CHAPTER 2

PHYSICS AND MATHEMATICS

Mathematics is the language of physics. It becomes
easier to describe, understand and apply the physical
principles, if one has a good knowledge of mathematics.
In the present course we shall constantly be using the
techniques of algebra, trigonometry and geometry as
well as vector algebra, differential calculus and
integral calculus. In this chapter we shall discuss the
latter three topics. Errors in measurement and the
concept of significant d’igits are also introduced.

2.1 VECTORS AND SCALARS

Certain physical quantities are completely
described by a numerical value alone (with units
specified) and are added according to the ordinary
rules of algebra. As an example the mass of a system
is described by saying that it is 5 kg. If two bodies one
having a mass of 5 kg and other having a mass of 2 kg
are added together to make a composite system, the
total mass of the system becomes 5 kg + 2kg = 7 kg.
Such quantities are called scalars.

The complete description of certain physical
quantities requires a numerical value (with units
specified) as well as a direction in space. Velocity of a
particle is an example of this kind. The magnitude of
velocity is represented by a number such as 5 m/s and
tells us how fast a particle is moving. But the
description of velocity becomes complete only when the
direction of velocity is also specified. We can represent
this velocity by drawing a line parallel to the velocity
and putting an arrow showing the direction of velocity.
We can decide beforehand a particular length to
represent 1 m/s and the length of the line representing

a velocity of 5 m/s may be taken as 5 times this unit
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Figure 2.1

length. Figure (2.1) shows representations of several
velocities in this scheme. The front end (carrying the
arrow) is called the head and the rear end is called
the tail.

Further, if a particle is given two velocities
simultaneously its resultant velocity is different from
the two velocities and is obtained by using a special
rule. Suppose a small ball is moving inside a long tube
at a speed 3 m/s and the tube itself is moving in the
room at a speed 4 m/s along a direction perpendicular
to its length. In which direction and how fast is the
ball moving as seen from the room ?
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Figure (2.2) shows the positions of the tube and
the ball at ¢ = 0 and ¢ = 1 s. Simple geometry shows
that the ball has moved 5 m in a direction 6 = 53° from
the tube. So the resultant velocity of the ball is 5 m/s
along this direction. The general rule for finding the
resultant of two velocities may be stated as follows.

Draw a line AB representing the first velocity with
B as the head. Draw another line BC representing the
second velocity with its tail B coinciding with the head
of the first line. The line AC with A as the tail and C
as the head represents the resultant velocity.
Figure (2.3) shows the construction.

The resultant is also called the sum of the two
velocities. We have added the two velocities AB and
BC and have obtained the sum AC. This rule of
addition is called the “triangle rule of addition”.
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The physical quantities which have magnitude and
direction and which can be added according to the
triangle rule, are called vector quantities. Other
examples of vector quantities are force, linear
momentum, electric field, magnetic field etc.

The vectors are denoted by putting an arrow olr)er
tll;e symbols representing them. Thus, we write AB,
BC etc. Sometimes a vector is represented by a single

letter such as 17), F etc. Quite often in printed books
the vectors are represented by bold face letters like
AB, BC, v, f etc. '

If a physical quantity has magnitude as well as
direction but does not add up according to the triangle
rule, it will not be called a vector quantity. Electric
current in a wire has both magnitude and direction
but there is no meaning of triangle rule there. Thus,
electric current is not a vector quantity.

2.2 EQUALITY OF VECTORS

Two vectors (representing two values of the same
physical quantity) are called equal if their magnitudes
and directions are same. Thus, a parallel translation
of a vector does not bring about any change in it.

2.3 ADDITION OF VECTORS

The triangle rtge of _yector addition is already
described above. If @ and b are the two vectors to be
added, a diagram is drawn in which the tail of b
coincides with the head of a. The vector joining the
tail of ¢ with the head of b is the vector sum of @ and
17 Figure (2.4a) shows the construction. The same rule

Figure 2.4

may be stated in a slightly different way. We draw the

vectors @ and b with both the tails coinciding
(figure 2.4b). Taking these two as the adjacent sides

we complete the parallelogram. The diagonal through
the common tails gives the sum of the two vectors.

— — -
Thus, in figure, (2.4b) AB + AC = AD .
Suppose the magnitude of @ =a and that of b=b.
What is the magnitude of @ +b and what is its

direction ? Suppose the angle between @and b is 6. It
is easy to see from figure (2.5) that

Figure 2.5

AD’=(AB +BE)’ + (DE)*
= (a+b cosB) * + (b sinp) >
=a’+2abcosd+b>

Thus, the magnitude of c? + b—>is

Va2 +b 7%+ 2ab cosh. .. (2.1

Its angle with @ is o where
DE b sind !
tana AE  a+bcos® - (22)

Example 2.1

Two vectors having equal magnitudes A make an angle
0 with each other. Find the magnitude and direction of
the resultant.

Solution : The magnitude of the resultant will be

B=VA’+A%+24A cosd

=V24 *(1 + cosB) = V4A2c0529

2
0
= 2A cos 3
The resultant will make an angle o with the first vector
where
.9 0
oo Asind 2A sing, cos _tan_e—
aa_A+Acos(-)_ . 20 2
2A cos” —
2
or o= J
’ T2

Thus, the resultant of two equal vectors bisects the angle
between them.
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" 24 MULTIPLICATION OF A VECTOR BY A NUMBER

Suppose a is a vector of magnitude a and %k is a
number. We define the vector b=k a as a vector of
magnitude |ka|. If & is positive the direction of
the vector b =k @ is same as that of @, If & is negative,

the direction of 17 is opposite to E) In particular,
multiplication by (—1) just 1nverts the direction of the

vector. The vectors a and —a have equal magnitudes
but opposite directions.
If 5) is a vector of magnitude a and l—Zis a vector
- .
of unit magnitude in the direction of a, we can write
- -
a = au.

2.5 SUBTRACTION OF VECTORS

Let (7 and E)be two vectors. We define (-; - l;)as the
_—}
sum of the vector @ and the vector (- b ). To subtract

l—; from Z invert the direction of ? and add to Z
Figure (2.6) shows the process.

Example 2.2

Two vectors of equal magnitude 5 unit have an angle
60° between them. Find the magnitude of (a) the sum of
the vectors and (b) the difference of the vectors.

Figure 2.7
Solution : Figure (2.7) shows the construction of the sum
- > . - -
A + B and the difference A - B.
- o - — .
(a) A + B is the sum of A and B. Both have a magnitude

of 5 unit and the angle between them is 60°. Thus, the
magnitude of the sum is

|X+§|=\/52+52+2x5x5cos60°
=2 x5 c0s30° = 5V3 unit.

- - - -
(b) A-B is the sum of A and (—B ). As shown in the
- -
figure, the angle between A and (—B) is 120°. The
- -
magnitudes of both A and (—B) is 5 unit. So,
e d - 2 2
|A-B|=V5%+5%+2x5x5cos120°
=2 x5 cos60°

=5 unit.

2.6 RESOLUTION OF VECTORS

Figure (2.8) shows a vector a= 074 in the X-Y
plane drawn from the origin O. The vector makes an
angle o with the X-axis and B with the Y-axis. Draw
perpendiculars AB and AC from A to the X and Y axes
respectively. The length OB is scalled the projection of

- —
OA on X-axis. Similarly OC is the projection of OA
on Y-axis. According to the rules of vector addition

N T
a=0A=0B+0C.
Thus, we have resolved the vector c? into two parts,

one along OX and the other along OY. The magnitude
of the part along OX is OB =a coso and the magnitude

of the part along OY is OC =a cosp. If i and fdenote
vectors of unit magnitude along OX and OY
respectively, we get

— -
OB=acosoi and OC=a cosBj—>

- = -
so that a=acosoi+acosPj.

Figure 2.8

If the vector @ is not in the X-Y plane, it may have
nonzero projections along X)Y,Z axes and we can
resolve it into three parts i.e., along the X, Y and Z
axes. If o, B, Y be the angles made by the vector a with
the three axes respectively, we get

@=acosoita cosBj_)+ a cosyl;> . (2.3)

where Z)j_)and I? are the unit vectors along X, Y and
Z axes respectively. The magnitude (a cosa) is called
the component of a along X-axis, (a cosP) is called the
component along Y-axis and (a cosy) is called the
component along Z-axis. In general, the component of

a vector a along a direction making an angle 6 with it
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is @ cosO (figure 2.9) which is the projection-of a along
the given direction.

a coso

Figure 2.9

Equation (2.3) shows that any vector can be expressed
as a hnear combination of the three unit vectors l _1
and .

Example 2.3

A force of 10'5 N acts on a particle along a direction
making an angle of 37° with the vertical. Find the
component of the force in the vertical direction.

Solution : The component of the force in the vertical
direction will be

F, =F cos6 = (10'5 N) (cos37°)

-(105 N)% —840N.

We can easily add two or more vectors if we know
their components along the rectangular coordinate
axes. Let us have

- - - -

a=ayi+a,jtak

- - - -

b=b,i+b,j+b,k

- - - -

and c=ciite,jtck
then

d+b+c= (ax+bx+cx)i_)+ (a, +by+cy)j_)+ (a, +bz+cz)lz
If all the vectors are in the X-Y plane then all the 2
components are zero and the resultant is simply
%

E)+5)+?=(ax+bx+cx)i_’+(ay+by+cy)j.
This is the sum of two mutually perpendicular vectors
of magnitude (a,+b,+c,) and (a,+b,+c)). The
resultant can easily be found to have a magnitude

2 2
\/(ax + bx + cx) + (ay + by + Cy)
making an angle o with the X-axis where

2.7 DOT PRODUCT OR SCALAR PROUDCT
OF TWO VECTORS

The dot product (also called scalar product) of two
vectors @ and b is defined as

-

@-b=ab cosd . 2.4)

where a and b are the magnitudes of c? and l;)
respectively and 0 is the angle between them. The dot
product between two mutually perpendicular vectors
is zero as cos90° = 0.

oy

—
a

Figure 2.10

The dot product is commutative and distributive.

R
a-b=b-a
e e e = T
a-(b+c)=a-b+a-c

Example 2.4

The work done by a force F‘) during a displacement ris
given by F o Suppose a force of 12 N acts on a particle
in vertically upward direction and the particle is
displaced through 2'0m in vertically downward
direction. Find the work done by the force during this
displacement.

N

The angle between the force F and the
-

displacement r is 180°. Thus, the work done is

2 -
W=F-r
=Fr cos®
= (12 N)(2'0 m)(cos180°)

=—24 N-m=-24J.

Solution :

Dot Product of Two Vectors in terms of the
Components along the Coordinate Axes

Consider two vectors @ and b’ represented in terms
o D o
of the unit vectors i, j, k along the coordinate axes

as
- - - -
a=a,i+a,j+ak
and b=b,i+b,j+b,k.
Then
_)
a-b= (axl+ayj+azl?) (bxt+by_7+bz_3
—axbx;)i_)+axby?-j—>+axbzz_§l?
- - - - -
+a,b,j-i+a,b,j-j+a,b,j -k
_)
va,byk-itabyk-jra,bk-k )

Since, l_,) j—>and k are mutually orthogonal,
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we have 7.]_;1_)/;):]_)1_;7;;1?!_;’?]_;0
Also, i_>_) 1x1cosO=1.

- >

Similarly, j -j =k-k=1
Using these relations in equation (i) we get

a-b= a,b,+a,b,+a,b,.

2.8 CROSS PRODUCT OR VECTOR PRODUCT
OF TWO VECTORS

The cross product or_)vector product of two vectors
- -
E) and b, denoted by a xb is itself a vector. The
magnitude of this vector is

| axb | =ab sind . (2.5)

where a and b are the magnitudes of @ and b

respectively and 6 is the smaller angle between the
two. When two vectors are drawn with both the tails
coinciding, two angles are formed between them
(figure 2.11). One of the angles is smaller than 180°

0
360°-0

Figure 2.11

and the other is greater than 180° unless both are
equal to 180°. The angle 0 used in equation (2.5) is the
smaller one. If both the angles are equal to 180°,

sin 0 = sin 180° = 0 and hence | axb | =0. Similarly
if6=0,sin6=0and| a x 5| =0. The cross product
of two parallel vectors is zero.

The direction of axb is perpendicular to both
(;) and I;) Thus, it is perpendicular to the plane formed

- . ..
by @ and b, To determine the direction of arrow on
this perpendicular several rules are in use. In order to
avoid confusion we here describe just one rule.

-
axb

Figure 2.12

Draw the two vectors @ and b with both the tails
coinciding (figure 2.12). Now place your stretched right

palm perpendicular to the plane of @ and b in such a

way that the fingers are along the vector @ and when
the ﬁngers are closed they go towards b, The direction
of the thumb gives the direction of arrow to be put on
the vector a x b,

This is known as the right hand thumb rule. The
left handers should be more careful in using this rule
as it must be practiced with right hand only.

Note that this rule makes the cross product
noncommutative. In fact

_)
axb=-bxa
The cross product follows the distributive law
I e e R e
ax(b+c)=axb+axc.
It does not follow the associative law
- -2 - - o -5
ax(bxec)z(axb)xe.
When we choose a coordinate system any two
perpendicular lines may be chosen as X and Y axes.
However, once X and Y axes are chosen, there are two
possible choices of Z-axis. The Z-axis must be
perpendicular to the X-Y plane. But the positive
direction of Z-axis may be defined in two ways. We

choose the positive direction of Z-axis in such a way
that

PP o
ixj=k.
Such a coordinate system is called a right handed
system. In such a system

J_)xl?=i_> and l?xz_)=j_.>
Of course iXx 7:7xf=l?><l?= 0.

Example 2.5

- -
The vector A has a magnitude of 5 unit, B has a
- -
magnitude of 6 unit and the cross product of A and B
5
has a magnitude of 15 unit. Find the angle between A
-
and B.
- -
Solution : If the angle between A and B is 6, the cross

product will have a magnitude

- o
| AxB | =AB sin®

or, 15=5x 6 sin®
. 1
0=="
or, sind =3
Thus, 6 =30° or, 150°.

Cross Product of Two Vectors in terms of
the Components along the Coordinate Axes
- - -

Let a=a,l+a, J+azk
and b= bxl_)+by]+b %,
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Then a x b= (axz+ayf+azlz>)x(bx?+byf+b,1;s

=a,b, zxz+axby L_)><_}_)+a,cbz ?xi;
+ayb, j %1+ ayby?xf+ a,b,jx ixXE
+a,b, Exi+ asb, I?xj_>+ a,b, Exk
=ab, k+ab(—]) +ab(—k)+ab (i)
-

_)
+ asz(j ) + azby(_ i )

= (aybz - azby) i_’+ (asz - axbz)f

-
+ (b, —ab,) k.
Zero Vector

If we add two veg)tors X_)and E), we get a vector.
Suppose the vectors A and B have equal _1_1)1aggitudes
but opposite directions. What is the vector A + B ? The
magnitude of this vector will be zero. For mathematical
consistency it is convenient to have a vector of zero
magnitude although it has a little significance in
physics. This vector is called zero vector. The direction
.of a zero Xector is indeterminate. We can write this
vector as 0. The concept of zero vector is also helpful
when we cons1der vector product of parallel vectors. If

A 1] B the vector A X B is zero vector. For any vectorA

2.9 DIFFERENTIAL CALCULUS : fé AS

RATE MEASURER

Consider two quantities y and x interrelated in
such a way that for each value of x there is one and
only one value of y. Figure (2.13) represents the graph

Y

x

X ————t—AX—
Figure 2.13

of y versus x. The value of y at a particular x is
obtained by the height of the ordinate at that x. Let x
be changed by a small amount Ax, and the
corresponding change in y be Ay. We can define the
“rate of change” of y with respect to x in the following

way. When x changes by Ax, y changes by Ay so that
the rate of change seems to be equal to % - If A be the

point (x, y) and B be the point (x + Ax, y + Ay), the rate
-iy—x equals the slope of the line AB. We have

4 _BC

Ax ~ AC
However, this cannot be the precise definition of the
rate. Because the rate also varies between the points
A and B. The curve is steeper at B than at A. Thus,
to know the rate of change of y at a particular value
of x, say at A, we have to take Ax very small. However
small we take Ax, as long as it is not zero the rate
may vary within that small part of the curve. However,
if we go on drawing the point B closer to A and

=tan0O, we shall see that as Ax

= tan®.

everytime calculate ~—

is made smaller and smaller the slope tan@ of the line
AB approaches the slope of the tangent at A. This slope
of the tangent at A thus gives the rate of change of y

with respect to x at A. This rate is denoted by %
Thus,

dy ..

dx ™ }3’30 Ax’
For small changes Ax we can approximately write

d
Ay=-c-l—iAx.

Note that if the function y increases with an increase
inx at a pomt Y s positive there, because both Ay

and Ax are pos1t1ve. If the function y decreases with
an increase in x, Ay is negative when Ax is positive.

A dy . .
Then Ey and hence Ey is negative.

Example 2.6

From the curve given in figure (2.14) find :—i— at x = 2,
6 and 10.

8 s P\
A D

4 b
oK :
CA% Bi : E F
-2 0 2 4 6 8 10 12 14

Figure 2.14
Solution : The tangent to the curve at x = 2 is AC. Its
slope is tan®, —g—%:%'
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dy 5
Thus, dx 4
The tangent to the curve at x = 6 is parallel to the X-axis.

at x = 2.

d
Thus, @ tan0=0 at x = 6.

dx
The tangent to the curve at x = 10 is DF. Its slope is
vano DE__5.
anb, = g =-7
Thus, Zx—yz-% at x=10-

If we are given the graph of y versus x, we can
find % at any point of the curve by drawing the

tangent at that point and finding its slope. Even if the
graph is not drawn and the algebraic relation between
y and x is given in the form of an equation, we can

find Z—i algebraically. Let us take an example.

The area A of a square of length L is A=L".

If we change L to L + AL, the area will change
from A to A + AA (figure 2.15).

Al AA

L A

Figure 2.15

A+M =L +AL)*

=L’+2L AL + (AL)*
or, AA =2L(AL) + (AL)®
or, %=2L+AL.

Now if AL is made smaller and smaller, 2L + AL will
approach 2L.
dA_ o AA

EE:AL—)O AL =2L.

Thus,

Table (2.1) gives the formulae for % for some of

the important functions. % is called the differential

coefficient or derivative of y with respect to x.

dy
Table 2.1 : ax for some common functions
y dy y 4
dx dx
x" nx1 secx secx tanx
sin x cos x cosec x — cosec x cot x
. 1
cos x —sinx In x =
X
tan x sec’x e e”
cot x - cosec’x

Besides, there are certain rules for finding the
derivatives of composite functions.

d
(a) % (ey) =c Ey (c is a constant)
(b)%(uw):‘éx—%%

d dv du
(C)Zx—(uv)=ua+va

du_
d (u dx dx
dy dy du
© %~au o
With these rules and table 2.1 derivatives of almost
all the functions of practical interest may be evaluated.

Example 2.7
d
Find d—i if y = e"sinx.
Solution : y=e”sinx.
d x - x . . X
So %:%(e sinx)=e aéx-(smx)+s1nx%(e)

=e”cosx +e”sin x =e”(cos x + sin x).

2.10 MAXIMA AND MINIMA

Suppose a quantity y depends on another quantity
x in a manner shown in figure (2.16). It becomes
maximum at x; and minimum at x,.

Y
/ N\
-
\\
/ \
/ =——
/ \\
/ \
A , M
X4 Xp X

Figure 2.16



Physics and Mathematics 19

At these points the tangent to the curve is parallel
to the X-axis and hence its slope is tan 6 = 0. But the

slope of the curve y-x equals the rate of change % .

Thus, at a maximum or a minimum,
dy 0
dx~

Just before the maximum the slope is positive, at
the maximum it is zero and just after the maximum

s . d .
it is negative. Thus, d—;; decreases at a maximum and

hence the rate of change of % is negative at a

maximum i.e.

dx | dx

The quantity %[Zx—y] is the rate of change of the

d
d (—l}< 0 at a maximum.

2

slope. It is written as %- Thus, the condition of a

maximum 1is

— maximum. ... (2.6)

dx

Similarly, at a minimum the slope changes from
negative to positive. The slope increases at such a point
and hence %[%]> 0. The condition of a minimum is

dy _
dx
d2
d—J;>0

— minimum. ... 2.7

Quite often it is known from the physical situation
whether the quantity is a maximum or a minimum.

The test on 51—}; may then be omitted.
dx

Example 2.8

The height reached in time t by a particle thrown upward
with a speed u is given by

1 .2
h=ut-=-gt
26’

where g =98 m/s” is a constant. Find the time taken in
reaching the maximum height.

Solution : The height % is a function of time. Thus, 2 will

be maximum when ill= 0. We have,

dt
1 ..
h=ut-=gt
dh_d . dfl .2
ors dt ~dt ™ g [2 t]

d 1 d

_ 2 .9 .2
“Ug28d )
=u—%g(2t)=u—gt.

For maximum A,

dh
ar =0
u
or, u}—gt—O or, t—g-

2.11 INTEGRAL CALCULUS

Let PQ be a curve representing the relation
between two quantities x and y (figure 2.17). The point
P corresponds to x = @ and € corresponds to x = b.
Draw perpendiculars from P and @ on the X-axis so
as to cut it at A and B respectively. We are interested
in finding the area PABQ. Let us denote the value of
y at x by the symbol y = flx).

Y

Figure 2.17
Let us divide the length AB in N equal elements
each of length Ax = b ;Ja - From the ends of each small

length we draw lines parallel to the Y-axis. From the
points where these lines cut the given curve, we draw
short lines parallel to the X-axis. This constructs the
rectangular bars shown shaded in the figure. The sum
of the areas of these N rectangular bars is

I' =fla) Ax + fla + Ax) Ax + fla + 2Ax) Ax + ...
ot fla+(N-1) Ax] Ax .

This may be written as
N
I=Y flx;)Ax ... (2.8)
i=1

where x; takes the values a, a + Ax, a + 2Ax, .., b — Ax.

This area differs slightly from the area PABQ. This
difference is the sum of the small triangles formed just
under the curve. Now the important point is the
following. As we increase the number of intervals N,
the vertices of the bars touch the curve PQ at more
points and the total area of the small triangles
decreases. As N tends to infinity (Ax tends to zero
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b-a
because Ax = ¥

curve at infinite number of points and the total area
of the triangles tends to zero. In such a limit the sum

(2.8) becomes the area I of PABQ. Thus, we may write,
N

= hm Zf (o) Ax.
I. 1
The limit is taken as Ax tends to zero or as N tends
to infinity. In mathematics this quantity is denoted as
b

I=|fu)dx

and is read as the integral of fx) with respect to x
within the limits x = a to x = b. Here a is called the
lower limit and & the upper limit of integration. The
integral is the sum of a large number of terms of the
type fix) Ax with x continuously varying from a to &
and the number of terms tending to infinity.

Let us use the above method to find the area of a
trapezium. Let us suppose the line PQ is represented
by the equation y = x.

The points A and B on the X-axis represent x = a
and x = b. We have to find the area of the trapezium
PABQ.

Figure 2.18
Let us divide the length AB in N equal intervals.

The length of each interval is
of the first shaded bar is y =x =a, of the second bar
is y=x=a+Ax, that of the third bar is y==x
=a+2Ax etc. The height of the Nth bar is y=x«
=a + (N - 1)Ax. The width of each bar is Ax, so that
the total area of all the bars is

I' =alAx + (a + Ax) Ax + (@ + 2Ax) Ax + ...
.. +[la + (N - DAx]Ax

=[a+(@+Ax)+(a+2Mx) + ...
. +la+ (N -1)Ax}]Ax . (2.9)
This sum can be written as

N
I’=Zx,~Ax

i=1

where Ax=b—;]‘—z- and x;=a, a+Ax,...b- Ax.

As Ax - O the total area of the bars becomes the
area of the shaded part PABQ.

Thus, the required area is

= lim Zx,

Ax—)O

=dex. .. @)

Now the terms making the series in the square
bracket in equation (2.9) are in arithmetic progression
so that this series may be summed up using the

formula S =g—(a +1). Equation (2.9) thus becomes
r=a+ia+ V- Dariine

—NE[Za+NAx Ax]

b a

[2a +b —a — Ax]
_b

[a +b - Ax].
Thus, the area PABQ is

I=1lim [b_

Ax—0 2

2 @+b)

a][a+b—Ax]

2

1,2 =2 .
—2(b -a’). ... (1)
Thus, from (i) and (ii)
b
;'-xdx=%(b2—a2).

In mathematics, special methods have been
developed to find the integration of various functions
f(x). A very useful method is as follows. Suppose we
wish to find

b N
[ fw) dxc= lim ¥ fixy) Ax
a Ax—)0i=1
- a .
N ’

Now look for a function F(x) such that the
derivative of F(x) is flx) that is, dF(x)
find such a function F(x), then

b

whereAx=b x=a, a+Ax,..b-Ax.

=fx). If you can

Jf(x)dx=F(b)—F(a);

F(b) - F(a) is also written as [F(x)] :
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F(x) is called the indefinite integration or the
antiderivative of flx). We also write j f(x) dx = F(x).

This may be treated as another way of writing

N
Nr”
]
N =
1]
R

For example 1 x? _ld x
P ’d 2 dx

Thus, dex=[%x2]a
1.2 1 2
(5o
_1
2(b -a )

as deduced above.

Table (2.2) lists some important integration
formulae. Many of them are essentially same as those
given in table (2.1).

Table 2.2 : Integration Formulae
f@) Foy=[fmyax @ Feo) = [ fx) dx
sin x —cosx " n#-1) x"t?
n+1l
. 1
cos x sin x = Inx
x
sec’x tan x xziaz %tan"i
cosec’x —cotx L sin" 1%
FE) a
secx tanx sec x

cosec x cot x — cosec X

Some useful rules for integration are as follows:
(a) Jc fix)dx=c J fix) dx where c is a constant

() Let [ fix) dx=Fx)
then j flex) dx = %F(cx).
© J [ fi) + g)) dx = [ flw) dx + [ gta) .

Example 2.9

6
Evaluate J (2x 2+ 3x +5)dx.

3

Solution : j(2x2+3x+5) dx
=[2x’dx+[3xdx+[5dx

=2 x %dx + 3 x dx + 5[ x dx

2 1

X X X
3+32+51

1}
[\Y]

2 3 3
3x +2x + 5x.
6

6
Thus,I(2x +3x+5)dx = [—-x +3x +5x:|
3 2 8

% 216 -27)+ - (36 9)+5(6-3)

=126 +405 + 15=181'5.

2.12 SIGNIFICANT DIGITS

When a measurement is made, a numerical value
is read generally from some calibrated scale. To
measure the length of a body we can place a metre
scale in contact with the body. One end of the body
may be made to coincide with the zero of the metre
scale and the reading just in front of the other end is
noted from the scale. When an electric current is
measured with an ammeter the reading of the pointer
on the graduation of the ammeter is noted. The value
noted down includes all the digits that can be directly
read from the scale and one doubtful digit at the end.
The doubtful digit corresponds to the eye estimation
within the smallest subdivision of the scale. This
smallest subdivision is known as the least count of the
instrument. In a metre scale, the major graduations
are at an interval of one centimetre and ten
subdivisions are made between two consecutive major
graduations. Thus, the smallest subdivision measures
a millimetre. If one end of the object coincides with
the zero of the metre scale, the other end may fall
between 10’4 cm and 105 cm mark of the scale
(figure 2.19). We can estimate the distance between
the 10'4 cm mark and the edge of the body as follows.

&

UARRE LLLE R IIIIIII'IIIIIllllll'll'l]llll lIIlIllll IIII]I
0 1 '%3 8 9 10 1

Figure 2.19

We mentally divide the 1 mm division in 10 equal parts
and guess on which part is the edge falling. We may
note down the reading as 10°46 cm. The digits 1, 0 and
4 are certain but 6 is doubtful. All these digits are
called significant digits. We say that the length is
measured up to four significant digits. The rightmost
or the doubtful digit is called the least significant digit
and the leftmost digit is called the most significant
digit.
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There may be some confusion if there are zeroes
at the right end of the number. For example, if a
measurement is quoted as 600 mm and we know
nothing about the least count of the scale we cannot
be sure whether the last zeros are significant or not.
If the scale had marking only at each metre then the
edge must be between the marks 0 m and 1 m and the
digit 6 is obtained only through the eye estimation.
Thus, 6 is the doubtful digit and the zeros after that
are insignificant. But if the scale had markings at
centimetres, the number read is 60 and these two
digits are significant, the last zero is insignificant. If
the scale used had markings at millimetres, all the
three digits 6, 0, O are significant. To avoid confusion
one may report only the significant digits and the
magnitude may be correctly described by proper
powers of 10. For example, if only 6 is significant in
600 mm we may write it as 6 x 10° mm. If 6 and the
first zero are significant we may write it as
60 x 10* mm and if all the three digits are significant

we may write it as 600 x 10® mm.

If the integer part is zero, any number of
continuous zeros just after the decimal part is
insignificant. Thus, the number of significant digits in
0:0023 is two and in 1-0023 is five.

2,13 SIGNIFICANT DIGITS IN CALCULATIONS

When two or more numbers are added, subtracted,
multiplied or divided, how to decide about the number
of significant digits in the answer ? For example,
suppose the mass of a body A is measured to be 12-0 kg
and of another body B to be 7°0 kg. What is the ratio
of the mass of A to the mass of B? Arithmetic will
give this ratio as

120

70 = 1714285...
However, all the digits of this answer cannot be
significant. The zero of 12-0 is a doubtful digit and the
zero of 7-0 is also doubtful. The quotient cannot have
so many reliable digits. The rules for deciding the
number of significant digits in an arithmetic
calculation are listed below.

1. In a multiplication or division of two or more
quantities, the number of significant digits in the
answer is equal to the number of significant digits in
the quantity which has the minimum number of
significant digits. Thus, % will have two significant
digits only.

The insignificant digits are dropped from the result
if they appear after the decimal point. They are
replaced by zeros if they appear to the left of the

decimal point. The least significant digit is rounded
according to the rules given below.

If the digit next to the one rounded is more than
5, the digit to be rounded is increased by 1. If the digit
next to the one rounded is less than 5, the digit to be
rounded is left unchanged. If the digit next to the one
rounded is 5, then the digit to be rounded is increased
by 1 if it is odd and is left unchanged if it is even.

2. For addition or subtraction write the numbers
one below the other with all the decimal points in one
line. Now locate the first column from left that has a
doubtful digit. All digits right to this column are
dropped from all the numbers and rounding is done to
this column. The addition or subtraction is now
performed to get the answer.

Example 2.10

Round off the following numbers to three significant
digits (a) 15462, (b) 14745, (c) 14750 and (d) 14'650
x 10%

Solution : (a) The third significant digit is 4. This digit is
to be rounded. The digit next to it is 6 which is greater
than 5. The third digit should, therefore, be increased
by 1. The digits to be dropped should be replaced by
zeros because they appear to the left of the decimal.
Thus, 15462 becomes 15500 on rounding to three
significant digits.

(b) The third significant digit in 14°745 is 7. The number
next to it is less than 5. So 14745 becomes 14'7 on
rounding to three significant digits.

(c) 14:750 will become 14'8 because the digit to be
rounded is odd and the digit next to it is 5.

(d) 14650 x 10 ** will become 14'6 x 10 because the
digit to be rounded is even and the digit next to it is 5.

Example 2.11

252 x1374
333
are significant.

Evaluate - All the digits in this expression

252 x 1374
333
Out of the three numbers given in the expression 252
and 33-3 have 3 significant digits and 1374 has four.
The answer should have three significant digits.
Rounding 1039-7838... to three significant digits, it

becomes 1040. Thus, we write

252 x1374
333

Solution : We have =1039-7838....

= 1040.
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Example 2.12

Evaluate 24-36 + 0-0623 + 256°2.
Solution :
24:36
00623
256°2

Now the first column where a doubtful digit occurs is
the one just next to the decimal point (256-2). All digits
right to this column must be dropped after proper
rounding. The table is rewritten and added below
244
01
2562
2807
The sum is 280°7.

2.14 ERRORS IN MEASUREMENT

While doing an experiment several errors can enter
into the results. Errors may be due to faulty
equipment, carelessness of the experimenter or
random causes. The first two types of errors can be
removed after detecting their cause but the random
errors still remain. No specific cause can be assigned
to such errors.

When an experiment is repeated many times, the
random errors are sometimes positive and sometimes
negative. Thus, the average of a large number of the
results of repeated experiments is close to the true
value. However, there is still some uncertainty about
the truth of this average. The uncertainty is estimated
by calculating the standard deviation described below.

Let x;, x5, %3, ...xy are the results of an
experiment repeated N times. The standard deviation

o is defined as
1/1 N -
N Z(xi—x)2

%in is the average of all the values of «.
i

The best value of x derived from these experiments is

x and the uncertainty is of the order of + 6. In fact

where x =

x 196 ¢ is quite often taken as the interval in which
the true value should lie. It can be shown that there
is a 95% chance that the true value lies within
x+196 0.

If one wishes to be more sure, one can use the
interval x + 3 6 as the interval which will contain the

true value. The chances that the true value will be
within x + 3 ¢ is more that 99%.

All this is true if the number of observations N is
large. In practice if N is greater than 8, the results
are reasonably correct.

Example 2.13

The focal length of a concave mirror obtained by a
student in repeated experiments are given below. Find
the average focal length with uncertainty in * ¢ limit.

No. of observation focal length in cm

25'4
252
25'6
251
253
252
255
254
253
257
10

Solution : The average focal length f = 1—0 >fi
i=1

=2537 = 25'4.

The calculation of ¢ is shown in the table below:

© 00 3 Ut W N =

-
(=)

i f: fi-f (f-H*  E-H’
cm cm cm? cm?®
1 254 0-0 0-00
2 252 -02 0-04
3 256 02 0-04
4 251 -03 009
5 25'3 -01 001 033
6 252 -02 0-04
7 255 01 0-01
8 25'4 00 0-00
9 25'3 -01 001
10 257 03 0-09
o=NE 3 (fi-F)* =Vo0s3em” =018 em
=02 cm.

Thus, the focal length is likely to be within (254 +
02 cm) and we write

f=(254 £02) cm.
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Worked Out Examples

1. A vector has component along the X-axis equal to 25 unit
and along the Y-axis equal to 60 unit. Find the
magnitude and direction of the vector.

Solution : The given vector is the resultant of two
perpendicular vectors, one along the X-axis of magnitude
25 unit and the other along the Y-axis of magnitude
60 units. The resultant has a magnitude A given by

A=V(25)%+(60)* + 2 x 25 x 60 cos90°
=(25) + (60) 2 = 65.

The angle o between this vector and the X-axis is given
by

tana=§g-

2. Find the resultant of the three vectors shown in figure
(2-W1).

Y
20m
« 3.0m
%2
3r°
X
Figure 2-W1

Solution : Take the axes as shown in the figure.
The x-component of the 5:0 m vector =50 m cos37°
=40m,
the x-component of the 3:0 m vector = 3°0m
and the x-component of the 20 m vector = 2°0 m cos90°
=0.
Hence, the x-component of the resultant
=40m+30m +0=70m.
The y-component of the 50 m vector = 5:0 m sin37°
=30m,
the y-component of the 3'0 m vector = 0
and the y-component of the 2:0 m vector = 2°0 m.
Hence, the y-component of the resultant
=30m+0+20m = 50m.
The magnitude of the resultant vector
=V(70m)®+ (50 m) ®
=86 m.
If the angle made by the resultant with the X-axis is 6,
then

- t 5
tang = 2-component _ 50 or, 0 =355,
x-component 70

3. The sum of the three vectors shown in ﬁg_)ure (2-W_2_{ is
zero. Find the magnitudes of the vectors OB and OC.

Solution : Take the axes as shown in the figure

C Y

45°

A

Figure 2-W2

.__)
The x-component of OA = (OA)cos90° = 0.

_)
The x-component of OB = (OB)cos0° = OB.
—)
The x-component of OC = (0OC)cos135° = - -\11—2 ocC.

Hence, the x-component of the resultant

1 -
—OB_\/2 ocC. o @

It is given that the resultant is zero and hence its
x-component is also zero. From (i),

1 .
OB_\/2 ocC. ... (i)

ﬁ
The y-component of OA = OA cos180° = - OA.

._)
The y-component of OB = OB cos90° = 0.

_)
The y-component of OC = OC cos45° = % OocC.

Hence, the y-component of the resultant

1
—‘jzoc—OA

As the resultant is zero, so is its y-component. From (iii),
1
V2

. 1
From (ii), OB = 32 OC=5m.

.o (i)

OC=0A, or, OC=V20A =52 m.

- o -
4. The magnitudes of vectors OA, OB and OC in figure
- -5 -5
(2-W3) are equal. Find the direction of OA + OB -0C ..

Figure 2-W3
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Solution : Let OA = 0B =0C =F. .
- \3
x-component of OA = F cos30° = F?

= F
x-component of OB = F cos60° = ey

gy F
x-component of OC = F cos135° = — )

> o -5
x-component of OA + OB - OC

B8, (F)_[LE
T2 )2
=§(x/3+1+x/2).

= F
y-component of OA =F cos60° = 2

.—)
y-component of OB = F cos150° = - FT\B .

> F
y-component of OC = F cos45° = h

- o 5
y-component of OA + OB - OC

_(F\,(_F8)_(F
“[2}“' 2 _(\12]
F
=§(1—«13—x12).

> o o
Angle of OA + OB - OC with the X-axis

5(1—43—\/2)
=tan"1F—=tan
5(1+x/3+«/2)

L 1=V3-+2)
(L+V3+v2)

- -
5. F_i;td the resultant of the three vectors OA,OB and
OC shown in figure (2-W4). Radius of the circle is R.

2

Pa

Figure 2-W4

Solution : OA = OC.
- - -
OA + OC is along OB (bisector) and its magnitude is
2R cos45° = R2.
- - - -
(OA+0C) + OB is along OB and its magnitude is
RV2+R =R +2).

- -
6. ’IZz)e resultant of vectors OA and OB is perpendicular to
OA (figure 2-W5). Find the angle AOB.

C]
O 4m A

Figure 2-W5

Solution : Take the_) dotted lines as X, Y axes.
x-component of OA :4 m, x-component of
OB = 6 m cos0.
x-component of the resultant = (4 + 6 cos6) m.

But it is given that the resultant is along Y-axis. Thus,
the x-component of the resultant = 0

4+6cos@=0 or, cosO=—-2/3.

7. Write the unit veétor in the direction of X =5 ?+_7— 2%
-
1A1=V52+1%+(-2)* =30.

-

The required unit vector is

Solution :

Solution : We have la+b1%=(@+8)- (@+b)
—a-a+a-b+b-a+b-b
=a2+bz+2(_l-)'5{

Similarly,
la-bl1%=@-b)-(@-b)
=a’+b%-2q.-b.
If la+b] = la-bl,
a2+b2+2¢_1+-l_7)=a2+b2-—2a 5’
- -
or, a-b=0
- -
or, alb.

9. Ifa=2i+3j+4k and b=4i+3]+2Fk, find the angle
between @ and b. '

Solution : We have ; . f;= ab cos6

- -
or cose—g—b-
’ " ab
- -
where 6 is the angle between a and b.
Now a-b=a,b,+a,b, +a,b,
=2x4+3x3+4x2=25.
Also a= Vax2+ay2+a:
=V4+9+16 =29

and b=\bZ+b2+b} =V16+9+4 =29,
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25
Thus, cose—29
or, 9=cos ™’ 3—5J
10. If A=2i-3j%7k B=i+2k and C=j-F% find
R
A - (BxC)
- - - - -

Solution : BXC=(i+2k)x(j-k)
=ix(J-E)+2Ex(j-F)
_z_)xf—z_)xl?+2kx1 2kxk
k4] -2i-0=—-2i+j+F

d e

A (BxC)=(27-87%1k) (—20+]4+ )
=2)=2)+E=3)M+(MQA)
=0.

11. The volume of a sphere is given by
V=énR3
3

where R is the radius of the sphere. (a) Find the rate of
change of volume with respect to R. (b) Find the change
in volume of the sphere as the radius is increased from
200 cm to 201 cm. Assume that the rate does not
appreciably change between R = 200 cm to R = 20°1 cm.

Solution : (a) V= g nR°®
av 4 d 4 2 2
or, dR"-3 d —~@®)*==n-3R*=4nR>
(b) At R = 20 cm, the rate of change of volume with the
radius is
dv

v _ 2,
dR—41tR =47 (400 cm %)

=1600 7 cm °.
The change in volume as the radius changes from
200 cm to 20°1 cm is
av

AV=EAR

= (1600 7t cm ?) (0-1 cm)
=160 wem >,

12. Find the derivative of the following functions with respect
sin x

tox. (@) y=x"sinx, () y= and (c) y =sin (x *).

Solution :
(a) y=x ®sinx

gl_x —(smx)+(smx)-i(x )

=x"cosx+ (sin x) (2x)
= x(2sin x + xcos x).

® y=225
x a (sinx) — sin x (d_x]
dy dx dx
dx - X 2
_ xCos x —sinx .
- 2
x
(© % = Ex(_i_z (sinx ?)- d((;:)
=Ccos x 2(2x)
=2x cosx .

138. Find the maximum or minimum values of the function

y=x+%forx>0.

Solution : y=x +l
x
dy -1
e (x)+ e @)
=1+(-x )
x

a0
or, 1——15=0
x
Thus, x=1 or -1.

For x > 0 the only possible maximum or minimum is at

x=1. Atx=1,y=x+%=2.
Near x=0, y=x +% is very large because of the term

% - For very large x, again y is very large because of the

term x. Thus x = 1 must correspond to a minimum. Thus,
y has only a minimum for x > 0. This minimum occurs
at x = 1 and the minimum value of y is y = 2.

14. Figure (2-W6) shows the curve y =x . Find the area of
the shaded part between x = 0 and x = 6.

_f

F—Xx——AXx

Figure 2-W6
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Solution : The area can be divided into strips by drawing
ordinates between x = 0 and x = 6 at a regular interval
of dx. Consider the strip between the ordinates at x and
x + dx. The height of this strip is y =x °. The area of this
strip is dA =y dx = x “dx.

The total area of the shaded part is obtained by
summing up these strip-areas with x varying from 0 to
6. Thus

6
A=J‘x2dx
0
3 6
x 216-0
=] B0

t

15. Evaluate JA sin ¢ dt where A and o are constants.
0

¢
Solution : J.A sin ot dt
0

16. The velocity v and displacement x of a particle executing
simple harmonic motion are related as

v gy,

dx
At x=0,v=v,. Find the velccity v when the
displacement becomes x.

Solution : We have
vy
dx

or, vdv=—o"xdx

v x
or, Jvdv=J—m2xdx N ¢))

v 0

When summation is made on — ®®x dx the quantity to
be varied is x. When summation is made on v dv the
quantity to be varied is v. As x varies from 0 to x the

velocity varies from v, to v. Therefore, on the left the
limits of integration are from v, to v and on the right
they are from 0 to x. Simiplifying (i),

1 2 2 2 X
or =W -v)=—0" —=—
) 2( 0) B
2 2 2 2
or, vi=v,-—0 x

2 2 2
or, v=Vvy,-o " x"

17. The charge flown through a circuit in the time interval

between t and t + dt is given by dg =e -tle dt, where 1 is
a constant. Find the total charge flown through the
circuit between t=0 to t =1.

Solution : The total charge flown is the sum of all the dg’s
for ¢ varying from ¢ = 0 to ¢ = ¢,. Thus, the total charge
flown is

T
Q=[e "at
0
/ T
—t/t

e 1

3 — 1 —_—— .
[ - % :’o T[ ej

18. Evaluate (21-6002 + 234 + 2732°10) x 13.

Solution :

21.6002 22
234 = 234
273210 2732
2988

The three numbers are arranged with their decimal
points aligned (shown on the left part above). The
column just left to the decimals has 4 as the doubtful
digit. Thus, all the numbers are rounded to this column.
The rounded numbers are shown on the right part above.
The required expression is 2988 x 13 = 38844. As 13 has
only two significant digits the product should be rounded
off after two significant digits. Thus the result is 39000.

QUESTIONS FOR SHORT ANSWER

1. Is a vector necessarily changed if it is rotated through
an angle ?

2. Is it possible to add two vectors of unequal magnitudes
and get zero ? Is it possible to add three vectors of equal
magnitudes and get zero ?

3. Does the phrase “direction of zero vector” have physical
significance ? Discuss in terms of velocity, force etc.

4. Can you add three unit vectors to get a unit vector ?
Does your answer change if two unit vectors are along
the coordinate axes ?
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Can we have physical quantities having magnitude and
direction which are not vectors ?

Which of the following two statements
appropriate ?

is more

(a) Two forces are added using triangle rule because

force is a vector quantity.
(b) Force is a vector quantity because two forces are

added using triangle rule.

. Can you add two vectors representing physical

quantities having different dimensions? Can you
multiply two vectors representing physical quantities
having different dimensions ?

. Can a vector have zero component along a line and still

have nonzero magnitude ?

9. Let ¢, and ¢, be the angles made by A and - A with the
positive X-axis. Show that tane, = tane, Thus, g1'_\;ing
tane does not uniquely determine the direction of A.

10. Is the vector sum of the unit vectors i and j—)a unit
vector ? If no, can you multiply this sum by a scalar
number to get a unit vector ?

i oD - - o
11. Let A=3i+ 4. Write four vector B such that A # B but
A =B.

e T T
12. Can you have AxB=A B with A#0 and B # 0 ? What
if one of the two vectors is zero ?

- o - o - o
13. If AxB =0, can you say that (a) A=B, (b) A=B?
e Vi =4 LT
14, Let A=5i-4j and_)B=—7'51+61. Do we have

- -
B=kA? Can we say 5=k ?

>ty

OBJECTIVE 1

. A vector is not changed if

(a) it is rotated through an arbitrary angle
(b) it is multiplied by’ an arbitrary scalar
(c) it is cross multiplied by a unit vector
(d) it is slid parallel to itself.

. Which of the sets given below may represent the

magnitudes of three vectors adding to zero ?

(a) 2, 4, 8 (b) 4, 8, 16 ©1,2,1 (d 05, 1, 2.
- - -

The resultant of A and B makes an angle o with A and

B with B,

(a) a<P (b) a<B if A<B

() a<P if A>B (d) a<p if A=B.

4. The component of a vector is
(a) always less than its magnitude
(b) always greater than its magnitude
(c) always equal to its magnitude
(d) none of these.

- -
5. A vector A points vertically upward and B points
- o
towards north. The vector product A x B is

(a) along west (b) along east
(c) zero (d) vertically downward.

6. The radius of a circle is stated as 2:12 cm. Its area should

be written as
(@) 14 em? (b) 14'1 em”® (c) 14'11 em? (d) 14'1124 cm >

OBJECTIVE II

. A situation may be described by using different sets of

coordinate axes having different orientations. Which of
the following do not depend on the orientation of the
axes ?

(a) the value of a scalar (b) component of a vector

(c) a vector (d) the magnitude of a vector.

=
. Let C=A +B.
-

(a) | C | is always greater than | X |
(b) Tt is possible to have | C | < | A | and
-
IC1<IBI
(¢) C is always equal to A + B
(d) C is never equal to A + B.

- -
Let the angle between two nonzero vectors A and B be
120° and its resultant be C.

(a) C must be equal to | A-B |

(b) C must be less than | A-B |
(¢) C must be greater than | A-B |
(d) C may be equal to | A-B|.

4. The x-component of the resultant of several vectors

(a) is equal to the sum of the x-components of the vectors
(b) may be smaller than the sum of the magnitudes of
the vectors

(c) may be greater than the sum of the magnitudes of
the vectors

(d) may be equal to the sum of the magnitudes of the
vectors.

5. The magnitude of the vector product of two vectors

- -
IAl and | B Imay be
(a) greater than AB
(c) less than AB

(b) equal to AB
(d) equal to zero.
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EXERCISES

- -
. A vector A makes an angle of 20° and B makes an angle

of 110° with the X-axis. The magnitudes of these vectors
are 3 m and 4 m respectively. Find the resultant.

- -
. Let A and B be the two vectors of magnitude 10 unit

each. If they are inclined to the X-axis at angles 30° and
60° respectively, find the resultant.

. Add vectors X, B and 8 each having magnitude of 100

unit and inclined to the X-axis at angles 45°, 135° and
315° respectively.

. Leta=4i+3jand b=3i+4J. (a) Find the magnitudes

of @) a, ) b, (c) a+b and (d) @ - b,

. Refer to figure (2-E1). Find (a) the magnitude, (b) x and

y components_)and (_c)) the an_g)le with the X-axis of the
resultant of OA, BC and DE.

S

10m
E
Figure 2-E1

Yi

. Two vectors have magnitudes 3 unit and 4 unit

respectively. What should be the angle between them if
the magnitude of the resultant is (a) 1 unit, (b) 5 unit
and (c) 7 unit.

. A spy report about a suspected car reads as follows. “The

car moved 2'00 km towards east, made a perpendicular
left turn, ran for 500 m, made a perpendicular right
turn, ran for 4'00km and stopped”. Find the
displacement of the car.

. A carrom board (4 ft x 4 ft square) has the queen at the

centre. The queen, hit by the striker moves to the front
edge, rebounds and goes in the hole behind the striking
line. Find the magnitude of displacement of the queen
(a) from the centre to the front edge, (b) from the front
edge to the hole and (c) from the centre to the hole.

A mosquito net over a 7 ft x 4 ft bed is 3 ft high. The
net has a hole at one corner of the bed through which
a mosquito enters the net. It flies and sits at the
diagonally opposite upper corner of the net. (a) Find the
magnitude of the displacement of the mosquito. (b)
Taking the hole as the origin, the length of the bed as
the X-axis, its width as the Y-axis, and vertically up as
the Z-axis, write the components of the displacement
vector.

Suppose a is a vector of magnitude 4'5 unit due north.
What is the vector (a) 3 Z, (b) -4 Z ?

Two vectors have magnitudes 2 m and 3 m. The angle
between them is 60°. Find (a) the scalar product of the
two vectors, (b) the magnitude of their vector product.

12. Let A, A, A; A, A; A A, be a regular hexagon. Write the
x-components of the vectors represented by the six sides
taken in order. Use the fact that the resultant of these
six vectors is zero, to prove that ’
cos0 + cosn/3 + cos2m/3 + cos3n/3 + cos4n/3 + cos5n/3 = 0.

Use the known cosine values to verify the result.

Y
A5 A4
Ag A3
60° X
Aq Az
Figure 2-E2

13. Let a=2i+3j+4k and b=3i+4)+5% Find the
angle between them.

e
14. Prove that A- (AxB)=0.
15. fA=2i+3j+4% and B=4i+3]+2% find A x B.

- o >

16. If A, B C are mutually perpendicular, show that
Cx (A x B )=0. Is the converse true ?

17. A particle moves on a given straight line with a constant
speed v. At a certain time it is at a point P on its_)straight
line path. O is a fixed point. Show that OP x v is
independent of the position P.

18. The force on a charged partlcle due to electnc and
magnetlc fields is given by_) F q E +q v X B Suppose
E is along the X-axis and B along the Y-axis. In what
direction and with what minimum speed v should a
positively charged particle be sent so that the net force
on it is zero ?

-5 2> o S - o

19. Give an example for which A-B=C-B but A#C.

20. Draw a graph from the following data. Draw tangents
at x = 2, 4, 6 and 8. Find the slopes of these tangents.
Verify that the curve drawn is y = 2x * and the slope of

; W
tangent is tanf = o 4x.
x 1 2 3 4 5 6 7 8 9 10
2 8 18 32 50 72 98 128 162 200
21. A curve is represented by y = sin x. If x is changed from
n
3 3t 3" 100

22, The electric current in a charging R-C circuit is given
-t/RC

» find approximately the change in y.

by i=ije where i,, R and C are constant
parameters of the circuit and ¢ is time. Find the rate of
change of current at (a) ¢ = 0, (b) £ = RC, (c) ¢t = 10 RC.

28. The electric current in a discharging R—C circuit is given

~HRC Ghere iy, R and C are constant parameters

time. Let i,=200A, R=600x10°Q

byi=i,e
and ¢ is
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and C = 0500 pF. (a) Find the current at ¢ = 0'3 s. 30. Write the number of significant digits in (a) 1001,
(b) Find the rate of change of current at ¢ = 03 s. (b) 100-1, (c¢) 100-10, (d) 0°001001.
(c) Find approximately the current at ¢ = 0-31 25 31. A metre scale is graduated at every millimetre. How
24. Find the area bounded under the curve y =3x "+ 6x + 7 many significant digits will be there in a length
and the X-axis with the ordinates at x =5 and x = 10. measurement with this scale ?
25. Find. t};)e area enc_logednl()iyxt}_lencurve y = sinx and the 32. Round the following numbers to 2 significant digits.
X-axis between x = 0 and x = 7. (a) 3472, (b) 84'16, (c) 2'55 and (d) 28'5.
. Fi bounded by the ¢ =e”", the X-axi
% E;Izidt;};e;ﬁs ouneeE e r=e ¢ raxs 33. The length and the radius of a cylinder measured with
. . . a slide callipers are found to be 454 cm and 175 cm
27. A rod of length L is placed along the X-axis between . )
x = 0 and x = L. The linear density (mass/length) p of respectively. Calculate the volume of the cylinder.
the rod varies with the distance x from the origin as 34. The thickness of a glass plate is measured to be
p =a + bx. (a) Find the SI units of @ and b. (b) Find the 217 mm, 217 mm and 2'18 mm at three different
mass of the rod in terms of @, b and L. places. Find the average thickness of the plate from this
28. The momentum p of a particle changes with time ¢ data.
. d,
according to the relation d—I;=(10 N)+(2N/s)t. If the  85. The length of the string of a simple pendulum is
momentum is zero at ¢ = 0, what will the momentum be measured with a metre scale to be 90'0 cm. The radius
att = 10s? of the bob plus the length of the hook is calculated to
29. The changes in a function y and the independent be 213 cm using measurements with a slide callipers.
. dy 5 .. . What is the effective length of the pendulum ? (The
variable x are related as ax X Find y as a function effective length is defined as the distance between the
of x. point of suspension and the centre of the bob.)
ANSWERS
OBJECTIVE 1 11. (a) 3m’ (b) 33 m®
L@ 2@ 3@ 4@ 5 () 6 (b 13. cos”’ (38/Y1450)
15. -6i+12j-6kF
16. no
OBJECTIVE II 18. along Z-axis with speed E/B
1. (a), (c), (d) 2. (b) 3. (o) 4. (a), (b), (d) 21. 00157
5. (b), (c), (d) iy o —io
22. (a) RC (b) RCe (©) 2o
. -20 .
EXERCISES 23. (a) ZeﬁA (b) ?A/S (¢) %;SA
1. 5m at 73° with X-axis 24. 1135
2. 20 cos15° unit at 45° with X-axis 25. 2
3. 100 unit at 45° with X-axis 26. 1 ) .
4. @5 () 5 (© T2 @ V2 27. (a) kg/m, kg/m (b) aL + BL'/2
5. (a) 1'6m  (b) 098 m and 1'3 m respectively 28. 200 kg-m/s
3
(c) tan'(1'32) 29. y=%-+C
6. (a) 180° (b) 90° ©0
1 30. (a) 4 (b) 4 (©) 5 (d) 4
7. 6:02km, tan " Jo- 31. 1,2,30r4
9 4 32. (a) 3500 (b)84 (c)26 (d) 28
8. (a)E\/ﬁ ft () 3 «fﬁ ft (c) 2V2 ft 33, 437 em®
9. (a) V74 ft (b) 7ft, 41t 3ft 34. 2'17 mm
10. (a) 13'5 unit due north (b) 18 unit due south 35. 92'1 cm
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As shown in the figure,
The angle between A and B = 110° — 20° = 90°
|A| =3and |B|=4m

Resultant R = YA2 +B2 + 2ABcos® = 5m
Let B be the angle between R and A

b= tan-" 45sin90°
3+4co0s90°

.. Resultant vector makes angle (63° + 20°) = 73° with x-axis.

j =tan™' (4/3) = 53°

Angle between A and B is 6 = 60° — 30° =30°
|A|and|B| =10 unit

R = 102 +10° +2.10.10.cos 30° = 19.3

B be the angle between R and A

_ 10sin30° B 1 _
=tan (—j:tan ! =tan™" (0.26795) = 15°
P 10 +10cos 30° 2+43 ( )

.. Resultant makes 15° + 30° = 45° angle with x-axis.

x component of A = 100 cos 45° = 100/+/2 unit
x component of B = 100 cos 135° = 100/~2
x component of C =100 cos 315° = 100/+2

Resultant x component = 100/+/2 = 100/+/2 + 100/+/2 = 100/+/2
y component of A = 100 sin 45° = 100/~/2 unit

y component of B =100 sin 135° = 100/+2

y component of C =100 sin 315° =—100/+/2

Resultant y component = 100/+/2 + 100/+/2 — 100/+/2 = 100/+/2

Resultant = 100

y component _
X component -
= a=tan"' (1) = 45°
The resultant is 100 unit at 45° with x-axis.

Tan o = 1

a)|al=v4?+3% =5

b) [bl=v/9+16 =5

) |a+b|H7i+7] =742
d)a-b=(-3+4)i+(-4+3)j=i-]

|a-b =y +(-12 =+2.
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x component of OA = 2c0830° = V3 v A

x component of BC = 1.5 cos 120° = -0.75 . E? 3,_0::___559__1'5_”2 <
x component of DE = 1 cos 270° = 0 Oi QOOFmB

y component of OA =25sin 30° = 1 ' E

y component of Eé =1.5sin120°=1.3

y component of DE = 1 sin 270° = —1

R, = x component of resultant = V3-0.75+0=0.98m
R, = resultant y component=1+13-1=13m

So, R =Resultant=1.6 m

If it makes and angle o with positive x-axis

_ ycomponent _
- X component -

Tan a 1.32

= o =tan" 1.32

|a| =3m |b| =4

a) IFR=1unit= v32+42123.4.c0s0 =1

0 = 180°

b) +/32+42+2.3.4.c080=5
0 = 90°

) V32+442123.4.c080 =7
0=0°

Angle between them is 0°.

AD =2i+0.5) + 4K = 61 +0.5] c__4m D

0.5k
AD = VAE? + DE? =6.02 KM e 105 km
Tan 6 = DE/AE =1/12 A om B E
0=tan"' (1/12) ) 6m >

The displacement of the car is 6.02 km along the distance tan™ (1/12) with positive x-axis.

In AABC, tan6 = x/2 and in ADCE, tan6 = (2 — x)/4 tan 6 = (x/2) = (2 — x)/4 = 4x
=4 - 2x =4x
=6x=4=x=2/3ft

C
a) In AABC, AC = YAB? +BC? = %Jﬁ ft
b) In ACDE, DE = 1 — (2/3) = 4/3 ft AR\ |FBCc=21
4 AF =2 ft
CD =4 ft. So, CE = YCD? +DE? = gﬂ ft 2 DE = 2x
G D

c) In AAGE, AE = YAG? + GE? = 24/2 ft.

Here the displacement vector r = 7i+ 4] +3k

a) magnitude of displacement = /74 ft 1
b) the components of the displacement vector are 7 ft, 4 ft and 3 ft. Y
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10.

1.

12.

13.

14.

15.

16.

a is a vector of magnitude 4.5 unit due north.
a) 3la|=3x4.5=135
3a is along north having magnitude 13.5 units.
b) —4|a|=-4 x 1.5 = -6 unit
—4 a is a vector of magnitude 6 unit due south.
|al=2m,|b|=3m
angle between them 6 = 60°
a)a-b=|a|-|b|cos60° =2x3x1/2=3m’
b) |axbl|=a|-|b|sin60° =2x3x 3/2 = 33 m?.
We know that according to polygon law of vector addition, the resultant A,
of these six vectors is zero.
Here A=B =C =D = E = F (magnitude)

So, Rx = A cosb + A cos n/3 + A cos 2n/3 + A cos 3n/3 + A cos 4n/4 + A, As
Acos5n/5=0

[As resultant is zero. X component of resultant R, = 0] - A 60° = /3
=cos 0 + cos /3 + cos 2n/3 + cos 3n/3 + cos 4n/3 + cos 5n/3 =0 A A

Note : Similarly it can be proved that,
sin 6 + sin /3 + sin 21/3 + sin 37/3 + sin 47/3 + sin 51/3 =0
a=2i+3]+4k; b=3i+4]+5k

3.b=abcosd = 0=cos 22
ab
- cos™! 2x3+3x4+4x5 _0031[ 38 j
V22 +32 44232 4+ 42 4 52 1450

A-(AxB)=0 (claim)
As, AxB = ABsin0h

AB sin 0 n is a vector which is perpendicular to the plane containing A and B, this implies that it is
also perpendicular to A . As dot product of two perpendicular vector is zero.

Thus A-(AxB)=0.
A=2i+3j+4k, B=4i+3j+2k

k
AxB = 4l = i(6-12)—j(4-16)+k(6—12) = —6i +12] — 6k .

AN —
W —o

3

N

Given that A, B and C are mutually perpendicular

A x B is a vector which direction is perpendicular to the plane containing A
and B.

Also C is perpendicular to A and B

.. Angle between C and A x B is 0° or 180° (fig.1)
So, C x (A xB)=0

The converse is not true.

For example, if two of the vector are parallel, (fig.2), then also
Cx(AxB)=0
So, they need not be mutually perpendicular.
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17.

18.

19.

20.

21.

22.

The particle moves on the straight line PP’ at speed v.
From the figure,
OP x v = (OP)vsin0i = v(OP) sin 0 i = v(OQ)f
It can be seen from the figure, OQ = OP sin 6 = OP’ sin 6’
So, whatever may be the position of the particle, the magnitude and
direction of OP xV remain constant.

. OPxV is independent of the position P.
Give F=qE+q(VxB)=0
= E =—(VxB)
So, the direction of v xB should be opposite to the direction of E. Hence,
v should be in the positive yz-plane.

Again,E=vBsind=v=

Bsin6
For v to be minimum, 6 = 90° and so v,,» = F/B

So, the particle must be projected at a minimum speed of E/B along +ve z-axis (6 = 90°) as shown in the
figure, so that the force is zero.

For example, as shown in the figure,

A1B B along west

BLC A along south 5 Ié
c along north ) lA ) B

AB=0 .. AB=B-C

B-C=0 ButB=C

The graph y = 2x° should be drawn by the student on a graph paper for exact

results.

To find slope at any point, draw a tangent at the point and extend the line to meet
x-axis. Then find tan 6 as shown in the figure.

It can be checked that,

Slope =tan 6 = dy = i(2x2) =4x
dx dx
Where x = the x-coordinate of the point where the slope is to be measured.
y = sinx y4
So, y + Ay = sin (x + Ax)
Ay = sin (x + AX) — sin x /\Fsinx . X
= (545 )-sin = o.0t67. _/
3 100 3 v
Given that, i = i;e "/R¢
~. Rate of change of current = di_ iioe’”RC =ip e
dt dt dt RC
When a)t=0,ﬂ:;I
dt RC
b)whent=RC, & -
dt RCe
_ di =iy
c)whent=10RC, —=
dt Rce™
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23.

24,

25.

26.

27.

28.

Equation i = iye "/R¢

ib=2A,R=6x10°Q,C=0.0500 x 10°F=5x10"F
(ooant)_,_ (o5

a) i=2xe 6x03x5x107 ) _ 9 g\ 0.3 =Zamp.

e

b) di_Zo gRe yhent=03sec o2 (0303 _ ﬂAmp/sec
dt RC dt 0.30 3e
c) Att=0.31sec,i= 2¢el03/03) :EAmp.
3e
y= 3 +6X+7
.. Area bounded by the curve, x axis with coordinates with x = 5 and x = 10 is Y y=3x>+6x+7
given by,

y 10 X3 10 X2 10
Area = Idy = I(3X2 +6x+7)dx = 3?:| +5?i| +7X]150 =1135 Sq.UnitS-
5 5 5 5

y b
Area = de = Isinxdx =—[cosx]; =2
0 0

The given function is y = e y
Whenx=0,y=e_°=1

x increases, y value deceases and only at x = o0, y = 0.

So, the required area can be found out by integrating the function from 0 to . X

So, Area = j eXdx =—[e 7 =1.
0

mass

= =a+bx
P length Y4
a) S.I. unit of ‘a’ = kg/m and S| unit of ‘b’ = kg/m? (from principle of
homogeneity of dimensions) o — x

b) Let us consider a small element of length ‘dx’ at a distance x from the
origin as shown in the figure.
. dm = mass of the element = p dx = (a + bx) dx
2 2
bx } bL

L
So, mass of the rod =m = Idm:I(a+bxﬁx = {ax+7 :aL+7
0
0

2—‘: = (10 N) + (2 N/S)t

momentum is zero att =0
.. momentum at t = 10 sec will be
dp =[(10 N) + 2Ns t]dt

10 10 10
tz}

p
[dp = [10dt+ [ (2tat) = 10tl +2--| =200kgms.
0 0 0

25
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29.

30.

31.

32.

33.

34.

35.

The change in a function of y and the independent variable x are related as dy =x2.
X

=dy= X2 dx

Taking integration of both sides,

.[dy:szdx =>y= X?s+c

3
..y as a function of x is represented by y = X? +cC.

The number significant digits

a) 1001 No.of significant digits = 4
b) 100.1 No.of significant digits = 4
c) 100.10 No.of significant digits = 5
d) 0.001001 No.of significant digits = 4

The metre scale is graduated at every millimeter.
1m =100 mm

The minimum no.of significant digit may be 1 (e.g. for measurements like 5 mm, 7 mm etc) and the
maximum no.of significant digits may be 4 (e.g.1000 mm)

So, the no.of significant digits may be 1, 2, 3 or 4.
a) Inthe value 3472, after the digit 4, 7 is present. Its value is greater than 5.
So, the next two digits are neglected and the value of 4 is increased by 1.
.. value becomes 3500
b) value = 84
c) 2.6
d) value is 28.
Given that, for the cylinder
Length =1=4.54 cm, radius =r =1.75 cm G
Volume = nr?l = & x (4.54) x (1.75)?
Since, the minimum no.of significant digits on a particular term is 3, the result should have
3 significant digits and others rounded off.
So, volume V = il = (3.14) x (1.75) x (1.75) x (4.54) = 43.6577 cm®
Since, it is to be rounded off to 3 significant digits, V = 43.7 cm®.
We know that,

Average thickness = 217+ 2';7 +218 _ 21733 mm

Rounding off to 3 significant digits, average thickness = 2.17 mm.

As shown in the figure,

Actual effective length = (90.0 + 2.13) cm

But, in the measurement 90.0 cm, the no. of significant digits is only 2.

So, the addition must be done by considering only 2 significant digits of each
measurement.

So, effective length =90.0 + 2.1 =92.1 cm.

* sk ok ok
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