does not imply A.
(c) A implies B but B does not imply A.
(d) B implies A but A does not imply B.

Consider the following two statements :
(A) Linear momentum of a system of particles is zero.
(B) Kinetic energy of a system of particles is zero.
(a) A implies B and B implies A.
(b) A does not imply B and B does not imply A.

(c) A implies B but B does not imply A.
(d) B implies A but A does not imply B.

. Consider the following two statements :

(A) The linear momentum of a particle is independent
of the frame of reference.

(B) The kinetic energy of a particle is independent of
the frame of reference.

(a) Both A and B are true.
(c) A is false but B is true.

(b) A is true but B is false.
(d) both A and B are false.

. All the particles of a body are situated at a distance R

from the origin. The distance of the centre of mass of
the body from the origin is
(a) =R (b) <R

(¢ >R (d) 2R.

A circular plate of diameter d is kept in contact with a
square plate of edge d as shown in figure (9-Q2). The
density of the material and the thickness are same

L da
—a—+——a—i

Figure 9-Q2
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everywhere. The centre of mass of the composite system
will be

(a) inside the circular plate (b) inside the square plate
(c) at the point of contact (d) outside the system.

. Consider a system of two identical particles. One of the

particles is at rest and the other has an acceleration a.
The centre of mass has an acceleration

(a) zero (b) %; (c) a (d) 2.

. Internal forces can change

(a) the linear momentum but not the kinetic energy
(b) the kinetic energy but not the linear momentum
(c) linear momentum as well as kinetic energy

(d) neither the linear momentum nor the kinetic energy.

. A bullet hits a block kept at rest on a smooth horizontal

surface and gets embedded into it. Which of the following
does not change ?

(a) linear momentum of the block

(b) kinetic energy of the block

(c) gravitational potential energy of the block

(d) temperature of the block.

A uniform sphere is placed on a smooth horizontal
surface and a horizontal force F is applied on it at a
distance k£ above the surface. The acceleration of the
centre A

(a) is maximum when A =0

(b) is maximum when A=R

(c) is maximum when A = 2R

(d) is independent of A.

A body falling vertically downwards under gravity
breaks in two parts of unequal masses. The centre of
mass of the two parts taken together shifts horizontally
towards

(a) heavier piece (b) lighter piece

(¢) does not shift horizontally

(d) depends on the vertical velocity at the time of
breaking.

A ball kept in a closed box moves in the box making
collisions with the walls. The box is kept on a smooth
surface. The velocity of the centre of mass

(a) of the box remains constant

(b) of the box plus the ball system remains constant
(c) of the ball remains constant

(d) of the ball relative to the box remains constant.

A body at rest breaks into two pieces of equal masses.
The parts will move

(a) in same direction (b) along different lines
(c) in opposite directions with equal speeds

(d) in opposite directions with unequal speeds.

OBJECTIVE

. The centre of mass of a system of particles is at the

origin. It follows that
(a) the number of particles to the right of the origin is

14.

15.

16.

17.

18.

19.

A heavy ring of mass m is clamped on the periphery of
a light circular disc. A small particle having equal mass
is clamped at the centre of the disc. The system is
rotated in such a way that the centre moves in a circle
of radius r with a uniform speed v. We conclude that an
external force

(a)

2
% must be acting on the central particle

2
2muv

(b)

must be acting on the central particle

2
2mv

(c)

must be acting on the system

2
2mv

(d

The quantities remaining constant in a collision are
(a) momentum, kinetic energy and temperature

(b) momentum and kinetic energy but not temperature
(¢) momentum and temperature but not kinetic energy
(d) momentum, but neither kinetic energy nor tempe-
rature.

A nucleus moving with a velocity v emits an a-particle.
Let the velocities of the a-particle and the remaining
nucleus be v, a_r)ld v, and their masses be m, and m,.
(a) u v1 and v, must be pa_l;allel to each other.

(b) None of the two of v, v, and v2 should be parallel
to each gther.

(¢) v, + v, must be parallel to v

(d) myv,+m, v2 must be parallel to v

must be acting on the ring.

A shell is fired from a cannon with a velocity V at an
angle 8 with the horizontal direction. At the highest
point in its path, it explodes into two pieces of equal
masses. One of the pieces retraces its path to the cannon.
The speed of the other piece immediately after the
explosion is

(a) 3Vecos®  (b) 2V cosb (© = Vcos9 (d) V cos®.

In an elastic collision

(a) the initial kinetic energy is equal to the final kinetic
energy

(b) the final kinetic energy is less than the initial kinetic
energy

(c) the kinetic energy remains constant
(d) the kinetic energy first increases then decreases.

In an inelastic collsion

(a) the initial kinetic energy is equal to the final kinetic
energy

(b) the final kinetic energy is less than the initial kinetic
energy

(c) the kinetic energy remains the constant

(d) the kinetic energy first increases then decreases.

I

equal to the number of particles to the left
(b) the total mass of the particles to the right of the
origin is same as the total mass to the left of the origin
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(c) the number of particles on X-axis should be equal to
the number of particles on Y-axis

(d) if there is a particle on the positive X-axis, there
must be at least one particle on the negative X-axis.

. A body has its centre of mass at the origin. The
x-coordinates of the particles
(a) may be all positive

(c) may be all non-negative
(d) may be positive for some case and negative in other
cases.

. In which of the following cases the centre of mass of a
rod is certainly not at its centre ?

(a) the density continuously increases from left to right
(b) the density continuously decreases from left to right
(c) the density decreases from left to right upto the
centre and then increases

(d) the density increases from left to right upto the
centre and then decreases.

. If the external forces acting on a system have zero
resultant, the centre of mass

(a) must not move (b) must not accelerate

(c) may move (d) may accelerate.

. A nonzero external force acts on a system of particles.
The velocity and the acceleration of the centre of mass
are found to be v, and a, at an instant ¢. It is possible
that

@ uv,=0,a,=0 (b) vy =0, a, =0,
©vy#0,a,=0 (d) vy # 0, a, #0.

. Two balls are thrown simultaneously in air. The
acceleration of the centre of mass of the two balls while
in air

(a) depends on the direction of the motion of the balls
(b) depends on the masses of the two balls

(c) depends on the speeds of the two balls

(d) is equal to g.

. A block moving in air breaks in two parts and the parts
separate

(a) the total momentum must be conserved

(b) may be all negative

10.

11.

(b) the total kinetic energy must be conserved
(c) the total momentum must change
(d) the total kinetic energy must change.

. In an elastic collision

(a) the kinetic energy remains constant

(b) the linear momentum remains constant

(c) the final kinetic energy is equal to the initial kinetic
energy

(d) the final linear momentum is equal to the initial
linear momentum.

. A ball hits a floor and rebounds after an inelastic

collision. In this case

(a) the momentum of the ball just after the collision is
same as that just before the collision

(b) the mechanical energy of the ball remains the same
during the collision

(¢) the total momentum of the ball and the earth is
conserved .

(d) the total energy of the ball and the earth remains
the same.

A body moving towards a finite body at rest collides with
it. It is possible that

(a) both the bodies come to rest

(b) both the bodies move after collision

(c) the moving body comes to rest and the stationary
body starts moving

(d) the stationary body remains stationary, the moving
body changes its velocity.

In a head-on elastic collision of two bodies of equal
masses

(a) the velocities are interchanged

(b) the speeds are interchanged

(c) the momenta are interchanged

(d) the faster body slows down and the slower body
speeds up.

EXERCISES

. Three particles of masses 10 kg, 2°0 kg and 3'0 kg are
placed at the corners A, B and C respectively of an
equilateral triangle ABC of edge 1 m. Locate the centre
of mass of the system.

. The structure of a water molecule is shown in figure
(9-E1). Find the distance of the centre of mass of the
molecule from the centre of the oxygen atom.

0o

-10 -10
0.96X10 m /102°\0.96x10 m

H H

Figure 9-E1

3.

Seven homogeneous bricks, each of length L, are
arranged as shown in figure (9-E2). Each brick is
displaced with respect to the one in contact by L/10.
Find the x-coordinate of the centre of mass relative to
the origin shown.

Figure 9-E2

A uniform disc of radius R is put over another uniform
disc of radius 2R of the same thickness and density. The
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peripheries of the two discs touch each other. Locate the
centre of mass of the system.

5. A disc of radius R is cut out from a larger disc of radius
2R in such a way that the edge of the hole touches the
edge of the disc. Locate the centre of mass of the residual
disc.

6. A square plate of edge d and a circular disc of diameter
d are placed touching each other at the midpoint of an
edge of the plate as shown in figure (9-Q2). Locate the
centre of mass of the combination, assuming same mass
per unit area for the two plates.

7. Calculate the velocity of the centre of mass of the system
of particles shown in figure (9-E3).

1.0 kg 0.4 m/s 1.0m/s
G l 327, 1.5 kg
1.5m/s 1.2kg
1.0kg 37"
0?) kg 3.0m/s 2.0 mis
Figure 9-E3

8. Two blocks of magses 10 kg and 20 kg are placed on the
X-axis. The first mass is moved on the axis by a distance
of 2 cm. By what distance should the second mass be
moved to keep the position of the centre of mass
unchanged ?

9. Two blocks of masses 10 kg and 30 kg are placed along
a vertical line. The first block is raised through a height
of 7 cm. By what distance should the second mass be
moved to raise the centre of mass by 1 cm ?

10. Consider a gravity-free hall in which a tray of mass M,
carrying a cubical block of ice of mass m and edge L, is
at rest in the middle (figure 9-E4). If the ice melts, by
what distance does the centre of mass of “the tray plus
the ice” system descend ?

—L—

M m

Gravity-free hall
Figure 9-E4

11. Find the centre of mass of a uniform plate having
semicircular inner and outer boundaries of radii R, and

R, (figure 9-E5).

Figure 9-E5

12. Mr. Verma (50 kg) and Mr. Mathur (60 kg) are sitting
at the two extremes of a 4 m long boat (40 kg) standing
still in water. To discuss a mechanics problem, they
come to the middle of the boat. Neglecting friction with
water, how far does the boat move on the water during
the process ?

13. A cart of mass M is at rest on a frictionless horizontal
surface and a pendulum bob of mass m hangs from the
roof of the cart (figure 9-E6). The string breaks, the bob
falls on the floor, makes several collisions on the floor
and finally lands up in a small slot made in the floor.
The horizontal distance between the string and the slot
is L. Find the displacement of the cart during this
process.

Figure 9-E6

14. The balloon, the light rope and the monkey shown in
figure (9-E7) are at rest in the air. If the monkey reaches
the top of the rope, by what distance does the balloon
descend ? Mass of the balloon = M, mass of the
monkey = m and the length of the rope ascended by the
monkey = L.

Figure 9-E7

15. Find the ratio of the linear momenta of two particles of
masses 1'0 kg and 4'0 kg if their kinetic energies are
equal. )

16. A uranium-238 nucleus, initially at rest, emits an alpha
particle with a speed of 14 x 10" m/s. Calculate the
recoil speed of the residual nucleus thorium-234. Assume
that the mass of a nucleus is proportional to the mass
number.

17. A man of mass 50 kg starts moving on the earth and
acquires a speed of 1'8 m/s. With what speed does the
earth recoil ? Mass of earth = 6 x 10* kg.

18. A neutron initially at rest, decays into a proton, an

electron and an antineutrino. The ejected electron has
a momentum of 1'4 x 10™* kg-m/s and the antineutrino
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64 x 10™* kg-m/s. Find the recoil speed of the proton
(a) if the electron and the antineutrino are ejected along
the same direction and (b) if they are ejected along
perpendicular  directions. Mass of the proton
=167 x 10~ 7 kg.

A man of mass M having a bag of mass m slips from
the roof of a tall building of height H and starts falling
vertically (figure 9-E8). When at a height 2 from the
ground, he notices that the ground below him is pretty
hard, but there is a pond at a horizontal distance x from
the line of fall. In order to save himself he throws the
bag horizontally (with respect to himself) in the direction
opposite to the pond. Calculate the minimum horizontal
velocity imparted to the bag so that the man lands in
the water. If the man just succeeds to avoid the hard
ground, where will the bag land ?

— X _1
G IS ISy ——" = —= —
hard ground pond

Figure 9-E8

A ball of mass 50 g moving at a speed of 2'0 m/s strikes
a plane surface at an angle of incidence 45°. The ball is
reflected by the plane at equal angle of reflection with
the same speed. Calculate (a) the magnitude of the
change in momentum of the ball (b) the change in the
magnitude of the momentum of the ball.

Light in certain cases may be considered as a stream of
particles called photons. Each photon has a linear
momentum A/A where h is the Planck’s constant and A
is the wavelength of the light. A beam of light of
wavelength A is incident on a plane mirror at an angle
of incidence 6. Calculate the change in the linear
momentum of a photon as the beam is reflected by the
mirror.

A block at rest explodes into three equal parts. Two
parts start moving along X and Y axes respectively with
equal speeds of 10 m/s. Find the initial velocity of the
third part.

Figure 9-E9
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Two fat astronauts each of mass 120 kg are travelling
in a closed spaceship moving at a speed of 15 km/s in
the outer space far removed from all other material
objects. The total mass of the spaceship and its contents
including the astronauts is 660 kg. If the astronauts do
slimming exercise and thereby reduce their masses to
90 kg each, with what velocity will the spaceship move ?

During a heavy rain, hailstones of average size 10 cm
in diameter fall with an average speed of 20 m/s.
Suppose 2000 hailstones strike every square meter of a
10m x 10 m roof perpendicularly in one second and
assume that the hailstones do not rebound. Calculate
the average force exerted by the falling hailstones on
the roof. Density of a hailstone is 900 kg/m°,

A ball of mass m is dropped onto a floor from a certain
height. The collision is perfectly elastic and the ball
rebounds to the same height and again falls. Find the
average force exerted by the ball on the floor during a
long time interval.

A railroad car of mass M is at rest on frictionless rails
when a man of mass m starts moving on the car towards
the engine. If the car recoils with a speed v backward
on the rails, with what velocity is the man approaching
the engine ?

A gun is mounted on a railroad car. The mass of the car,
the gun, the shells and the operator is 50 m where m is
the mass of one shell. If the velocity of the shell with
respect to the gun (in its state before firing) is 200 m/s,
what is the recoil speed of the car after the second shot ?
Neglect friction.

Two persons each of mass m are standing at the two
extremes of a railroad car of mass M resting on a smooth
track (figure 9-E10). The person on left jumps to the left
with a horizontal speed u with respect to the state of
the car before the jump. Thereafter, the other person
jumps to the right, again with the same horizontal speed
u with respect to the state of the car before his jump.
Find the velocity of the car after both the persons have
jumped off.

Figure 9-E10

Figure (9-E11) shows a small block of mass m which is
started with a speed v on the horizontal part of the
bigger block of mass M placed on a horizontal floor. The
curved part of the surface shown is semicircular. All the
surfaces are frictionless. Find the speed of the bigger
block when the smaller block reaches the point A of the
surface.

>

Ve

mmm)&;};m

Figure 9-E11
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In a typical Indian Bugghi (a luxury cart drawn by
horses), a wooden plate is fixed on the rear on which
one person can sit. A bugghi of mass 200 kg is moving
at a speed of 10 km/h. As it overtakes a school boy
walking at a speed of 4 km/h, the boy sits on the wooden
plate. If the mass of the boy is 25 kg, what will be the
new velocity of the bugghi ?

A ball of mass 0'50 kg moving at a speed of 50 m/s
collides with another ball of mass 10 kg. After the
collision the balls stick together and remain motionless.
What was the velocity of the 1'0 kg block before the
collision ?

A 60 kg man skating with a speed of 10 m/s collides
with a 40 kg skater at rest and they cling to each other.
Find the loss of kinetic energy during the collision.

Consider a head-on collision between two particles of
masses m, and m,. The initial speeds of the particles
are u, and u, in the same direction. The collision starts
at ¢t =0 and the particles interact for a time interval At.
During the collision, the speed of the first particle
varies as
vit)=u,+ é (v, — uy).

Find the speed of the second particle as a function of
time during the;collision.

A bullet of mass m moving at a speed v hits a ball of
mass M kept at rest. A small part having mass m’ breaks
from the ball and sticks to the bullet. The remaining
ball is found to move at a speed v, in the direction of
the bullet. Find the velocity of the bullet after the
collision.

A ball of mass m moving at a speed v makes a head-on
collision with an identical ball at rest. The kinetic energy
of the balls after the collision is three fourths of the
original. Find the coefficient of restitution.

A block of mass 2'0 kg moving at 2:0 m/s collides head
on with another block of equal mass kept at rest.
(a) Find the maximum possible loss in kinetic energy
due to the collision. (b) If the actual loss in kinetic
energy is half of this maximum, find the coefficient of
restitution.

A particle of mass 100 g moving at an initial speed u
collides with another particle of same mass kept initially
at rest. If the total kinetic energy becomes 02 J after
the collision, what could be the minimum and the
maximum value of u.

Two friends A and B (each weighing 40 kg) are sitting
on a frictionless platform some distance d apart. A rolls
a ball of mass 4 kg on the platform towards B which B
catches. Then B rolls the ball towards A and A catches
it. The ball keeps on moving back and forth between A
and B. The ball has a fixed speed of 5 m/s on the
platform. (a) Find the speed of A after he rolls the ball
for the first time. (b) Find the speed of A after he catches
the ball for the first time. (c) Find the speeds of A and
B after the ball has made 5 round trips and is held by
A. (d) How many times can A roll the ball ? (¢) Where
is the centre of mass of the system “A + B + ball” at the
end of the nth trip ?

39.

40.

41.

42.

43.

44.

45.

46.

A ball falls on the ground from a height of 20 m and
rebounds up to a height of 1'‘5 m. Find the coefficient of
restitution.

In a gamma decay process, the internal energy of a
nucleus of mass M decreases, a gamma photon of energy
E and linear momentum E/c¢ is emitted and the nucleus
recoils. Find the decrease in internal energy.

A block of mass 20 kg is moving on a frictionless
horizontal surface with a .velocity of 10 m/s (figure
9-E12) towards another block of equal mass kept at rest.
The spring constant of the spring fixed at one end is 100
N/m. Find the maximum compression of the spring.

1.0 m/s
—_—
2.0 kg 05000 2.0 kg
Vo I A
Figure 9-E12

A bullet of mass 20 g travelling horizontally with a speed
of 500 m/s passes through a wooden block of mass 100
kg initially at rest on a level surface. The bullet emerges
with a speed of 100 m/s and the block slides 20 cm on
the surface before coming to rest. Find the friction
coefficient between the block and the surface
(figure 9-E13).
500 m/s

—
| s}

10kg
Ve

Figure 9-E13

A projectile is fired with a speed u at an angle 6 above
a horizontal field. The coefficient of restitution of
collision between the projectile and the field is e. How
far from the starting point, does the projectile makes its
second collision with the field ?

A ball falls on an inclined plane of inclination 6 from a
height A above the point of impact and makes a perfectly
elastic collision. Where will it hit the plane again ?

Solve the previous problem if the coefficient of restitution
is e. Use6=45°,e=%andh=5m.

A block of mass 200 g is suspended through a vertical
spring. The spring is stretched by 1:0 cm when the block
is in equilibrium. A particle of mass 120 g is dropped
on the block from a height of 45 cm. The particle sticks
to the block after the impact. Find the maximum
extension of the spring. Take g = 10 m/s °.

LA A e

\
| S

Figure 9-E14
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A bullet of mass 25 g is fired horizontally into a ballistic
pendulum of mass 50 kg and gets embedded in it
(figure 9-E14). If the centre of the pendulum rises by a
distance of 10 cm, find the speed of the bullet.

A bullet of mass 20 g moving horizontally at a speed of
300 m/s is fired into a wooden block of mass 500 g
suspended by a long string. The bullet crosses the block
and emerges on the other side. If the centre of mass of
the block rises through a height of 200 cm, find the
speed of the bullet as it emerges from the block.

Two masses m, and m, are connected by a spring of
spring constant & and are placed on a frictionless
horizontal surface. Initially the spring is stretched
through a distance x, when the system is released from
rest. Find the distance moved by the two masses before
they again come to rest.

Two blocks of masses m, and m, are connected by a
spring of spring constant k (figure 9-E15). The block of
mass m, is given a sharp impulse so that it acquires a
velocity v, towards right. Find (a) the velocity of the
centre of mass, (b) the maximum elongation that the
spring will suffer.

m, m,

B

VIR Vo
o LA

Figure 9-E15

Consider the situation of the previous problem. Suppose
each of the blocks is pulled by a constant force F instead
of any impulse. Find the maximum elongation that the
spring will suffer and the distances moved by the two
blocks in the process.

Consider the situation of the previous problem. Suppose
the block of mass m, is pulled by a constant force F, and
the other block is pulled by a constant force F,. Find
the maximum elongation that the spring will suffer.

Consider a gravity-free hall in which an experimenter
of mass 50 kg is resting on a 5 kg pillow, 8 ft above the
floor of the hall. He pushes the pillow down so that it
starts falling at a speed of 8 ft/s. The pillow makes a
perfectly elastic collision with the floor, rebounds and
reaches the experimenter’s head. Find the time elapsed
in the process.

The track shown in figure (9-E16) is frictionless. The
block B of mass 2m is lying at rest and the block A of
mass m is pushed along the track with some speed. The
collision between A and B is perfectly elastic. With what
velocity should the block A be started to get the sleeping
man awakened ?

A

I,_D\ IP_I/QI
1 |

Figure 9-E16

A bullet of mass 10 g moving horizontally at a speed of
50V7 m/s strikes a block of mass 490 g kept on a

163

frictionless track as shown in figure (9-E17). The bullet
remains inside the block and the system proceeds
towards the semicircular track of radius 0'2 m. Where
will the block strike the horizontal part after leaving the
semicircular track ?

0.2m

=

Figure 9-E17

56. Two balls having masses m and 2m are fastened to two

57.

58.

59.

60.

light strings of same length [ (figure 9-E18). The other
ends of the strings are fixed at O. The strings are kept
in the same horizontal line and the system is released
from rest. The collision between the balls is elastic. (a)
Find the velocities of the balls just after their collision.
(b) How high will the balls rise after the collision ?

m 2m

Figure 9-E18

A uniform chain of mass M and length L is held
vertically in such a way that its lower end just touches
the horizontal floor. The chain is released from rest in
this position. Any portion that strikes the floor comes to
rest. Assuming that the chain does not form a heap on
the floor, calculate the force exerted by it on the floor
when a length x has reached the floor.

The blocks shown in figure (9-E19) have equal masses.
The surface of A is smooth but that of B has a friction
coefficient of 0'10 with the floor. Block A is moving at
a speed of 10 m/s towards B which is kept at rest. Find
the distance travelled by B if (a) the collision is perfectly
elastic and (b) the collision is perfectly inelastic. Take g
=10 m/s”.

10 m/s
A|— B

7

Figure 9-E19

The friction coefficient between the horizontal surface
and each of the blocks shown in figure (9-E20) is 0-20.
The collision between the blocks is perfectly elastic. Find
the separation between the two blocks when they come
to rest. Take g = 10 m/s °.

1.0m/s
—

2kg 4kg
e e e e
pb———16 cm———

Figure 9-E20

A block of mass m is placed on a triangular block of
mass M, which in turn is placed on a horizontal surface
as shown in figure (9-E21). Assuming frictionless
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surfaces find the velocity of the triangular block when
the smaller block reaches the bottom end.

I m

h

| M
a

Figure 9-E21

Figure (9-E22) shows a small bady of mass m placed
over a larger mass M whose surface is horizontal near
the smaller mass and. gradually curves to become
vertical. The smaller mass is pushed on the longer one
at a speed v and the system is left to itself. Assume that
all the surfaces are frictionless. (a) Find the speed of the
larger block when the smaller block is sliding on the
vertical part, (b) Find the speed of the smaller mass
when it breaks off the larger mass at height 4. (¢c) Find
the maximum height (from the ground) that the smaller
mass ascends. (d) Show that the smaller mass will again
land on the bigger one. Find the distance traversed by
the bigger block during the time when the smaller block
was in its flight under gravity.
y

h

Figure 9-E22

62. A small block of superdense material has a mass of
3x10* kg. It is situated at a height & (much smaller
than the earth’s radius) from where it falls on the earth’s
surface. Find its speed when its height from the earth’s
surface has reduced to A/2. The mass of the earth is
6x10* kg.

68. A body of mass m makes an elastic collision with another
identical body at rest. Show that if the collision is not
head-on, the bodies go at right angle to each other after
the collision. '

64. A small particle travelling with a velocity v collides
elastically with a spherical body of equal mass and of
radius r initially kept at rest. The centre of this spherical
body is located a distance p(<r) away from the direction
of motion of the particle (figure 9-E23). Find the final
velocities of the two particles. '

"I. —v )

Figure 9-E23

[Hint : The force acts along the normal to the sphere
through the contact. Treat the collision as one-
dimensional for this direction. In the tangential direction
no force acts and the velocities do not change].
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1. Taking AB as the x-axis and A as the origin, the
centre of mass is at (7/12m, V3/4 m)

2.
3.

66x10 ¥m
22 L/35

4. At R/5 from the centre of the bigger disc towards the
centre of the smaller disc

5. At R/3 from the centre of the original disc away from
the centre of the hole

6. 4d right to the centre of the disc
4+m

7. 0:20 m/s at 45° below the direction towards right

8.1cm

9. 1 cm downward

10. zero

4R!+R.R,+R)
3n(R,+R,)

12. 13 cm

13. mL/(m + M)

14. mL/(m + M)

15.1:2

16. 24 x 10 ° m/s

11. above the centre
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15x10 ® m/s
(a) 122 m/s
Mx\g
m [N2H - N2(H - h)]
(a) 0014 kg-m/s (b) zero
2 h cosB/A
10V2 m/s 135° below the X-axis
15 km/s
1900 N
mg

4

1 1
200 [49 + 48]11)/5

(b) 92 m/s

» Mx/m left to the line of fall

m’u
MM + m)

mv
M+m

towards left

28
3 km/h
2'5 m/s opposite to the direction of motion of the first
ball
1200 J
uz_%é(vl_ul)
mv-M-m'y,
m+m’
1/+2
2m/s, 2V2 m/s
(2) 05 m/s (b) 12 m/s (¢) 22 mis, 6 mis (d) 6 () 2 d
away from the initial position of A towards B
V3/2
E 2
2Mc*
10 cm
. 016

in the initial direction

36.2J, 1/V2

E+
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(1+e)u’sin 20

g
8 h sin@ along the incline
185 m along the incline

6'1 cm
280 m/s
250 m/s
2m,x, 2m,x,
m,+m, m +m,
v 1/2
m, v, mym,
@ m,+m, ®) v°[(m, + mz)k]
2Fm, 2F m,
2F/k, k(m,+m,) k(m,+m,)
2(m,F, + m,F,)
k(m, +m,)
222 s
Greater thah V2'5 gh

At the junction of the straight and the curved parts

(a) Light ball —“"gg’ towards left, heavy ball ———“235"

towards right (b) Light ball 2/ and heavy ball é
3 Mgx/L

(a) 50 m (b) 25 m
5 cm

2 m *ghcos o v
TM+myM+msin’a)
1/2
muv (M2+Mm+m2) 2
(a)M+m (b)l: M+m)? v -2gh
© Mv? 2 mv[Mv * - 2M + m)gh]'?
2g(M+m) eM+m)”
2gh
3

. The small particle goes along the tangent with a speed

of vp/r and the spherical body goes perpendicular to the
smaller particle with a speed of % Nr?- P :



SOLUTIONS TO CONCEPTS

CHAPTER 9
mq=1kg, m,= 2kg, m; = 3kg,
X1 = O, Xo = 1, X3=1/2 Y
y1=0, y, =0, y3=\/§/2 1 -
The position of centre of mass is A 1272

CM = (m1x1 T MoXp +M3Xg Myyq +Myys + maYa]

my+mMy+ms;  my+my+m; 1m m
_ ((1x0)+ (2x N+ (3x1/2) (1x0)+(2x0)+ (3x(+/3/2)) (1.1)
1+2+3 ’ 1+2+3 (0. 0% — X

= {lﬂ] from the point B.
12° 12
Let 6 be the origin of the system
In the above figure
m;=1gm, X, =—(0.96x10"%sin52° y;=0
m,=1gm, X, =-(0.96x10"%sin 52° y,=0
X3 =0 ya= (0.96 x 107'%) cos 52°
The position of centre of mass
MyXq + MyXp + M3Xz My +MoYyy +M3ys
( my+m,+my;  my+m,+mg J

_ [—(0.96x107"%)xsin52 +(0.96x10'%)sin52+16x0 0+0+16y;
1+1+16 ' 18

0, (8/9)0.96x107"° cos52°) | L/10
Let ‘O’ (0,0) be the origin of the system.

Each brick is mass ‘M’ & length ‘L.

Each brick is displaced w.r.t. one in contact by ‘L/10’
..The X coordinate of the centre of mass

L L L L 2L L 3L L 3L L L L L
m—[+m —+—|+m 4+ [+m —+-— [+m| —+-———— |+m| —+— [+m| =
(2} (2 10} (2 10} [2 10) (2 10 10) (2 10) [2)

m
L L L L L L 3L L L L L L
et — -+ -+ —+—

-2 2 10 2 5 2 10 2 5 2 10 2

Xcm =

7

7L 5L 2L
2 710" 5 _35L+5L+4L _ 44L_ 11
7 ~ 10x7 70 35

Let the centre of the bigger disc be the origin.
2R = Radius of bigger disc
R = Radius of smaller disc

m;=7R?x T x p
m, = n(2R)’ 1 T x p %
where T = Thickness of the two discs

p = Density of the two discs
.. The position of the centre of mass

9.1
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MX4 +MyXy; Myy+Myys
m;+m,  my+m,

X1 = R Y1 = 0

Xo = 0 Yo = 0

mR?TpR +0 0 _ [ #R?TpR ol [5 OJ
mR?*Tp + n(2R)?Tp My +m, 57R*Tp 5’

At R/5 from the centre of bigger disc towards the centre of smaller disc.
Let ‘0’ be the origin of the system.
R = radius of the smaller disc
2R = radius of the bigger disc
The smaller disc is cut out from the bigger disc
As from the figure
mq = nR*Tp X =R y1=0
m, = n(2R)*Tp X, =0 y>=0
- R?TpR +0 0+0
~7R?Tp + n(2R)*TpR "My +m,

P2
L [ZERETeR ) . (_5, o)
3nR“Tp 3
C.M. is at R/3 from the centre of bigger disc away from centre of the hole.

Let m be the mass per unit area.
.. Mass of the square plate = M, = d’m

2
Mass of the circular disc = M, = %m M;

Let the centre of the circular disc be the origin of the system. d/2 | di2

The position of C.M. = (

G

.. Position of centre of mass 0(0,0)
(X2, ¥2)

=[d2md+n(d2/4)m><0 0+o]= d*m 0=(4d )
d’m+n(d?/4)m My +M, dzm[”;rj’ n+d’

The new centre of mass is [4—(14) right of the centre of circular disc.
T+

m; = 1kg. V,=-15c0s37 i —1.55sin37) =—12i —0.9]
m, = 1.2kg. V, =0.4]

ms = 1.5kg V, =—08i +0.6]

my = 0.5kg vy =3I 1kg 0.4m/s

ms = 1kg Vs =16i-1.2] 37
G = MqV4 +MyVy +M3Vg +MyV, + MgV

So,
¢ My +My + Mg + M, +Mjg 1.5m/s 1.2kg

1(-1.2i —0.9j)+1.2(0.4}) +1.5(-0.8i + 0.6]) + 0.5(3i) + 1(1.6i —1.2])
5.2
~1.2i-0.9j+4.8]-1.2i +.90j+1.5i +1.61 —1.2]
5.2

52 5.2

dr2 (x1, y1)

07i 0.72] 05kg 3m/s

1m/s

37°
1.5kg

2m/s

9.2
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10.

1.

12.

13.

Two masses m; & m, are placed on the X-axis

m4 = 10 kg, m, = 20kg.

The first mass is displaced by a distance of 2 cm
My +moX, _ 10x 2+ 20x,

M my+m, 30

20 + 20x,

- X

=0= =20+20x,=0

= 20=-20x, = X, = —1.

. The 2" mass should be displaced by a distance 1cm towards left so as to kept the position of centre
of mass unchanged.

Two masses m; & m, are kept in a vertical line

m4 = 10kg, m, = 30kg

The first block is raised through a height of 7 cm.

The centre of mass is raised by 1 cm.

L g2 Mys1+Mayp _ 10x7 + 30y,

m; +m, 40
:1=% — 70 +30y, = 40 = 30y, = — 30 = y, = —1.

The 30 kg body should be displaced 1cm downward inorder to raise the centre of mass through 1 cm.
As the hall is gravity free, after the ice melts, it would tend to acquire a
spherical shape. But, there is no external force acting on the system. So, the L
centre of mass of the system would not move. y '

The centre of mass of the blate will be on the symmetrical axis.

Ry (4R, (7R ) 4R,
_ 2 3n 2 3n
=>Vem =
omn TER22 _ TER12
2
_ (2/3R;° _Q/3R,’
n/2(R,2 —R?)
(R,* +R* +RR,)
R{+R,
m4 = 60kg, m, = 40kg , m; = 50kg,
Let A be the origin of the system.
Initially Mr. Verma & Mr. Mathur are at extreme position of the boat.

*. The centre of mass will be at a distance
60><0+40><2+50><4 @—187mfromA i i

150 150
60kg 40kg  20kg

2
4 (R —Ry)R,* +R? +RRy)
3n Ry =R(R; +Ry)

Si above the centre.

N

When they come to the mid point of the boat the CM lies at 2m from ‘A’.
*. The shiftin CM =2 — 1.87 = 0.13m towards right. < >

But as there is no external force in longitudinal direction their CM would not shift.

So, the boat moves 0.13m or 13 cm towards right.

Let the bob fall at A,. The mass of bob = m.

The mass of cart = M. M
Initially their centre of mass will be at l m
mxL+Mx0 _ [ m JL

M+m M+m A

Distance from P ] .
When, the bob falls in the slot the CM is at a distance ‘O’ from P. P

9.3
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14.

15.

16.

17.

18.

ShiftinCM =0 - mlL = - mL towards left
M+m M+m

- _mb towards right.
M+m

But there is no external force in horizontal direction.

So the cart displaces a distance towards right.

Initially the monkey & balloon are at rest.

So the CM is at ‘P’

When the monkey descends through a distance ‘L’
The CM will shift

_ mxL+Mx0_ mL

t, = from P
M+m M-+m

—r—

So, the balloon descends through a distance

Let the mass of the to particles be m; & m, respectively
m4 = 1kg, m, = 4kg

..According to question

Ya m1V12 =% m2V22

2
m;, Vv v m v m
M Yo Y2 MY M2
my v, V4 my Vo my
m1V1_m1 mz_'\m‘] _ﬁ_1/2
Now, ———=—x [—% = =Y =
mavy My my  Jm, J4
myVv
- 11 =12
myVs

As uranium 238 nucleus emits a a-particle with a speed of 1.4 x 10’m/sec. Let v, be the speed of the
residual nucleus thorium 234.

S Myvy = Mava
=4x1.4x10" =234 x v,
7
Sy, = BXAAA0T e 10° misec.
234
miVvq4 = MyVo
=50x1.8=6x10%x v,
V, = M =1.5x 10_23 m/sec
6x10%

so, the earth will recoil at a speed of 1.5 x 10°m/sec.

Mass of proton = 1.67 x 1077

Let 'V, be the velocity of proton < : >

Given momentum of electron = 1.4 x 10’26kg m/sec

Given momentum of antineutrino = 6.4 x 10" kg m/sec

a) The electron & the antineutrino are ejected in the same direction. As the total momentum is
conserved the proton should be ejected in the opposite direction.

167 x 107 xV,=14x10°+6.4 x 107 =204 x 1077

=V, =(20.4/1.67) = 12.2 m/sec in the opposite direction.

b) The electron & antineutrino are ejected L" to each other.

Total momentum of electron and antineutrino, e

=(14)% +(6.4)> x1072 kg m/s = 15.4 x 107%" kg m/s a

Since, 1.67 x 102" V, = 15.4 x 107 kg m/s
SoV,=9.2m/s

9.4
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19.

20.

21.

22.

23.

Mass of man = M, Initial velocity = 0

Mass of bad = m
Let the throws the bag towards left with a velocity v towards left. So,
there is no external force in the horizontal direction.
The momentum will be conserved. Let he goes right with a velocity h
—>

mv=MysyeY o MY

M m
Let the total time he will take to reach ground = \/2H/g =t; Hard ground pound

Let the total time he will take to reach the heighth =t, = \/2(H-h)/g

Then the time of his flying =t - t, = \/2H/g - \/2(H -h)/g = ,/2/9(\/ﬁ -+vH —h)
Within this time he reaches the ground in the pond covering a horizontal distance x
=>x =Vxt=V=x/t

As there is no external force in horizontal direction, the x-coordinate of CM will remain at that position.
_ Mx(x)+mxx,
B M+m

.. The bag will reach the bottom at a distance (M/m) x towards left of the line it falls.
Mass = 50g = 0.05kg

Vv =2 cos 45° i — 2 sin 45° ]

Vi =—2cos 45° | —2sin45°]

a) change in momentum =mv —mv, v
=0.05 (2 cos 45°i —2sin 45° j)—0.05 (— 2 cos 45° i —2sin 45°])

=0.1cos 45°7 — 0.1 sin 45"] +0.1 cos 45° i + 0.1 sin 45°] —
= 0.2 cos 45° i

M
=0 =X = ——X
m

=0.14 kg m/s

BT _02
V2 V2
c) The change in magnitude of the momentum of the ball

| - [P|=2x05-2x05=0.

. magnitude = (

|5incidence = (h/1) cos 6 i - (h/2) sin ej
s . - 0
Prefiected = — (/1) cos © i — (h/L) sin O X1PR— h/\ cos 6 « Pi1=h/x cos 0 X
N

The change in momentum will be only in the x-axis direction. i.e. N
|AP|= (/1) cos 6 — (/1) cos ) = (2h/2.) cos 6 Pr—h/A

AN
AN

P1— h/}:‘sm 0= PR
As the block is exploded only due to its internal energy. So net

external force during this process is 0. So the centre mass will not change. Y

Let the body while exploded was at the origin of the co-ordinate system.

If the two bodies of equal mass is moving at a speed of 10m/s in + x & +y axis

direction respectively, —r

V102 +102 +210.10c0s90° = 10+/2 m/s 45° w.rt. + x axis

If the centre mass is at rest, then the third mass which have equal mass with other

two, will move in the opposite direction (i.e. 135° w.r.t. + x- axis) of the resultant at the same velocity.
Since the spaceship is removed from any material object & totally isolated from surrounding, the
missions by astronauts couldn’t slip away from the spaceship. So the total mass of the spaceship
remain unchanged and also its velocity.
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25.

26.

27.

28.

d=1cm, v=20m/s, u=0, p=900 kg/m3 = O.S)gm/cm3

volume = (4/3)rr® = (4/3)  (0.5)° = 0.5238cm®

. mass =vp =0.5238 x 0.9 = 0.4714258gm

.. mass of 2000 hailstone = 2000 x 0.4714 = 947.857

.. Rate of change in momentum per unit area = 947.857 x 2000 = 19N/m’
.. Total force exerted = 19 x 100 = 1900 N.

A ball of mass m is dropped onto a floor from a certain height let ‘h’.

.'.v1=\/29—h, vy =0, v2=—\/297h &v, =0
.. Rate of change of velocity :-

_ mx2,/2gh

=

.'.v=\/29—h,s=h, v=0

= v=u+at

=42g0h =gt=>t= %

.. Total time 2, /Z_th

_ mx242gh _
2 [
g

A railroad car of mass M is at rest on frictionless rails when a man of mass m starts moving on the car

towards the engine. The car recoils with a speed v backward on the rails.
Let the mass is moving with a velocity x w.r.t. the engine.

.. The velocity of the mass w.r.t earth is (x — v) towards right

Vem = 0 (Initially at rest)

S 0==Mv+m(x—-v)

S>Mv=mXx-v)=>mx=Mv+mv=x= [M;mjv =>X= (1+%}v

A gun is mounted on a railroad car. The mass of the car, the gun, the shells and the operator is 50m

where m is the mass of one shell. The muzzle velocity of the shells is 200m/s.

Initial, Vem = 0.
L 0=49mxV+mx200=V= %m/s

. @ m/s towards left.
49

When another shell is fired, then the velocity of the car, with respect to the platform is,

=V = % m/s towards left.

When another shell is fired, then the velocity of the car, with respect to the platform is,

=V = @ m/s towards left
48

.. Velocity of the car w.r.t the earth is [% + %} m/s towards left.

Two persons each of mass m are standing at the two extremes of a railroad car of mass m resting on a

smooth track.
Case — |

Let the velocity of the railroad car w.r.t the earth is V after the jump of the left man.

=—mu+(M+m)V
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31.

32.

33.

34.

=>Vs= towards right
+m
Case -
When the man on the right jumps, the velocity of it w.r.t the car is u. ,« ~
) Utst, 1 U2nd
S 0=mu-Mv o0
= mu ‘—ve'  ‘+ve’

M
(V' is the change is velocity of the platform when platform itself is taken as reference assuming the car
to be at rest)
.. So, net velocity towards left (i.e. the velocity of the car w.r.t. the earth)

mv. - mv mMu + m2v — Mmu _ m2v
"M M+m MM +m) " M(M+m)
A small block of mass m which is started with a velocity V on the horizontal part of the bigger block of
mass M placed on a horizontal floor.
Since the small body of mass m is started with a velocity V in the horizontal direction, so the total initial
momentum at the initial position in the horizontal direction will remain same as the total final momentum

at the point A on the bigger block in the horizontal direction.
From L.C.K. m: A -
mv [m]
mv+MxO=m+M)v=>v = —— |
M+m
Mass of the boggli = 200kg, Vg =10 km/hour.

.. Mass of the boy = 2.5kg & Vo, = 4km/hour.

If we take the boy & boggle as a system then total momentum before the process of sitting will remain
constant after the process of sitting.

2o My Vi = Mgy Vioy = (Mp + Mpgy) V

= 200 x 10 + 25 x 4 = (200 +25) x v

Mass of the ball = my = 0.5kg, velocity of the ball = 5m/s

Mass of the another ball m, = 1kg

Let it’'s velocity = v’ m/s

Using law of conservation of momentum,

05x5+1xv=0=>Vv=-25

. Velocity of second ball is 2.5 m/s opposite to the direction of motion of 1% ball.
Mass of the man = m; = 60kg

Speed of the man = v; = 10m/s

Mass of the skater = m, = 40kg

let its velocity = v’

.. 60x10+0=100x v' = Vv =6m/s

loss in K.E.= (1/2)60 x(10)*— (1/2)x 100 x 36 = 1200 J

Using law of conservation of momentum.

m4uq + mouy = m1V(t) + myV’

Where V' = speed of 2" particle during collision.

= m4yuq + Myu; = MUy + my + (t/At)(V1 - U1) + myv'

myu, My t

= Vy—Uq )V
m2 mzAt('] 1)

, my t
SV =Uu,———(vy—U
2y

Mass of the bullet = m and speed = v
Mass of the ball =M
m’ = frictional mass from the ball.
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37.

Using law of conservation of momentum,
mv+0=(m+m)v +(M-m’)v,
where v’ = final velocity of the bullet + frictional mass
mv —(M+m")V,

m+m’
Mass of 1°' ball = m and speed = v
Mass of 2™ ball = m

=V =

Let final velocities of 1% and 2™ ball are v4 and v, respectively

Using law of conservation of momentum,
m(vq + Vp) = mv.

S>VitVva =V (1)
Also
Vi—Vy=ev ...(2)

Given that final K.E. = % Initial K.E.
31/zmv12+1/zmv22=%><1/zmv2
= v+ V= YV

(Vo + Vo + (Vg - v, f _3.2

—V
2 4
21,2
DM:EV231+92=§332= 1:>e=i
2 4 2 2 2

Mass of block = 2kg and speed = 2m/s

Mass of 2" block = 2kg.

Let final velocity of 2™ block = v

using law of conservation of momentum.

2x2=(2+2)v=>v=1m/s

. Loss in K.E. in inelastic collision

=(1/2)x2x (2P v—(1/2) 2 +2) x(1)*=4-2=2

b) Actual loss = w =1J

(1/2) x 2 x 22 — (1/2) 2 x vi2 + (1/2) x 2% v,° = 1

=4—(vii+v)=1

(1+e®)x4
2

= 4 - =1

=2(1+e)=3=1+¢e” =

N | w
U
(0]

1]

N| =

-

Final K.E. = 0.2J
Initial K.E. = % mV4? + 0 =% x 0.1 u? = 0.05 u?
mvq = mvy = mu

Where v; and v, are final velocities of 1% and 2™ block respectively.

=>vitVv,=u (1)
(V1—V2)+E(a1—U2)=ODEa=V2—V1 (2)
u, =0, U= u.

Adding Eq.(1) and Eq.(2)
2vo = (1+hu = vy = (U/2)(1 + 1)
u u

SViEU-———/
2 2

w=%U—D

Given (1/2)mv,? +(1/2)mv,® = 0.2
= V12 + V22 =4

100 g

B

100 g

U2=0
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2 2 2
u 2 U 2 u 2 2 8
=—01-0)"+—1+0) =4 = —1+/¢%) =4 =>u'=s ——

4 (=1 4 (+£) 2 ( ) 1402
For maximum value of u, denominator should be minimum,
=1{=0.

>u'=8=u=2J2 mss
For minimum value of u, denominator should be maximum,
=10=1

wW=4=u=2mls
Two friends A & B (each 40kg) are sitting on a frictionless platform some distance d apart A rolls a ball
of mass 4kg on the platform towards B, which B catches. Then B rolls the ball towards A and A catches
it. The ball keeps on moving back & forth between A and B. The ball has a fixed velocity 5m/s.

a) Case — | :— Total momentum of the man A & the ball will remain constant f—d —»]|

. 0=4x5-40x%xv = v = 0.5 m/s towards left sm/s

b) Case — Il :— When B catches the ball, the momentum between the B & the _o'

ball will remain constant. 6 - 6
=4 x5=44v = v = (20/44) m/s

Case — lll := When B throws the ball, then applying L.C.L.M (Cof(; 1) e fvev
=44 x (20/44)=—-4x5+40 x v = v = 1m/s (towards right) -
Case — IV := When a Catches the ball, the applying L.C.L.M.

= —4 x5+ (-0.5)x 40 = — 44v =>vV= % m/s towards left.

c) Case — V :—= When A throws the ball, then applying L.C.L.M.

=44 x (10/11)=4x5-40%xV =V =60/40 = 3/2 m/s towards left.

Case — VI :—= When B receives the ball, then applying L.C.L.M

=40x1+4x5=44x%xy = v = 60/44 m/s towards right.

Case — VIl := When B throws the ball, then applying L.C.L.M.

=44 x (66/44)=—-4x5+40%xV =V =80/40 = 2 m/s towards right.

Case — VIl := When A catches the ball, then applying L.C.L.M

=>-4x5-40x(3/2)=—-44v = v = (80/44) = (20/11) m/s towards left.

Similarly after 5 round trips

The velocity of A will be (50/11) & velocity of B will be 5 m/s.

d) Since after 6 round trip, the velocity of A is 60/11 i.e.

> 5m/s. So, it can’t catch the ball. So it can only roll the ball six.
e) Let the ball & the body A at the initial position be at origin.

40x0+4x0+40xd _ 10 A B
S X = = —d fe—d
c 40+ 40+ 4 11 —
u = ./2gh = velocity on the ground when ball approaches the ground.
= U= 4/2x9.8x2
v = velocity of ball when it separates from the ground.
V+/u=0

V2x9.8x15 _ [3_ 43

=/MU=-V == —=—

V2x9.8x2 4 2
EV _ E?
K.E. ofNuc|eus=(1/2)mv2=(1/2)m(—J = —
mc 2mce

linear momentum = E/c

Energy limited by Gamma photon = E.
\Y% —
E2 -
Decrease in internal energy = E + 5

2mc
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Mass of each block Ma and Mg = 2kg.

Initial velocity of the 1* block, (V) = 1m/s
Va=1m/s, Vg = 0m/s

Spring constant of the spring = 100 N/m.

The block A strikes the spring with a velocity 1m/s/
After the collision, it's velocity decreases continuously and at a instant the whole system (Block A + the
compound spring + Block B) move together with a common velocity.

Let that velocity be V.

Using conservation of energy, (1/2) MaVaZ + (1/2)MgVg” = (1/2)Mav? + (1/2)MgV? + (1/2)kx’.

(1/2) x 2(1)% + 0 = (1/2) x 2x v + (1/2) x 2 x v + (1/2) x* x 100

(Where x = max. compression of spring)

=1=2V" +50x° ...(1)

As there is no external force in the horizontal direction, the momentum should be conserved.

= MAVA + MBVB = (MA+ MB)V
= 2x1=4xvy
=V=(1/2)m/s. ...(2)

Putting in eq.(1) 22'2'5 e
1=2x(1/4) + 50x+2+ —YWWVW

= (1/2) = 50x* A B
= x*=1/100m*

= x=(1/10)m = 0.1m = 10cm.

Mass of bullet m = 0.02kg.

Initial velocity of bullet V4 = 500m/s 500 m/s

Mass of block, M = 10kg. :>—"

Initial velocity of block u, = 0. | |

Final velocity of bullet = 100 m/s = v.

Let the final velocity of block when the bullet emerges out, if block = v'.

mvs + Mu, = mv + MV’

= 0.02 x 500 = 0.02 x 100 + 10 x v’

=V =0.8m/s

After moving a distance 0.2 m it stops.

= change in K.E. = Work done

= 0—(1/2) x 10 (0.8)° = —p x 10 x 10 x 0.2 = p1 =0.16

The projected velocity = u.

The angle of projection = 6.

When the projectile hits the ground for the 1% time, the velocity would be the same i.e. u.
Here the component of velocity parallel to ground, u cos 6 should remain constant. But the vertical
component of the projectile undergoes a change after the collision.

usin® . u |
—>e=—— = v=eusinoO.
v nd L . u + usin @
Now for the 2™ projectile motion, :
0
_ : P 2 a2
U = velocity of projection = \/ (ucos0)” +(eusino) e
. ucos 0
— _ usin _
and Angle of projection = o = tan™' eusing) _ tan”'(e tan 0)
acoso

ortana=etan6 ...(2)

gx?sec? a 3)
2u?

Here,y =0, tan o = e tan 0, sec?a=1+e’tan’ 0

And u? = u”cos’ 0 + e? sin® 0

Putting the above values in the equation (3),

Because, y = x tan o —
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gx*(1+e?tan?0)
2u?(cos? 0 + e? sin? 0)
= 2eu? tan H(cos? 0 + e2 sin? 0)
g(1+e? tan? 0)

xetano =

9 g
= So, from the starting point O, it will fall at a distance

(1+e)

= 2eu?tan®—cos? 0 _ eu’sin20

_ u? sin 20 N eu? sin20 _ u? sin 20
g g 9

Angle inclination of the plane = 6

M the body falls through a height of h,

The striking velocity of the projectile with the indined plane v = \/29—h
Now, the projectile makes on angle (90° — 20)

Velocity of projection = u = \/2g—h

Let AB=L.

So,x=1{cos6,y=-1{sin0
From equation of trajectory,

gx?sec? a

y=xtan o —
2u?

2 a2 2000 _
—£fsin0=2£cos 0.tan (90° — 20) — g (7 cos” fsec”(90” - 20)

2x2gh
2 2 2
= —-0sin®=1Lcos0O.cot20- g!” cos” Hcosec”20
4gh

2 2

So, £'cos” Hcos ec” 20 =sin 6 + cos 0 cot 20
4h
2
== %(sin 0 + cos 0 cot 20) = 4hLI2ze[sineﬂ:osexCflzej
cos“ Bcosec 20 cos“ 6 sin20

. 2 2 . .
_ 4h x 4 sin“ 6cos” 6 S|nex3|n2§+003900526 =16 h sin? 0 .cose = 8h sin 0

cos? 0 sin 20 2sin0cos O
h=5m, 0 =45°, e = (3/4)

Here the velocity with which it would strike = v = ,/2gx 5 = 10m/sec

After collision, let it make an angle p with horizontal. The horizontal component of velocity 10 cos 45°
will remain unchanged and the velocity in the perpendicular direction to the plane after willisine.

=V, =e x10sin 45°

= (3/4) x 10 x —— = (3.75) /2 misec

V2

V, = 10 cos 45° = 542 m/sec
So,u= \/V,>+V,* = /50+28.125 = 78.125 =8.83 m/sec

52
= Angle of projection a=90— (6 + ) =90 — (45° + 37°) = 8°
Let the distance where it falls = L
= x=Lcos6,y=-Lsin0
Angle of projection (a) = —8°

Angle of reflection from the wall B = tan™ [3'75\5] =tan™ [%j =37°
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gx2 sec? o
2u?

gx /cos0sec? 8°

U2

2 g0 .
—» — sin 45° = cos 45° — tan 8° — 1008”45 23608 ()
(8.83)

Using equation of trajectory, y = x tan a. —

= —-0sin®=1Lcos O xtan 8° —

Solving the above equation we get,
£=18.5m.

Mass of block

Block of the particle = m = 120gm = 0.12kg.

In the equilibrium condition, the spring is stretched by a distance x = 1.00 cm = 0.01m.

=02xg=K x.
= 2=Kx0.01 = K=200 N/m.
The velocity with which the particle m will strike M is given by u

= J2x10x0.45 = f =3 m/sec.

So, after the collision, the velocity of the particle and the block is
V= 012x3 _ gm/sec.
0.32 8

Let the spring be stretched through an extra deflection of 5.

0—(1/2) x 0.32 x (81/64) = 0.32 x 10 x §— ( 1/2 x 200 x (5 + 0.1)% — (1/2) x 200 x (0.01)?

Solving the above equation we get
8 =10.045 =4.5cm
Mass of bullet = 25g = 0.025kg.
Mass of pendulum = 5kg.
The vertical displacement h =10cm =0.1m
Let it strike the pendulum with a velocity u.
Let the final velocity be v.
= mu=(M+ m)v.

m 0.025 u

u= XU = —

(M+m) 5.025 201
Using conservation of energy.

= V=

2

u
(201)°

0-(1/2)(M+m). V2 =—(M+m)gxh= =2x10x0.1=2
= u =201x /2 =280 m/sec.

Mass of bullet = M = 20gm = 0.02kg.

Mass of wooden block M = 500gm = 0.5kg

Velocity of the bullet with which it strikes u = 300 m/sec.

Let the bullet emerges out with velocity V and the velocity of block = V'
As per law of conservation of momentum.

mu = Mv'+ mv (1)

Again applying work — energy principle for the block after the collision,
0 — (1/2) M x V? = — Mgh (where h = 0.2m)

=V'?=2gh

V' = \/E= J20x0.2 = 2m/sec

Substituting the value of V' in the equation (1), we get\
0.02x300=05%x2+02xvVv

=V= ﬂ = 250m/sec.
0.02

I

=
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Mass of the two blocks are m; , m.

Initially the spring is stretched by X,

Spring constant K.

For the blocks to come to rest again, <"‘1"| | X“I I"Xz_'
Let the distance travelled by m; & m, W_WVW“M—ITZI
Be x4 and x, towards right and left respectively.

As o external forc acts in horizontal direction,

miXq = MyXo (1)

Again, the energy would be conserved in the spring.

= (1/2) k x x* = (1/2) K (X1 + X2 — Xo)?

= Xo = X1+ Xo—Xg

= X4 +X2=2X0 (2)

- 2m,
= X1 = 2Xg — X Similarly x4 = | ——=— |x
0

2m,
= m1(2X0 - X2) = MoXo = 2m1X0 — M4yX2 = MoyXo =X = | —— [Xp
My xVo +Myx0 _ myvy

a) .. Velocity of centre of mass =

b) The spring will attain maximum elongation when both velocity of two blocks will attain the velocity of
centre of mass.

d) x— maximum elongation of spring.

Change of kinetic energy = Potential stored in spring.

2
m-,Vv K
= (1/2) my vo? = (1/2) (M4 + my) (| —22—| = (1/2) kx? Vo
(1/2) ma vo — (1/2) (m4 2)((m1+m2 (172) szl_,
m, 1/2
A% (1_mj=kx2 =x= [—mmlmrf] ] X Vo
1 2

If both the blocks are pulled by some force, they suddenly move with some acceleration and
instantaneously stop at same position where the elongation of spring is maximum.

.. Let x4, xo — extension by block my and m,

Total work done = Fx4 + Fx, (1)

.. Increase the potential energy of spring = (1/2) K (x4+ x2)2 ...(2)

Equating (1) and (2)

Flxi +30) = (12) K (xi# 30 = (% 30) = 2

Since the net external force on the two blocks is zero thus same force act on opposite direction.
S MeXy = MoXo (3)

And (x4+ Xp) = %

S Xp = mx1 . K .
m2 4—,T1’—\/\/\/\/\/\/\/\/\/\/\—|T2'—>
Substituting Mg+ Xq = 2
m, K
( m1J 2F _2F m,
=X 1+—|=— =X = —=——2
my) K K m,+m,
Similarly x, = %L
m, +m,

9.13


JEEMAIN.GURU

Chapter 9

52.

53.

54.

. F,—F.
Acceleration of mass my = ——2—
my +m,
. . . F2 - F1
Similarly Acceleration of mass m, = ————

Due to F4 and F, block of mass m; and m, will
inertia force.
.. Netforceonmy=F;—-m, a

—F—m,x 1P o mFrmoFy —miFy +Fomy  moF +mif,
m; +m, my +m, mq +m;

Similarly Net forceon my,=F,—-m, a

= Fy—my x Fo -F _ mF, +moF, —moFy, +Fmy, _ myF, +myF,
my +m, my +my My + My

experience different acceleration and experience an

K

F4 F2
o—’m_1'—/v\/\/\/v\/\/\/\/\—| mz |_>

.. If my displaces by a distance x4 and x, by m, the maximum extension of the spring is x; + m,.
.. Work done by the blocks = energy stored in the spring.,

- m,F, + myF, N
my +m,

myF; + myF, _
— £ XX, =
m, +m,

X1+

o Xgt Xp = 2 myFy +miF,

K my+m,
Mass of the man (M,,)) is 50 kg.
Mass of the pillow (M,) is 5 kg.

(1/2) K (x1+ x2)°

When the pillow is pushed by the man, the pillow will go down while the man goes up. It becomes the

external force on the system which is zero.
= acceleration of centre of mass is zero

= velocity of centre of mass is constant
..As the initial velocity of the system is zero.
oMy x Vi =M, x V, ...(1)

Given the velocity of pillow is 80 ft/s.

Which is relative velocity of pillow w.r.t. man.

Voim = Vo =V =Vo= (Vi) =V, + Vo= V= V= Vi

Putting in equation (1)
M % Vi = My (Vg /m = Vi)

=50 x Vi =5 % (8= V)

= 10xVy=8-Vn=>Vn= % =0.727m/s

.. Absolute velocity of pillow = 8 — 0.727 = 7.2 ft/sec.

.. Time taken to reach the floor = —
v
As the mass of wall >>> then pillow

The velocity of block before the collision = velocity after the collision.

= Times of ascent = 1.11 sec.
.. Total time taken = 1.11 + 1.11 = 2.22 sec.
Let the velocity of A = us.

S = i =1.1 sec.
7.2

Let the final velocity when reaching at B becomes collision = v;.

=~ (1/2) mv4® = (1/2)mus® = mgh

= v; = 4/2gh—u,?

=vi’-u’=2gh

..(1)

Lpillow

e =
l— =

When the block B reached at the upper man’s head, the velocity of B is just zero.

For B, block
- (1/2) x 2m x 0% = (1/2) x 2m x v* = mgh

= v = ,/2gh
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.. Before collision velocity of us = v;, ug = 0.

After collision velocity of va = v (say) Vg = 4/2gh

Since it is an elastic collision the momentum and K.E. should be coserved.
amxvy+2mx0=mxv+2m x ,/2gh

=>vi—-v=2,2gh

Also, (1/2) x m x v;% + (1/2) | 2m x 0% = (1/2) x m x v* + (1/2) x2m x (ngh)2
SviZ-v?=2x [2gh x 2gh  ..(2)

Dividing (1) by (2)

(v +V)(vs—V) _ 2x+2gh x2gh )
v, +v) 2><\/29—h = vy +v=,2gh ...(3)

Adding (1) and (3)

2vi=3 2gh = v = (gj J2gh
Butv, = y2gh+u? = [gj vJ2gh

= 2gh+u’= %ngh

= u=25 ,/2gh
So the block will travel with a velocity greater than 2.5 ,/2gh so awake the man by B.

Mass of block = 490 gm.

Mass of bullet = 10 gm.

Since the bullet embedded inside the block, it is an plastic collision.
Initial velocity of bullet v, = 50 V7 mis.

Velocity of the block is v, = 0.

Let Final velocity of both = v.

2 10%x 107 x50 x /7 +107°x 19010 = (490 + 10) x 107 x V,

=V, = V7 mis.
When the block losses the contact at ‘D’ the component mg will act on it.
m(V, )2 2
— B8/ =mgsin® = (Vg)°=grsin 6 (1)
r
Puttin work energy principle MVe/r

(1/2) m x (Vg)? = (1/2) x m x (Vo) = —mg (0.2 + 0.2 sin 6)
= (1/2) x gr sin 6 — (1/2) x (\/7)2 =-mg (0.2 + 0.2 sin )
=35-(1/2)x9.8x 0.2 xsin0=9.8x0.2(1+sin0)

= 3.5-0.98 sin 6 = 1.96 + 1.96 sin 0

=sin0=(1/2) = 6 = 30°

.. Angle of projection = 90° - 30° = 60°.

.. time of reaching the ground = /@
g

=0.247 sec.

_ \/2>< (0.2+0.2 x sin30°)
- 9.8

.. Distance travelled in horizontal direction.
s=VcosOxt=,/grsinxt = /9.8x2x(1/2)x0.247 =0.196m

.. Total distance = (0.2 — 0.2 cos 30°) + 0.196 = 0.22m.
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Let the velocity of m reaching at lower end =V,

From work energy principle.

L (12)xmx V2= (1/2) xmx 0°=mg ¢

= vy =./290 .

Similarly velocity of heavy block will be v, =,/2gh .

2. vq =V, = u(say)

Let the final velocity of m and 2m v4 and v, respectively.
According to law of conservation of momentum.

m x X4 +2m % Vo = mvy + 2mv,

S mxu—2mu =mvy +2mv,

=>vit+t2v,=—u  ...(1)
Again, Vi —Vo =— (V1 - V2)
SVi—Va=—[u—(-v)]=-2V ...(2)
Subtracting.
u 2g/

Vo =TuD V= — = 2 —

2 = V2 3 3
Substituting in (2)
Vi—Vp=-2Uu= Vi =—-2U+V,=-2u+ % =—§u=—§x,/29£ =—

b) Putting the work energy principle
(1/2) x 2m x 0% = (1/2) x 2m % (v,)* =—=2m x g x h
[ h —> height gone by heavy ball]
:(1/2)@=[><h :h=£

9 9
Similarly, (1/2) x m x 0 = (1/2) x m x vi>=m x g x h,
[ height reached by small ball]
50g/¢ 25¢

9

:)(1/2))( =gxh2 =h,= —

9

+/50g/

3

Someh, is more than 2{, the velocity at height point will not be zero. And the ‘m’ will rise by a distance 2{.
Let us consider a small element at a distance ‘x’ from the floor of length ‘dy’ .

So,dm = %dx

So, the velocity with which the element will strike the floor is, v = /2gx

.. So, the momentum transferred to the floor is,

M = (dm)v = %x dx x 4/2gx [because the element comes to rest]

So, the force exerted on the floor change in momentum is given by,

dM_ M dx
= = —x——X4/20X
dt L dt

Because, v = c:j—)t( = 4/2gx (for the chain element)

Fi= ¥x,/2gXX,/2gx = ¥ngx = %

[RE
l

(Initial position)

Again, the force exerted due to ‘x’ length of the chain on the floor due to its own weight is given by,

M Mgx
W= —(x = 39

3 (x)xg 3
So, the total forced exerted is given by,
2Mgx N Mgx _ 3Mgx

L L L

F=F,+Ws=
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V1 =10 m/s V2 =0

V4, v2 — velocity of ACB after collision.

a) If the edlision is perfectly elastic.

mV; + mV, = mvy + mvs, m 10 m/s
=10+0=vq4+ Vv,

Svi+v=10 ..(1) [A ] B
Again, vi —Vv,=— (U1 —Vvp) == (10-0) =-10 ...(2) u=0.1
Subtracting (2) from (1)

2v, =20 = v, =10 m/s.

The deacceleration of B = ug

Putting work energy principle

L (12)xmx 02 =(1/2) xmx vy, =—mxaxh

100
—(1/2)x10°=-pgxh h= ——  =50m
==-072) g =N 50110

b) If the collision perfectly in elastic.
mxu;+mxu,=(mM+m)xv

=>mx10+mx0=2mx v :>v=%=5m/s.

The two blocks will move together sticking to each other.
.. Putting work energy principle.
(1/2) x 2m x 0= (1/2) x 2m x vV’ =2mx pg x s

52
= ———=58

0.1x10x2

Let velocity of 2kg block on reaching the 4kg block before collision =u;.
Given, V, = 0 (velocity of 4kg block).

=s=125m.

.. From work energy principle, 1mis
(12)ymxul—(1/2)mx1°=—mxug xs -
2 _ 2 _ 2kg 4kg
u 1. _oxs —_1p= U1

u=02 «— 16cm —> u=02
=64 x107%=u," -1 = U, = 6m/s

Since it is a perfectly elastic collision.

Let V4, V, — velocity of 2kg & 4kg block after collision.

m1V1 + m2V2 =mqVvq + MyVvy

=2x06+4%x0=2vy+4v, =>Vvi+2v,=0.6 (1)
Again, V4 —=V,=—(uy—uy) =— (0.6 —0)=-0.6 ...(2)
Subtracting (2) from (1)

3v,=1.2 = vy, =0.4 m/s.

S vi=—06+04=-02m/s

. Putting work energy principle for 1% 2kg block when come to rest.

(1/2)x2x 0% = (1/2) x 2 x (0.2)>=—=2x02x 10 x s

= (1/2)x2x02%x02=2%x02%x10xs = Sy =1cm.

Putting work energy principle for 4kg block.

(1/2) x 4 x 0= (1/2) x 4 x (0.4 =—4x02x 10 x s

=2x04%x04=4%x02%x10x%s =S,=4cm.

Distance between 2kg & 4kg block =S;+S,=1+4=5cm.

The block ‘m’ will slide down the inclined plane of mass M with acceleration a; g sin a (relative) to the
inclined plane.

The horizontal component of a; will be, a, = g sin a cos a, for which the block M will accelerate towards
left. Let, the acceleration be a,.

According to the concept of centre of mass, (in the horizontal direction external force is zero).

ma, = (M +m) a,
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—a,= ma, _ mgsinacosa ()
M+m M+m
So, the absolute (Resultant) acceleration of ‘m’ on the block ‘M’ along the direction of the incline will be,

a=gsina-a;cos a

o mgsinacos?o _ . mcos? o T
=gsina- ——— """ % =gsing |1-——
M-+m M-+m
h
I I:M+m—mcosza} ""2{7
=gsnag |——————> =
M-+m
2
SO,a=gsina[w} 2
M+m

Let, the time taken by the block ‘m’ to reach the bottom end be ‘t'.
Now, S = ut + (1/2) at®
— = (1/2) at? >t= 2
sina asina
So, the velocity of the bigger block after time ‘t’ will be.

=

: 2 21 2 2
V, = u+at= mg sin o cos a ?h _ |2m“°g hsm2 0CoS” o
M+m asina (M+m)“asina
Now, subtracting the value of a from equation (2) we get,
2.2 i 2 2 172
Vy = 2m“g“hsin“ a cos o (M+m)
(M+m)?sina gsina(M+msin? a)
112
_ 2m2g®hcos? a
orVy = —
(M+m)(M+msin© a)

The mass ‘m’ is given a velocity ‘v’ over the larger mass M.
a) When the smaller block is travelling on the vertical part, let the velocity of the bigger block be v
towards left.
From law of conservation of momentum, (in the horizontal direction)
mv = (M + m) v4

mv

M+m

b) When the smaller block breaks off, let its resultant velocity is vs.
From law of conservation of energy,
(1/2) mv? = (1/2) Mv4? + (1/2) mv,” + mgh

=V =

S v =V %vf— 2gh  ..(1)

2 M m
= v,2" v {1——><

2
m (M+m)2}—29h

P 2 1/2
= Vo = (I'T]Lrn-l-zrn)vz _29h
(M+m)
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e) Now, the vertical component of the velocity v, of mass ‘m’ is given by,
2 2 2
Vy =V2 —Vq

2 2 2.2
_ MM +Mm+2m )V2_2gh_ m“v .
(M+m) (M+m)
) _ _mv
[ v M+v]
2 2 2
Dvyz _ M +Mm+m2—m V2_2gh
(M+m)
2
2 Mv
v, = ———-2gh ...(2
=Vy (M+m) g (2)

To find the maximum height (from the ground), let us assume the body rises to a height ‘h’, over and
above ‘h’.
2
2 _ _ Yy
Now, (1/2)mv,” = mghy = hy = —=— ...(3)

2g
v,? mv?

So, Total height=h+h;=h+ 2 =h+ ———h
29 (M+m)2g

[from equation (2) and (3)]
mv?2
(M+m)2g
d) Because, the smaller mass has also got a horizontal component of velocity ‘v;’ at the time it breaks
off from ‘M’ (which has a velocity v,), the block ‘m’ will again land on the block ‘M’ (bigger one).
Let us find out the time of flight of block ‘m’ after it breaks off.
During the upward motion (BC),

0=v, —gt
y T v 1/2
= L=_ v -2gh ...(4) [from equation (2)]
g g (M+m)

So, the time for which the smaller block was in its flight is given by,
2 1/2
T=ot = 2| Mv” —2(M+m)gh
g (M+m)
So, the distance travelled by the bigger block during this time is,
mv_ 2 [Mv?—2(M+m)gh]"’?
M +m g (M + m)1/2
_ 2mv[Mv® —2(M+m)gh]'""?
gM+m)3'2
Givenh<<<R.
Grnass = 6 1 107" kg.
M, = 3 x 10** kg.
Let V. — Velocity of earth
V}, — velocity of the block.

The two blocks are attracted by gravitational force of attraction. The gravitation potential energy stored
will be the K.E. of two blocks.

pm 1T

R+(h/2) R+h

Again as the an internal force acts.
My Ve

S=V1T=

orS

} = (1/2) Mg x Ve + (1/2) mp x 2

MeVe = meb = Ve = (2)

e
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Putting in equation (1)
1

Gmexmb 2 -
2R+h R+h

' : @
2 2
x Ve + (1/2) My x V.
. ( ) b b m=6x1024 m=3><1024
= (1/2) x my, x V2 (%HJ

e

24
m|2R+20-2R-h = (1/2) x V.2 % 304 = | CMxh = (1/2) x Vy” X(3/2)
(2R +h)(R+h) 6x10% 2R? + 3Rh +h?

As h < < <R, if can be neglected

GMxh 2 2gh
= (1/2) x V.2 x(3/2 v=,/—
= —R? (1/2) x Vp" %(3/2) =Vy 3

Since it is not an head on collision, the two bodies move in different dimensions. Let V4, V, — velocities
of the bodies vector collision. Since, the collision is elastic. Applying law of conservation of momentum
on X-direction.

mu, + mxo = mv, cos o + mv, cos 3
=vicosa+vycosb=u; ...(1)

2. 2
= (1/2) x Mg x %

Squaring equation(1)

us® = v42 cos? o + v,° cos 2 B + 2 v4v, COS . Cos B
Equating (1) & (3)

vi2 + vt = v2cos® o+ Vp2 cos 2 B+ 2 V4V, COS a COS B
= v1zsin2 o+ v22 sin? B =2 v, cos o cos B

Putting law of conservation of momentum in y direction. —
0 = mv, sin oo — mv, sin B
= vy sin @ = v, sin B .(2) C N VA S X
Again amu+0="%mv® + % mx vy T
:>U12 = V12 + V22 (3) E
1
:

. v sina
=2vsin2a =2 x vy x — X COS 0. COS JB
= sin a sin B = cos a cos B = cosacosB—sinasinpB=0
= cos (o + ) =0 = cos 90° = (a+ p)=90°

. r
\\\ VvV sin o 0
I S ap
/r27p2

Let the mass of both the particle and the spherical body be ‘m’. The particle velocity ‘v’ has two
components, v cos a normal to the sphere and v sin o tangential to the sphere.

After the collision, they will exchange their velocities. So, the spherical body will have a velocity v cos a
and the particle will not have any component of velocity in this direction.

[The collision will due to the component v cos o in the normal direction. But, the tangential velocity, of
the particle v sin a will be unaffected]

So, velocity of the sphere = v cos o = %wlrz - p2 [from (fig-2)]

And velocity of the particle = v sin o = ve
r

* ok ok ok K
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