CHAPTER 13

FLUID MECHANICS

13.1 FLUIDS

Matter is broadly divided into three categories,
solid, liquid and gas. The intermolecular forces are
strong in solids, so that the shape and size of solids
do not easily change. This force is comparatively less
in liquids and so the shape is easily changed. Although
the shape of a liquid can be easily changed, the volume
of a given mass of a liquid is not so easy to change.
It needs quite a good effort to change the density of
liquids. In gases, thé intermolecular forces are very
small and it is simple to change both the shape and
the density of a gas. Liquids and gases together are
called fluids, i.e., that which can flow.

In this chapter we shall largely deal with liquids.
The equations derived may be applicable to gases in
many cases with some modifications. We shall assume
that the liquids we deal with are incompressible and
nonviscous. The first condition means that the density
of the liquid is independent of the variations in
pressure and always remains constant. The second
condition means that parts of the liquid in contact do
not exert any tangential force on each other. The force
by one part of the liquid on the other part is
perpendicular to the surface of contact. Thus, there is
no friction between the adjacent layers of a liquid.

13.2 PRESSURE IN A FLUID

Figure 13.1

Consider a point A in the fluid (figure 13.1).
Imagine a small area AS containing the point A. The\
fluid on one side of the area presses the fluid on the
other side and vice versa. Let the common magnitude

of the forces be F. We define the pressure of the fluid
at the point A as
. F
IS
For a homogeneous and nonviscous fluid, this
quantity does not depend on the orientation of AS and
hence we talk of pressure at a point. For such a fluid,
pressure is a scalar quantity having only magnitude.

.. (13.1)

Unit of Pressure

The SI unit of pressure is N/m ” called pascal and
abbreviated as Pa.

Variation of Pressure with Height
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Figure 13.2

Let us consider two points A and B (figure 13.2)
separated by a small vertical height dz. Imagine a
horizontal area AS,; containing A and an identical
horizontal area AS, containing B. The area
AS; = AS, = AS. Consider the fluid enclosed between
the two surfaces AS), AS, and the vertical boundary
joining them. The vertical forces acting on this fluid
are

(a) F,, vertically upward by the fluid below it

(b) F,, vertically downward by the fluid above it
and
(c) weight W, vertically downward.

Let the pressure at the surface A be P and the
pressure at B be P + dP. Then
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F,=PAS
and F,=(P+dP)AS.
The volume of the fluid considered is (AS) (dz). If the

density of the fluid at A is p, the mass of the fluid
considered is p(AS) (dz) and hence its weight W is

W =p (AS) (d2) g
For vertical equilibrium,
F =F,+W
or, PAS =(P+dP)AS + p g(dz) AS
or, dP=-pgdz. ... (13.2)

As we move up through a height dz.the pressure
decreases by pg dz where p is the density of the fluid
at that point.

Now consider two points at z = 0 and z = h. If the
pressure at z = 0 is P, and that at z = h is P, then
from equation (13.2),

Py z
J'dP = J' - pgdz
P, 0
z
or, Pz-Pl=I— pgdz.
0
If the density is same everywhere,
P, - P, =-pgz
or, P =P, +pgz. .. (13.3)

Next consider two points A and B in the same
horizontal line inside a fluid. Imagine a small vertical
area AS; containing the point A and a similar vertical
area AS, containing the point B.

Figure 13.3

The area AS,=AS,=AS. Consider the fluid
contained in the horizontal cylinder bounded by AS,
and AS, . If the pressures at A and B are P, and P,
respectively, the forces in the direction AB are

(a) P,AS towards right and
(b) P,AS towards left.
If the fluid remains in equilibrium,
PAS = P,AS .
or, P =p,,

Thus, the pressure is same at two points in the
same horizontal level.

13.3 PASCAL’S LAW

We have seen in the previous section that the
pressure difference between two points in a liquid at.
rest depends only on the difference in vertical height
between the points. The difference is in fact pgz, where
p is the density of the liquid (assumed constant) and
z is the difference in vertical height. Suppose by some
means the pressure at one point of the liquid is
increased. The pressure at all other points of the liquid
must also increase by the same amount because the
pressure difference must be the same between two
given points. This is the content of Pascal’s law which
may be-stated as follows :

If the pressure in a liquid is changed at a
particular point, the change is transmitted to the entire
liquid without being diminished in magnitude.

L
|

Figure 13.4

As an example, suppose a flask fitted with a piston
is filled with a liquid as shown in figure (13.4). Let an
external force F be applied on the piston. If the
cross-sectional area of the piston is A, the pressure
just below the piston is increased by F/A. By Pascal’s
law, the pressure at any point B will also increase by
the same amount F/A. This is because the pressure
at B has to be pgz more than the pressure at the
piston, where z is the vertical distance of B below the
piston. By applying the force we do not appreciably
change 2z (as the liquid is supposed to be
incompressible) and hence the pressure difference
remains unchanged. As the pressure at the piston is
increased by F/A, the pressure at B also increases by
the same amount.

Pascal’s law has several interesting applications.
Figure (13.5) shows the principle of a hydraulic lift
used toraise heavyloads such as a car.
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Figure 13.5
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It consists of two vertical cylinders A and B of
different cross-sectional areas A, and A; connected by
a horizontal tube. Pistons are fitted in both the
cylinder. The load is kept on a platform fixed with the
piston of larger area. A liquid is filled in the
equipment. A valve V is fitted in the horizontal tube
which allows the liquid to go from A to B when pressed
from the A-side. The piston A is pushed by a force
F,. The pressure in the liquid increases everywhere by
an amount F, /A,. The valve V is open and the liquid
flows into the cylinder B. It exerts an extra force

F,=A, i—i on the larger piston in the upward direction

which raises the load upward.

The advantage of this method is that if A, is much
larger than A;, even a small force F, is able to
generate a large force F, which can raise the load. It
may be noted that there is no gain in terms of work.
The work done by F| is same as that by F, . The piston
A has to traverse a larger downward distance as
compared to the height raised by B.

13.4 ATMOSPHERIC PRESSURE AND BAROMETER

The atmosphere of the earth is spread upto a
height of about 200 km. This atmosphere presses the
bodies on the surface of the earth. The force exerted
by the air on any body is perpendicular to the surface
of the body. We define atmospheric pressure as follows.
Consider a small surface AS in contact with air. If the
force exerted by the air on this part is F, the
atmospheric pressure is

. F
Fom i as

Atmospheric pressure. at the top of the atmosphere
is zero as there is nothing above it to exert the force.
The pressure at a distance z below the top will be

z
J' pg dz. Remember, neither p nor g can be treated as
0

constant over large variations in heights. However, the
density of air is quite small and so the atmospheric
pressure does not vary appreciably over small
distances. Thus,we say that the atmospheric pressure
at Patna is 76 cm of mercury without specifying
whether it is at Gandhi Maidan or at the top of
Golghar.

Torricelli devised an ingenious way to measure the
atmospheric pressure. The instrument is known as
barometer.

In this, a glass tube open at one end and having
a length of about a meter is filled with mercury. The
open end is temporarily closed (by a thumb or
otherwise) and the tube is inverted in a cup of
mercury. With the open end dipped into the cup, the

temporary closure is removed. The mercury column in
the tube falls down a little and finally stays there.

vacuum

pressure P, = zero

Figure 13.6

Figure (13.6) shows schematically the situation.
The upper part of the tube contains vacuum as the
mercury goes down and no air is allowed in. Thus, the
pressure at the upper end A of the mercury column
inside the tube is P, = zero. Let us consider a point C
on the mercury surface in the cup and another point
B in the tube at the same horizontal level. The
pressure at C is equal to the atmospheric pressure. As
B and C are in the same horizontal level, the pressures
at B and C are equal. Thus, the pressure at B is equal
to the atmospheric pressure P, in the lab.

Suppose the point B is at a depth H below A. If p

.be the density of mercury,

Pg=P,+pgH

or, P,=pgH . ... (13.4)

The height H of the mercury column in the tube above
the surface in the cup is measured. Knowing the
density of mercury and the acceleration due to gravity,
the atmospheéric pressure can be calculated using
equation (13.4).

The atmospheric pressure is often given as the
length of mercury column in a barometer. Thus, a
pressure of 76 cm of mercury means

P,= (136 x 10 *kg/m % (9-8 mys %) (076 m)
=101 x 10 ° Pa.

This pressure is written as 1 atm. If the tube is
insufficient in length, the mercury column will not fall
down and no vacuum will be created. The inner surface
of the tube will be in contact with the mercury at the
top and will exert a pressure P, on it.

Example 13.1

Water is filled in a flask upto a heighit of 20 cm. The
bottom of the flask is circular with radius 10 cm. If the
atmospheric pressure is 101 x 10 ° Pa, find the force
exerted by the water on the bottom. Take g = 10 m/s * and
density of water = 1000 kg/m *.

Solution : The pressure at the surface of the water is equal
to the atmospheric pressure P,. The pressure at the
bottom is
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P=P,+hpg
=101 x 10 ° Pa + (0'20 m) (1000 kg/m %) (10 m/s %)
=101x10°Pa+002x10°Pa

=103 x 10 ° Pa.
The area of the bottom =nr”=314x(0'1 m)?
=00314m”.
The force on the bottom is, therefore,
F=Pnr’

=(1'03 x 10 ° Pa) x (00314 m %) = 3230 N.

Manometer

Manometer is a simple device to measure the

pressure in a closed vessel containing a gas. It consists
of a U-tube having some liquid. One end of the tube

is open to the atmosphere and the other end is-

connected to the vessel (figure 13.7).

—=—

Figure 13.7

The pressure of the gas is equal to the pressure
at A
= pressure at B
= pressure at C + hpg
Py + hpg
where P, isthe atmospheric pressure, h = BC is the
difference in levels of the liquid in the two arms and
p is the density of the liquid.
The excess pressure P - P, is called the guage

pressure.

13.5 ARCHIMEDES’ PRINCIPLE

When a body is partially or fully dipped into a
fluid, the fluid exerts forces on the body. At any small
portion of the surface of the body, the force by the fluid
is perpendicular to the surface and is equal to the
pressure at that point multiplied by the area (figure
13.8). The resultant of all these contact forces is called
the force of buoyancy or buoyant force.

Figure 13.8

Archimedes’ principle states that when a body is
partially or fully dipped into a fluid at rest, the fluid
exerts an upward force of buoyancy equal to the weight
of the displaced fluid.

Archimedes’ principle is not an independent
principle and may be deduced from Newton’s laws of
motion.

Consider the situation shown in figure (13.8) where
a body is shown dipped into a fluid. Suppose the body
dipped in the fluid is replaced by the same fluid of
equal volume. As the entire fluid now becomes
homogeneous, all parts will remain in equilibrium. The
part of the fluid substituting the body also remains in
equilibrium. Forces acting on this substituting fluid
are

(a) the weight mg of this part of the fluid and

(b) the resultant B of the contact forces by the
remaining fluid.

As the substituting fluid is in equilibrium, these
two should be equal and opposite. Thus,

B=mg ... (13.5)

and it acts in the vertically upward direction.

Now the substituting fluid just occupies the space
which was previously occupied by the body. Hence, the
shape of the boundary of the substituting fluid is same
as the boundary of the body. Thus, the magnitude and
direction of the force due to the pressure on any small
area of the boundary is same for the body as for the
substituting fluid. The force of buoyancy on the body
is, therefore, same as the force of buoyancy B on the
substituting fluid.

From equation (13.5) the force of buoyancy on a
dipped body is equal to the weight mg of the displaced
fluid and acts along the vertically upward direction.
This is Archimedes’ principle.

Note that in this derivation we have assumed that
the fluid is in equilibrium in an inertial frame. If it is
not so, the force of buoyancy may be different from the
weight of the displaced fluid.

Floatation

When a solid body is dipped into a fluid, the fluid
exerts an upward force of buoyancy on the solid. If the
force of buoyancy equals the weight of the solid, the
solid will remain in equilibrium. This is called
floatation. When the overall density of the solid is
smaller than the density of the fluid, the solid floats
with a part of it in the fluid. The fraction dipped is "
such, that the weight of the displaced fluid equals the
weight of the solid.
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Example 13.2
A 700 g solid cube having an edge of length 10 cm floats
in water. How much volume of the cube is outside the
water ? Density of water = 1000 kg/m °.

Solution : The weight of the cube is balanced by the
buoyant force. The buoyant force is equal to the weight
of the water displaced. If a volume V of the cube is inside
the water, the weight of the displaced water = Vpg,
where p is the density of water. Thus,

Vpg=(0"7kg)g

- 07 kg 07 kg
P 1000 kg/m

The total volume of the cube = (10 cm)® = 1000 cm °.

The volume outside the water is

1000 ¢cm ® - 700 cm ® = 300 cm °.

or, \"%

13.6 PRESSURE DIFFERENCE AND BUOYANT
FORCE IN ACCELERATING FLUIDS

Equations (13.3) and (13.5) were derived by
assuming that the fluid under consideration is in
equilibrium in an inertial frame. If this is not the case,
the equations must be modified. We shall discuss some
special cases of accelerating fluids.

A Liquid Placed in an Elevator

(a) Pressure Difference

Suppose a beaker contains some liquid and it is
placed in an elevator which is going up with an
acceleration a, (figure 13.9). Let A and B be two points
in the liquid, B being at a vertical height z above A.
Construct a small horizontal area AS around A and an
equal horizontal area around B. Construct a vertical
cylinder with the two areas as the faces. Consider the
motion of the liquid contained within this cylinder. Let
P, be the pressure at A and P, be the pressure at B.

(=3B
A

Figure 13.9

Forces acting on the liquid contained in the
cylinder, in the vertical direction, are :

(a) P,AS, upward due to the liquid below it
(b) P,AS, downward due to the liquid above it and

(c) weight mg = (AS)zpg downward, where p is the
density of the liquid.

==7%x10 *m®=700cm®.

Under the action of these three forces the liquid is
accelerating upward with an acceleration a,. From
Newton’s second law

PAS - P,AS - mg = ma,
or, (P, - Py)AS = m(g + ap) = (AS)zp(g + ay)

or, P, -P,=p(g+ayz. ... (13.6)

(b) Buoyant Force

Now suppose a body is dipped inside a liquid of
density p placed in an elevator going up with an
acceleration a,. Let us calculate the force of buoyancy
B on this body. As was done earlier, let us suppose
that we substitute the body into the liquid by the same
liquid of equal volume. The entire liquid becomes a
homogenous mass and hence. the substituted liquid is
at rest with respect to the rest of the liquid. Thus, the
substituted liquid is also going up with an acceleration
a, together with the rest of the liquid.

The forces acting on the substituted liquid are

(a) the buoyant force B and

(b) the weight mg of the substituted liquid.

From Newton’s second. law,

B - mg=ma,

or, B =m(g + ay). ... (13.7)

Equation (13.6) and (13.7) are similar to the
corresponding equations for unaccelerated liquid with
the only difference that g + a, takes therole of g.

Free Surface of a Liquid in Horizontal Acceleration

Consider a liquid placed in a beaker which is
accelerating horizontally with an acceleration a,
(figure 13./10). Let A and B be two points in the liquid
at a separation ! in the same horizontal line along the
acceleration a,. We shall first obtain the pressure
difference between the points A and B.

Figure 13.10

Construct a small vertical area AS around A and
an equal area around B. Consider the liquid contained
in the horizontal cylinder with the two areas as the
flat faces. Let the pressure at A be P, and the pressure
at B be P,. The forces along the line AB are

(a) P,AS towards right due to the liquid on the left
and

(b) P,AS towards left due to the liquid on the right.
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Under the action of these forces, the liquid
contained in the cylinder is accelerating towards right.
From Newton’s second law,

P IAS - P 2AS = mao
or, (Py - PpAS = (AS)lpa,

or, P, -P,=lpaq,. ... (13.8)

The two points in the same horizontal line do not
have equal pressure if the liquid is accelerated
horizontally.

As there is no vertical acceleration, the equation
(18.3) is valid. If the atmospheric pressure is P, the
pressure at A is P, = P, + h,pg and the pressure at B
is P, = P, + hypg, where h, and h, are the depths of A
and B from the free surface. Substituting in (13.8),

h,pg - hypg = lpa,

hi-hy ag

or, —_ =
l g

)

or, tan6 = —
g

where 0 is the inclination of the free surface with the
horizontal.

13.7 FLOW OF FLUIDS

The flow of fluid is in general a complex branch of
mechanics. If you look at the motion of water in a fall
(like Rallah fall near Manali or Kemti fall near
Moussurie) the view is very pleasant. The water falls
from a height and then proceeds on a flat bed or a
slope with thumping, jumping and singing if you can
appreciate the music. But if you try to analyse the
motion of each particle on the basis of laws of
mechanics, the task is tremendously difficult. Other
examples of fluid flow are the sailing of clouds and the
motion of smoke when a traditional Chulha using coal,
wood or goitha (prepared from cowdung) in an Indian
village is lit. The motion of each smoke particle is
governed by the same Newton’s laws but to predict the
motion of a particular particle is not easy.

13.8 STEADY AND TURBULENT FLOW

Consider a liquid passing through a glass tube
(figure 13.11). Concentrate on a particular point A in
the tube and look at the particles arriving at A. If the
velocity of the liquid is small, all the particles which
come to A will have same speed and will move in same
direction. As a particle goes from A to another point
B, its speed and direction may change, but all the
_particles reaching A will have the same speed at A and
all the particles reaching B will have the same speed
at B. Also, if one particle passing through A has gone

through B, then all the particles passing through A go
through B. Such a flow of fluid is called a steady flow.

Figure 13.11

In steady. flow the velocity of fluid particles
reaching a particular point is the same at all time.
Thus, each particle follows the same path as taken by
a previous particle passing through that point.

If the liquid is pushed in the tube at a rapid rate,
the flow may become turbulent. In this case, the
velocities of different particles passing through the
same point may be different and change erratically
with time. The motion of water in a high fall or a fast
flowing river is, in general, turbulent.

Steady flow is also called streamline flow.

Line of Flow : Streamline

The path taken by a particle in flowing fluid is
called its line of flow. The tangent at any point on the
line of flow gives the direction of motion of that particle
at that point. In the case of steady flow, all the
particles passing through a given point follow the same
path and hence we have a unique line of flow passing
through a given point. In this case, the line of flow is
also called a streamline. Thus, the tangent to the
streamline at any point gives the direction of all the
particles passing through that point. It is clear that
two streamlines cannot intersect, otherwise, the
particle reaching at the intersection will have two
different directions of motion.

Tube of Flow

Consider an area S in a fluid in steady flow. Draw
streamlines from all the points of the periphery of S.
These streamlines enclose a tube, of which S is a cross-
section. Such a tube is called a tube of flow. As the
strearylines do not cross each other, fluid flowing
through differnt. tubes of flow cannot intermix,
although there is no physical partition between the
tubes. When a liquid is passed slowly through a pipe,
the pipe itself is one tube of flow.

m

=

/——\__/
Figure 13.12
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13.9 IRROTATIONAL FLOW OF AN
INCOMPRESSIBLE AND NONVISCOUS FLUID

The analysis of the flow of a fluid becomes much
simplified if we consider the fluid to be incompressible
and nonviscous and that the flow is irrotational.
Incompressibility means that the density of the fluid
is same at all the points and remains constant as time
passes. This assumption is quite good for liquids and
is valid in certain cases of flow of gases. Viscosity of
a fluid is related to the internal friction when a layer
of fluid slips over another layer. Mechanical energy is
lost against such viscous forces. The assumption of a
nonviscous fluid will mean that we are neglecting the
effect of such internal friction. Irrotational flow means
there is no net angular velocity of fluid particles. When
you put some washing powder in a bucket containing
water and mix it by rotating your hand in circular
path along the wall of the bucket, the water comes into
rotational motion. Quite often water flowing in rivers
show small vortex formation where it goes in rotational
motion about a centre. Now onwards we shall consider
only the irrotational motion of an incompressible and
nonviscous fluid.

13.10 EQUATION OF CONTINUITY

We have seen that the fluid going through a tube
of flow does not intermix with fluid in other tubes. The
total mass of fluid going into the tube through any
cross-section should, therefore, be equal to the total
mass coming out of the same tube from any other
cross-section in the same time. This leads to the
equation of continuity.

Let us consider two cross-sections of a tube of flow
at the points A and B (figure 13.13). Let the area of
cross-section at A be A, and that at B be A,. Let the
speed of the fluid be v, at A and v, at B.

v,at

Figure 13.13

How much fluid goes into the tube through the
cross-section at A in a time interval At? Let us
construct a cylinder of length v,At at A as shown in
the figure. As the fluid at A has speed v,, all the fluid
included in this cylinder will cross through A, in the
time interval At. Thus, the volume of the fluid going
into the tube through the cross-section at A is
A,v,At. Similarly, the volume of the fluid going out of
the tube through the cross-section at B is Ayv.At. If
the fluid is incompressible, we must have

Av,At = Ay, At

or, Alvl = szz .

... (13.9)

The product of the area of cross-section and the
speed remains the same at all points of a tube of flow.
This is called the equation of continuity and expresses
the law of conservation of mass in fluid dynamics.

Example 13.3

Figure (13.14) shows a liquid being pushed out of a tube
by pressing a piston. The area of cross-section of the
piston is 1'0 cm” and that of the tube at the outlet is
20 mm % If the piston is pushed at a speed of 2 cm/s,
what is the speed of the outgoing liquid ?

I\ - —

e -
\\/1 — N

Figure 13.14
From the equation of continuity
A, =4y,
or, (1'0 cm ®) (2 emys) = (20 mm ),
1’0 cm’
" 20mm® 2

2
=%mm?TX2ch=10¢Ws*

Solution :

or, v,

13.11 BERNOULLI'S EQUATION

Bernoulli’s equation relates the speed of a fluid at a
point, the pressure at that point and the height of that
point above a reference level. It is just the application of
work-energy theorem in the case of fluid flow.

We shall consider the case of irrotational and
steady flow of an incompressible and nonviscous liquid.
Figure (13.15) shows such a flow of a liquid in a tube
of varying cross-section and varying height. Consider
the liquid contained between the cross-sections A and
B of the tube. The heights of A and B are h;, and h,
respectively from a reference level. This liquid
advances into the tube and after a time At is contained
between the cross-sections A’ and B’ as shown in
figure.

PZAZ
b _
1N - =
AI
A h,
WWWWJW///WW/]”WJWWWI

Figure 13.15
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Suppose the area of cross-section at A = A,
the area of cross-section at B = A,
the speed of the liquid at A = v,
the speed of the liquid at B = v,
the pressure at A = P,
the pressure at B =P,

and the density of the liquid = p.

The distance AA’'=v,At and the distance
BB’ = vy,At. The volume between A and A’ is A,v,At and
the volume between B and B’ is A,v,At. By the equation
of continuity,

Av,At = Ayu.At .
The mass of this volume of liquid is
Am = pA,v,At = pAyv,AL. .. @

Let us calculate the total work done on the part
of the liquid just considered.

The forces acting on this part of the liquid are

(a) P, A,, by the liquid on the left

(b) P,A,, by the liquid on the right

(c) (Am)g, the weight of the liquid considered and

(d) =V, contact forces by the walls of the tube.

In time At, the point of application of P A, is
displaced by AA’ = v,At. Thus, the work done by P, 4,
in time At is

A
W, = (P, Ay) (1:Af) = Py T’” :
Similarly, the work done by P, A, in time At is
A
Wy = - (PyAy) (VAt) = - Py Tm .

The work done by the weight is equal to the
negative of the change in gravitational potential
energy.

The change in potential energy (P.E.) in time At is

P. E of ABB -P.E. of AA'B

=P. E. of AB+P.E. of BB’
-P.E. of AA'-P.E. of AB

=P.E. of BB'-P.E. of AA’
= (Am)gh; - (Am)gh,.
Thus, the work done by the weight in time At is
W3 = (Am)gh, - (Am)gh,.
The contact force =V does no work on the liquid
because it is perpendicular to the velocity.

The total work done on the liquid considered, in
the time interval At,is

W=W,+W,+ W
Am Am .
= Pl[—] - Pz[—p-] + (Am)gh, - (Am)gh, ... (ii)

p

The change in kinetic energy (K.E.) of the same
liquid in time At is
K.E. of A’BB' - K.E. of AA'B
=K.E.of A’B+K.E. of BB' - K.E. of AA’ - K.E. of A'B

=K.E. of BB’ - K.E. of AA’
... (iii)

Since the flow is assumed to be steady, the speed
at any point remains constant in time and hence the
KE.of the part A'B is same at initial and final time
and cancels out when change in kinetic energy of the
system is considered.

By the work-energy theorem, the total work done
on the system is equal to the change in its kinetic
energy. Thus,

Am Am
P, [T] - Pz[_p"'J + (Am)gh, - (Am)gh,
1
2
p, 1 2 P 1 2

or, ?+gh1+§l}1=?+gh2+'2'vz

= % (am) vy - % (Am);.

(Bm)v, - % (Am)v;

or, Py + pgh, + % puy = P, + pghy + % pv; ... (13.10)

or, P+ pgh+ % pv’ = constant. ... (13.11)
This is known as Bernoulli’s equation.

Examplel3.4

Figure (13.16) shows a liquid of density 1200 kg/m®
flowing steadily in a tube of varying cross-section. The
cross-section at a point A is 1'0cm?’ and that at B is
20 mm’, the points A and B are in the same horizontal
plane. The speed of the liquid at A is 10 cm/s. Calculate
the difference in pressures at A and B.

Ae *B
/ﬂ
Figure 13.16
Solution : From equation of continuity, the speed v, at B
is given by,
Ay, = Ay,

or, (10 cm %) (10 cmys) = (20 mm 2)v2

1'0cm’
or, Vp=——3 %10 cm/s = 50 cmy/s .

20 mm

By Bernoulli’s equation,

1 1
Py + pgh, + 5 pvi = P, + pgh, + 5 pu;.
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Here h, = h,. 'I;llus,

P,- P,= 5 vl - 5 o]
= % x (1200 kg/m %) (2500 cm ¥s * - 100 em s %)
= 600 kg/m ° x 2400 cm /s * = 144 Pa.

13.12 APPLICATIONS OF BERNOULLI'S EQUATION

(a) Hydrostatics
If the speed of the fluid is zero everywhere, we get
the situation of hydrostatics. Putting v, = v, =0 in the
Bernoulli’s equation (13.10),
P, + pgh, = P, + pgh,
or, P, -P,=pglhy- hy)
as expected from hydrostatics.

(b) Speed of Efflux

Consider a liquid of density p filled in a tank of
large cross-sectional area A,. There is a hole. of

cross-sectional area A, at the bottom and the liquid
flows out of the tank through the hole. The situation
is shown in figure (13.17). Suppose 4, << A,.

—_———

Figure 13.17

Let v, and v, be the speeds of the liquid at
A, and A,. As both the cross-sections are open to the
atmosphere, the pressures there equal the atmospheric
pressure P,. If the height of the free surface above the

hole is h, Bernoulli’s equation gives

1 2 1 .
Po+§pvl+pgh=Po+§pU22. . (1)
By the equation of continuity

Alvl = szz .
Putting v, in terms of v, in (i),
.
1 (A 1
5 p[A—f] vy + pgh = 5 Pvs
2

A |2
or, [1 [Al] ]vz—zgh.

If A, << A,, this equation reduces to vf =2gh
= J fz gﬁ .

or, 12

The speed of liquid coming out through a hole at
a depth h below the free surface is the same as that of
a particle fallen freely through the height h under
gravity. This is known as Torricelli’s theorem. The
speed of the liquid coming out is called the speed of

efflux.

Example 13.5

A water tank is constructed on the top of a building.
With what speed will the water come out of a tap 6:0 m
below the water ,lével in the tank ? Assume steady flow
and that the pressure above the water level is equal to
the atmosphericipressure.

Solution : The vélocity is given by Torricelli’s theorem

v=Y2gh
=V2x(98m/s %) x (6:0m) =11 m/s.

(c) Ventury Tube

A ventury tube is used to measure the flow speed
of a fluid in a tube. It consists of a constriction or a
throat in the tube. As the fluid passes through the
constriction, its speed increases in accordance with the
equation of continuity. The pressure thus decreases as
required by Bernoulli’s equation.

Figure 13.18

Figure (13.18) shows a ventury tube through which
a liquid of density p is flowing. The area of
cross-section is A; at the wider part and A, at the
constriction. Let the speeds of the liquid at A; and
A; be v, and v, and the pressures at A, and A, be
P, and P, respectively. By the equation of continuity

Alvl = A2U2 eee (i)
ana by Bernoulli’s equation,

1 2 1
,P1+-§pv1 =‘Pz+gpvz2

1
or, (Pl—P2)=—2—p[v22- vz]. ... (id)
Figure (13.18) also shows two vertical tubes
connected to the ventury tube at A, and A,. If the
difference in heights of the liquid levels in these tubes
is h, we have

P, - P, = pgh.
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Putting in (i),
2gh=vs -0} ... (iii)
Knowing A, and A,, one can solve equations (i)
and (iii) so as to get v; and v,. This allows one to know

the rate of flow of liquid past a cross-section.

(d) Aspirator Pump

. When a fluid passes through a region at a large
speed, the pressure there decreases. This fact finds a
number of useful applications. In an aspirator pump a
barrel A terminates in a small constriction B (figure
13.19). The constriction is connected to a vessel
containing the liquid to be sprayed through a narrow

tube C. The air in the barrel A is pushed by the-

operator through a piston. As the air passes through
the constriction B, its speed is considerably increased
and consequently the pressure drops. Due to reduced
pressuré in the constriction B, the liquid is raised from
the vessel and is sprayed with the expelled air.

Figure 13.19

(e) Change of Plane of Motion of a Spinning Ball

Quite often when swing bowlers of cricket deliver
the ball, the ball changes its plane of motion in air.

Such a deflection from the plane of projection may be
explained on the basis of Bernoulli’s equation.

Suppose a ball spinning about the vertical direction
is going ahead with some velocity in the horizontal
direction in otherwise still air. Let us work in a frame
in which the centre of the ball is at rest. In this frame
the air moves past the ball at a speed v in the opposite
direction. The situation is shown in (13.20).

+—A
¥
¢ 4—Vair
A
-
B

Figure 13.20

The plane of the figure represents horizontal plane.
The air that goes from the A side of the ball in the
figure is dragged by the spin of the ball and its speed
increases. The air that goes from the B side of the ball
in the figure suffers an opposite drag and its speed
decreases. The pressure of air is reduced on the A side
and is increased on the B side as required by the
Bernoulli’s theorem. As a result, a net force F acts on
the ball from the B side to the A side due to this
pressure difference. This force causes the deviation of
the plane of motion.

Worked Out Examples

1.. A beaker of circular cross-section of radius 4 cm is filled
with mercury upto a height of 10 cm. Find the force

exerted by the mercury on the bottom of the beaker. The.

atmospheric pressure =10°N/m?> Density of mercury
- 13600 kg/m °. Take g =10 my/s °.
Solution : The pressure at the surface
= atmospheric pressure
=10°N/m”.
The pressure at the bottqm
=10°N/m * + hpg
<10°N/m’+(0'1 m)[13600 I—‘;%][m ;’%"]

=10°N/m * + 13600 N/m ®
=1'186x 10°N/m 2.

The force exerted. by the mercury on the bottom

=(1'136 x 10 ° N/m ) x (3:14 x 004 m x 0-04 m)
=571 N.

2. The density of air near earth’s surface is 1'3 kg/m ® and
“the atmospheric pressure is 10x10°N/m?® If the
atmosphere had uniform density, same as that observed
at the surface of the earth, what would be the height of
the atmosphere to exert the same pressure ?

Solution : Let the uniform density be p and atmospheric
height be h. The pressure at the surface of the earth
would be

p=pgh
or, 10x10°N/m*=(1'3kg/m*) (98m/s’) h

___10x10°N/m”*

(1'8 kg/m *) (98 my/s %)
Even Mount Everest (8848 m) would have been outside
the atmosphere.

or, = 7850 m
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8. The liquids shown in figure (13-W1) in the two arms are
mercury (specific gravity =136) and water. If the
difference of heights of the mercury columns is 2 cm, find
the height h of the water column.

Figure 13-W1

Solution : Suppose the atmospheric pressure = P, .

Pressure at A=P,+h [1000 Eg;]g .
m

Pressure at B = P, + (002 m) [13609 E%J g.
i m

These pressures are equal as A and B are at the same
horizontal level. Thus,

h=(002m) 136
=027 m =27 cm.

4. A cylindrical vessel containing a liquid is closed by a
smooth piston of mass m as shown in the figure. The
area of cross-section of the piston is A. If the atmospheric
pressure is P,, find the pressure of the liquid just below
the piston.

Jn

Figure 13-W2

Solution : Let the pressure of the liquid just below the
piston be P. The forces acting on the piston are

(a) its weight, mg (downward)
(b) force due to the air above it, Py A (downward)
(c) force due to the liquid below it, PA (upward).
If the piston is in equilibrium,

PA=P,A+mg

P=Po+'—?f-

or,

5. The area of cross-section of the two arms of a hydraulic
press are 1 cm % and 10 cm ? respectively (figure 13-W3).
A force of 5 N is applied on the water in the thinner arm.
What force should be applied on the water in the thicker
arm so that the water may remain in equilibrium ?

Figure 13-W3

Solution : In equilibrium, the pressures at the two
surfaces should be equal as they lie in the same
horizontal level. If the atmospheric pressure is P and a
force F is applied to maintain the equilibrium, the
pressures are

P,+ 5N2 and P°+_F__z respectively.
cm 10 cm

This gives F =50 N.

6. A copper piece of mass 10 g is suspended by a vertical
spring. The spring elongates 1 cm over its natural length
to keep the piece in equilibrium. A beaker containing
water is now placed below the piece so as to immerse the
piece completely in water. Find the elongation of the
spring. Density of copper =9000kg/m?®.  Take
g=10my/s 2,

Solution : Let the spring constant be k. When the piece is
hanging in air, the equilibrium condition gives

k(1 cm) = (001 kg) (10 mys *)

or k(1cm)=01N. v @)
The volume of the copper piece
_ O'Olkg =lx10.5 3
9000 kg/m® 9 "

This is also the volume of water displaced when the piece
is immersed in water. The force of buoyancy

= weight of the liquid displaced
- %10 *m® x (1000 kg/m ) x (10 m/a )

=0011 N.

If the elongation of the spring is x when the piece is
immersed in water, the equilibrium condition of the

piece gives,
kx=0'1N-0011N=0089N.
By (i) and (ii),
= 0089

01

. (ii)
cm = 0'89 cm.

7. A cubical block of wood of edge 3 cm floats in water. The
lower surface of the cube just touches the free end of a
vertical spring fixed at the bottom of the pot. Find the
maximum weight that can be put on the block without
wetting it. Density of wood =800 kg/m® and spring
constant of the spring = 50 N/m. Take g = 10 m/s °.
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Figure 13-W4

Solution : The specific gravity of the block = 0'8. Hence the
height inside water =3 cm x 0'8 = 2'4 cm. The height
outside water=3cm—-24=06cm. Suppose the
maximum weight that can be put without wetting it is
W. The block in this case is completely immersed in the
water. The volume of the displaced water

-="volume of the block =27 x 10 °m®
Hence, the force of buoyancy

=(27x10 °m *) x (1000 kg/m *) x (10 mys )

=027N.
The spring is compressed by 06 cm and hence the
upward force exerted by the spring

=50 N/m x 06 cm = 0-3 N.

The force of buoyancy and the spring force taken
together balance the weight of the block plus the weight
W put on the block. The weight of the block is

W' =(27x 10 °m) x (800 kg/m *) x (10 m/s %)
=022N.

W=027TN+03N-022N
=035N.

Thus,

8. A wooden plank of length 1 m and uniform cross-section
is hinged at one end to the bottom of a tank as shown
in figure (13-W5). The tank is filled with water up to a
height of 0'5 m. The specific gravity of the plank is 0'5.
Find the angle 0 that the plank makes with the vertical
in the equilibrium position. (Exclude the case 6 = 0).

+ <
Il o B
A

mg

Figure 13-W5

Solution : The forces acting on the plank are shown in
the figure. The height of water level is I =0'5m. The
length of the plank is1'‘0m = 2l. The weight of the plank
acts through the centre B of the plank. We have
OB = l. The buoyant force F acts through the point A
which is the middle point of the dipped part OC of the

plank.
We have OA=%———Z—-

Let the mass per unit length of the plank be p.

Solution :

10.
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Its weight mg = 2lpg.

N
The mass of the part OC of the plank - [COS e] 0.

~ Ll 2
The mass of water displaced = 05 o050 P~ cos8

The buoyant force F is, therefore, F = f—(ﬁ% :
Now, for equilibrium, the torque of mg about O should
balance the torque of F about O.

So, mg(OB)sinb = F(OA) sinf

(2 (1 _
or) @lp)t [cose] [2 cose]
or, cos 20 = %

1 — 4Eo
or, cosf = 73’ or, 6 =45°,

. A cylindrical block of wood of mass M is floating in water

with its axis vertical. It is depressed a little and then
released. Show that the motion of the block is simple
harmonic and find its frequency.
Suppose a height A of the block is dipped in the
water in equilibrium position. If r be the radius of the
cylindrical block, the volume of the water displaced
= nr ’h. For floating in equilibrium,

nr’hpg=W o (@)
where p is the density of water and W the weight of the
block.
Now suppose during the vertical motion, the block is
further dipped through a distance x at some instant. The
volume of the displaced water is = r ’(h + x). The forces
acting on the block are, the weight W vertically
downward and the buoyancy = r*(h +x) pg vertically
upward.
Net force on the block at displacement x from the
equilibrium position is

F=W-nr¥h+x)pg

=W-nar thg - nrszg,

Using (i),
F=-nr’pgx = - kx, where k=nr’pg.

Thus, the block executes SHM with frequency

voLJE 1 [rrig
2n vV M 2=n M
Water flows in a horizontal tube as shown in figure

(13-W6). The pressure of water changes by 600 N/m *

Figure 13-W6
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between A and B where the areas of cross-section are
30-cm % and 15 em ? respectively. Find the rate of flow of
water through the tube.

Solution : Let the velocity at A = v, and that at B =uv,.

11.

; C . .. Uy 30cm’
the equation of continuity, — = ——
By the eq ¥ % 15cm’

By Bernoulli’s equation,

PA+%pv§=PB+%pv3
1 1 3
or, PA_Pa='2—p(2v,4)2‘§pv42=§9”.42
or, 600 . - §[1000 5%] b2
m 2 m
or, v,=Y04m s’ =063 m/s.

The rate of flow = (30 cm ) (063 my/s) = 1890 cm ¥s.

The area of cross-section of a large tank is 05 m > It has
an opening near the bottom having area of cross-section
lem?® A load of 20 kg is applied on the water at the
top. Find the velocity of the water coming out of the
opening at the time when the height of water level is
50 cm above the bottom. Take g = 10 my/s °.

Solution :

Figure 13-W7

As the area of cross-section of the tank is large compared
to that of the opening, the speed of water in the tank
will be very small as compared to the speed at the
opening. The pressure at the surface of water in the tank
is that due to the atmosphere plis due to the load.
2
p,-p,+20kRAO WS ) _ 5\ 460 N/m 2,
05m

At the opening, the pressure is that due to the
atmosphere.

Using Bernoulli’s equation,

1 1
Py+ pgh+ 5 pu = Pyt 5 pu;
or, P,+400N/m?+ (1000 kg/m *) (10 m/s *) (0'5m) + 0
= P, + 3 (1000 ke/m *yo]
or, 5400 N/m * = (500 kg/m®) v}
or, vp =~ 33 mys.

QUESTIONS FOR SHORT ANSWER

. Is it always true that the molecules of a dense liquid

are heavier than the molecules of a lighter liquid ?

. If someone presses a pointed needle against your skin,

you are hurt. But if someone presses a rod against your
skin with the same force, you easily tolerate. Explain.

. In the derivation of P, - P, = pgz, it was assumed that

the liquid is incompressible. Why will this equation not
be strictly valid for a compressible liquid ?

. Suppose the density of air at Madras is p, and

atomospheric pressure is P,. If we go up, the density and
the pressure both decrease. Suppose we wish to calculate
the pressure at a height 10 km above Madras. If we use
the equation P, - P = p, gz, will we get a pressure more
than the actual or less than the actual ? Neglect the
variation in g. Does your answer change if you also
consider the variation in g ?

. The free surface of a liquid resting in an inertial frame

is horizontal. Does the normal to the free surface pass
through the centre of the earth ? Think separately if the

liquid is (a) at the equator (b) at a pole (c) somewhere
else.

A barometer tube reads 76 cm of mercury. If the tube
is gradually inclined keeping the open end immersed in
the mercury reservoir, will the length of mercury column
be 76 cm, more than 76 cm or less than 76 cm ?

. A one meter long glass tube is open at both ends. One

end of the tube is dipped into a mercury cup, the tube
is kept vertical and the air is pumped out of the tube
by connecting the upper end to a suction pump. Can
mercury be pulled up into the pump by this process ?

A satellite revolves round the earth. Air pressure inside
the satellite is maintained at 76 cm of mercury. What
will be the height of mercury column in a barometer
tube 1 m long placed in the satellite ?

Consider the barometer shown in figure (13-Ql). If a
small hole is made at a point P in the barometer tube,
will the mercury come out from this hole ?
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Figure 13-Ql

10. Is Archimedes’ principle valid in an elevator accelerating

11.

12.

1

5

up ? In a car accelerating on a level road ?

Why is it easier to swim in sea water than in fresh
water ?

A glass of water has an ice cube floating in water. The

water level just touches the rim of the glass. Will the
water overflow when the ice melts ?

13.

14.

15.

16.
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A ferry boat loaded with rocks has to pass under a
bridge. The maximum height of the rocks is slightly
more than the height of the bridge so that the boat just
fails to pass under the bridge. Should some of the rocks
be removed or some more rocks be added ?

Water is slowly coming out from a vertical pipe. As the
water descends after coming out, its area of cross-section
reduces. Explain this on the basis of the equation of
continuity.

While watering a distant plant, a gardener partially
closes the exit hole of the pipe by putting his finger on
it. Explain why this results in the water stream goirig
to a larger distance.

A Gipsy car has a canvass top. When the car runs at
high speed, the top bulges out. Explain.

OBJECTIVE 1
A liquid can easily change its shape but a solid can not (a) 400 N/m? (b) 3000 N/m *
because (c) 1000 N/m * (d) zero.
(a) the density of a liquid is smaller than that of a solid
(b) the forces between the molecules is stronger in solid
than in liquids A
(c) the atoms combine to form bigger molecules in a solid T
(d) the average separation between the molecules is 10cm

larger in solids.

. Consider the equations

. F
P=AI;1_‘I.I})E and P, - P, = pgz.

In an elevator accelerating upward

(a) both the equations are valid

(b) the first is valid but not the second
(c) the second is valid but not the first
(d) both are invalid.

. The three vessels shown in figure (13-Q2) have same

base area. Equal volumes of a liquid are poured in the
three vessels. The force on the base will be

(a) maximum in vessel A (b) maximum in vessel B

(c) maximum in vessel C (d) equal in all the vessels.

ANV B VAR

Figure 13-Q2

. Equal mass of three liquids are kept in three identical

cylindrical vessels A, B and C. The densities are
Pa Pws Pc With p, < pg < pc. The force on the base will be
(a) maximum in vessel A (b) maximum in vessel B

(c) maximum in vessel C (d) equal in all the vessels.

Figure (13-Q3) shows a siphon. The liquid shown is
water. The pressure difference P,- P, between the
points A and B is

6.

Figure 13-Q3

A beaker containing a liquid is kept inside a big closed
jar. If the air inside the jar is continuously pumped out,
the pressure in the liquid near the bottom of the liquid
will

(a) increase (b) decrease (c) remain constant
(d) first decrease and then increase.

The pressure in a liquid at two points in the same
horizontal plane are equal. Consider an elevator
accelerating upward and a car accelerating on a
horizontal road. The above statement is correct in

(a) the car only

(b) the elevator only

(¢) both of them

(d) neither of them.

Suppose the pressure at the surface of mercury in a
barometer tube is P, and the pressure at the surface of
mercury in the cup is P,

(a) P, = 0, P, = atmospheric pressure

(b) P, = atmospheric pressure, P, =0

(c) P, = P, = atmospheric pressure

(d) P,=P,=0.

. A barometer kept in an elevator reads 76 cm when it is

at rest. If the elevator goes up with increasing speed,
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the reading will be

(a) zero (b) 76 em (c) <76 cm (d) > 76 cm.
A barometer kept in an elevator accelerating upward
reads 76 cm. The air pressure in the elevator is

(@76 cm (b) <76 cm (c) >76 cm (d) zero.

To construct a barometer, a tube of length 1 m is filled
completely with mercury and is inverted in a mercury
cup. The barometer reading on a particular day is 76 cm.
Suppose a 1 m tube is filled with mercury up to 76 cm
and then closed by a cork. It is inverted in a mercury
cup and the cork is removed. The height of mercury
column in the tube over the surface in the cup will be
(a) zero () 76 cm (c) >76 cm (d) <76 cm.
A 20 N metal block is suspended by a spring balance. A
beaker containing some water is placed on a weighing
machine which reads 40 N. The spring balance is now
lowered so that the block gets immersed in the water.
The spring balance now reads 16 N. The reading of the
weighing machine will be .

(a) 36 N (b) 60 N (c) 44 N (d) 56 N.

A piece of wood is floating in water kept in a bottle. The
bottle is connected to an air pump. Neglect the
compressibility of water. When more air is pushed into
the bottle from the pump, the piece of wood will float
with

(a) larger part in the water (b) lesser part in the water
(c) same part in the water (d) it will sink.

A metal cube is placed in an empty vessel. When water
is filled in the vessel so that the cube is completely
immersed in the water, the force on the bottom of the
vessel in contact with the cube

(a) will increase * (b) will decrease

(c) will remain the same (d) will become zero.

A wooden object floats in water kept in a beaker. The
object is near a side of the beaker (figure 13-Q4). Let
P, P, P, be the pressures at the three points A, B and
C of the bottom as shown in the figure.

-

A B C
Figure 13-Q4
(a) P,=P,=P, (b) P, < P,< P,
(c) P,>P,> P, (d) P,=P,;#P,.

16.

17.

18.

19.

20.

21.

22,

A closed cubical box is completely filled with water and
is accelerated horizontally towards right with an
acceleration a. The resultant normal force by the water
on the top of the box

(a) passes through the centre of the top

(b) passes through a point to the right of the centre
(c) passes through a point to the left of the centre

(d) becomes zero.

Consider the situation of the previous problem. Let the
water push the left wall by a force F, and the right wall
by a force F,.

(a) F, =F,. (b) F, > F,. (c) F\ < F,.

(d) The information is insufficient to know the relation
between F, and F,.

Water enters through end A with a speed v, and leaves
through end B with a speed v, of a cylindrical tube AB.
The tube is always completely filled with water. In case
I the tube is horizontal, in case II it is vertical with the
end A upward and in case III it is vertical with the end
B upward. We have v, = v, for

(a) case I (b) case II  (c) case III
Bernoulli’s theorem is based on conservation of

(a) momentum (b) mass

(c) energy (d) angular momentum.
Water is flowing through a long horizontal tube. Let
P, and P be the pressures at two points A and B of the
tube.

(a) P, must be equal to P,

(b) P, must be greater than Pj.

(c) P, must be smaller than P,

(d) P, = P, only if the cross-sectional area at A and B
are equal.

(d) each case.

Water and mercury are filled in two cylindrical vessels
up to same height. Both vessels have a hole in the wall
near the bottom. The velocity of water and mercury
coming out of the holes are v, and v, respectively.

(a) v, = v, (b) v, =136 v,
(¢) v, =v,7136. (d) v, =v136 v,

A large cylindrical tank has a hole of area A at its
bottom. Water is poured in the tank by a tube of equal
cross-sectional area A ejecting water at the speed v.
(a) The water level in the tank will keep on rising.

(b) No water can be stored in the tank.

(c) The water level will rise to a height v*/2 g and then
stop.

(d) The water level will oscillate.

OBJECTIVE 1II

A solid floats in a liquid in a partially dipped position.
(a) The solid exerts a force equal to its weight on the
liquid.

(b) The liquid exerts a force of buoyancy on the solid
which is equal to the weight of the solid.

(c) The weight of the displaced liquid equals the weight
of the solid.
(d) The weight of the dipped part of the solid is equal

to the weight of the displaced liquid.
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. The weight of an empty balloon on a spring balance is
W, . The weight becomes W, when the balloon is filled
with air. Let the weight of the air itself be w. Neglect
the thickness of the balloon when it is filled with air.
Also neglect the difference in the densities of air inside
and outside the balloon.

(a) W, = W, ®) W, =W, +w.

(©) W< W, +w. @ w,> w,

. A solid is completely immersed in a liquid. The force
exerted by the liquid on the solid will

(a) increase if it is pushed deeper inside the liquid

(b) change if its orientation is changed

(c) decrease if it is taken partially out 'of the liquid

(d) be in the vertically upward direction.

. A closed vessel is half filled with water. There is a hole
near the top of the vessel and air is pumped out from
this hole.

(a) The water level will rise up in the vessel.

(b) The pressure at the surface of the water will
decrease.

(c) The force by the water on the bottom of the vessel
will decrease.

(d) The density of the liquid will decrease.

. In a streamline flow;

(a) the speed of a particle always remains same

(b) the velocity of a particle always remains same

(c) the kinetic energies of all the particles arriving at a

given point are the same
(d) the momenta of all the particles arriving at a given
point are the same.

. Water flows through two identical tubes A and B. A

volume V, of water passes through the tube A and
2V, through B in a given time. Which of the following
may be correct ?

(a) Flow in both the tubes are steady.

(b) Flow in both the tubes are turbulent.

(c) Flow is steady in A but turbulent in B.

(d) Flow is steady in B but turbulent in A.

. Water is flowing in streamline motion through a tube

with its axis horizontal. Consider two points A and B in
the tube at the same horizontal level.

(a) The pressures at A and B are equal for any shape
of the tube.

(b) The pressures are never equal.

(c) The pressures are equal if the tube has a uniform
cross-section.

(d) The pressures may be equal even if the tube has a
nonuniform cross-section.

. There is a small hole near the bottom of an open tank

filled with a liquid. The speed of the water ejected does
not depend on

(a) area of the hole (b) density of the liquid

(c) height of the liquid from the hole

(d) acceleration due to gravity.

EXERCISES

. The surface of water in a water tank on the top of a
house is 4 m above the tap level. Find the pressure of
water at.the tap when the tap is closed. Is it necessary
to specify that the tap is closed ? Take g = 10 m/s 2,

. The heights of mercury surfaces in the two arms of the
manometer shown in figure (13-E1) are 2 cm and 8 cm.
Atmospheric pressure = 1'01 x 10 *N/m?2 Find (a) the
pressure of the gas in the cylinder and (b) the pressure
of mercury at the bottom of the U tube.

gas

Figure 13-El

3. The area of cross-section of the wider tube shown in

figure (13-E2) is 900 cm ®. If the boy standing on the

!

Figure 13-E2

piston weighs 45 kg, find the difference in the levels of
water in the two tubes.

. A glass full of water has a bottom of area 20 cm’, top

of area 20 cm %, height 20 cm and volume half a litre..
(a) Find the force exerted by the water on the bottom.
(b) Considering the equilibrium of the water, find the
resultant force exerted by the sides of the glass on the
water. Atmospheric pressure = 1'0 x 10 ° N/m ®. Density
of water = 1000 kg/m ° and g =10 m/s >. Take all num-
bers to be exact.

20em

20cm®

Figure 13-E3

. Suppose the glass of the previous problem is covered by

a jar and the air inside the jar is completely pumped
out. (a) What will be the answers to the problem ?
(b) Show that the answers do not change if a glass of
different shape is used provided the height, the bottom
area and the volume are unchanged.

. If water be used to construct a barometer, what would

be the height of water column at standard atmospheric
pressure (76 cm of mercury) ?
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10.

11.

12

13.

14.
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Find the force exerted by the water on a 2m?” plane
surface of a large stone placed at the bottom of a sea
500 m deep. Does the force depend on the orientation of
the surface ?

filled in a rectangular tank of size
3mx2m x 1 m. (a) Find the total force exerted by the
water on the bottom surface of the tank. (b) Consider a
vertical side of area 2m x 1 m. Take a horizontal strip
of width 8x metre in this side, situated at a depth of x
metre from the surface of water. Find the force by the
water on this strip. (¢) Find the torque of the force
calculated in part (b) about the bottom edge of this side.
(d) Find the total force by the water on this side.
(e) Find the total torque by the water on the side about
the bottom edge. Neglect the atmospheric pressure and
take g =10 m/s *.

An ornament weighing 36 g in air, weighs only 34 g in
water. Assuming that some copper is mixed with gold
to prepare the ornament, find the amount of copper in
it. Specific gravity of gold is 19'3 and that of copper is
89.

Refer to the previous problem. Suppose, the goldsmith
argues that he has not mixed copper or any other
material with gold, rather some cavities might have been
left inside the ornament. Calculate the volume of the
cavities left that will allow the weights given in that
problem. ,

A metal piece of mass 160 g lies in equilibrium inside
a glass of water (figure 13-E4). The piece touches the
bottom of the glass at a small number of points. If the
density of the metal is 8000 kg/m °, find the normal force
exerted by the bottom of the glass on'the metal piece.

Figure 13-E4

A ferry boat has internal volume 1 m ® and weight 50 kg.
(a) Neglecting the thickness of the wood, find the fraction
of the volume of the boat immersed in water. (b) If a
leak develops in the bottom and water starts coming in,
what fraction of the boat’s volume will be filled with
water before water starts coming in from the sides ?

A cubical block of ice floating in water has to support a
metal piece weighing 0'5 kg. What can be the minimum
edge of the block so that it does not sink in water ?
Specific gravity of ice = 0'9.

A cube of ice floats partly in water and partly in K.oil
(figure 13-E5). Find the ratio of the volume of ice
immersed in water to that in K.oil. Specific gravity of
K.oil is 0'8 and that of ice is 0°9.

15.

16.

17.

18.

19.

20.

21.

23.

Figure 13-E5

A cubical box is to be constructed with iron sheets 1 mm
in thickness. What can be the minimum value of the
external edge so that the cube does not sink in water ?
Density of iron=8000kg/m® and density of water
= 1000 kg/m .

A cubical block of wood weighing 200 g has a lead piece
fastened underneath. Find the mass of the lead piece
which will just allow the block to float in water. Specific
gravity of wood is 0'8 and that of lead is 11°3.

Solve the previous problem if the lead piece is fastened
on the top surface of the block and the block is to float
with its upper surface just dipping into water.

A cubical metal block of edge 12 ¢cm floats in mercury
with one fifth of the height inside the mercury. Water
is poured till the surface of the block is just immersed
in it. Find the height of the water column to be poured.
Specific gravity of mercury = 13-6.

A hollow spherical body of inner and outer radii 6 cm
and 8 cm respectively floats half submerged in water.
Find the density of the material of the sphere.

A solid sphere of radius 5 cm floats in water. If a
maximum load of 0'1 kg can be put on it without wetting
the load, find the specific gravity of the material of the
sphere.

Find the ratio of the weights, as measured by a spring
balance, of a 1 kg block of iron and a 1 kg block of wood.
Density of iron =7800kg/m® density of wood
=800 kg/m * and density of air = 1293 kg/m °.

. A cylindrical object of outer diameter 20 cm and mass

2 kg floats in water with its axis vertical. If it is slightly
depressed and then released, find the time period of the
resulting simple harmonic motion of the object.

A cylindrical object of outer diameter 10 cm, height 20
em and density 8000 kg/m ? is supported by a vertical
spring and is half dipped in water as shown in
figure(13-E6). (a) Find the elongation of the spring in
equilibrium condition. (b) If the object is slightly
depressed and released, find the time period of resulting
oscillations of the object. The spring constant
=500 N/m.

Figure 13-E6
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26.

27,

30.

31.

Fluid Mechanics

A wooden block of mass 0-5 kg and density 800 kg/m 8
is fastened to the free end of a vertical spring of spring
constant 50 N/m fixed at the bottom. If the entire system
is completely immersed in water, find (a) the elongation
(or compression) of the spring in equilibrium and (b) the
time-period of vertical oscillations of the block when it
is slightly depressed and released.

A cube of ice of edge 4 cm is placed in an empty
cylindrical glass of inner diameter 6 cm. Assume that
the ice melts uniformly from each side so that it always
retains its cubical shape. Remembering that ice is lighter
than water, find the length of the edge of the ice cube
at the instant it just leaves contact with the bottom of
the glass.

A U-tube containing a liquid is accelerated horizontally
with a constant acceleration a,. If the separation between
the vertical limbs is [/, find the difference in the
heights of the liquid in the two arms.

At Deoprayag (Garhwal, UP) river Alaknanda mixes
with the river Bhagirathi and becomes river Ganga.
Suppose Alaknanda has a width of 12 m, Bhagirathi has
a width of 8 m and Gangahas a width of 16 m. Assume
that the depth of water is same in the three rivers. Let
the average speed of water in Alaknanda be 20 km/h
and in Bhagirathi be 16 km/h. Find the average speed
of water in the river Ganga.

. Water flows through a horizontal tube of variable

cross-section (figure 13-E7). The area of cross-section at
A and B are 4mm* and 2 mm ® respectively. If 1 cc of
water enters per second through A,.{ind (a) the speed of
water at A, (b) the speed of water at B and (c) the
pressure difference P, - Py,

Figure 13-E7

. Suppose the tube in the previous problem is kept vertical
with A upward but the other conditions remain the same.

The separation between the cross-sections at A
and B is 15/16 cm. Repeat parts (a), (b) and (c) of the
previous problem.Take g = 10 m/s “

Suppose the tube in the previous problem is kept vertical
with B upward. Water enters through B at the rate of
lcmYs. Repeat parts (a), (b) and (c). Note that the
speed decreases as the water falls down.

Water flows through a tube shown in figure (13-E8). The
areas of cross-section at A and B are 1 cm * and 05 cm *
respectively. The height difference between A and B is
5 cm. If the speed of water at A is 10 ecm/s find (a) the
speed at B and (b) the difference in pressures at A and B.

— - — 8B

Figure 13-E8

32.

33.

.35.
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Water flows through a horizontal tube as shown in figure
(13-E9). If the difference of heights of water column in
the vertical tubes is 2 cm, and the areas of cross-section
at A and B are 4cm? and 2cm® respectively, find the
rate of flow of water across any section.

Figure 13-E9

Water flows through the tube shown in figure (13-E10).
The areas of cross-section of the wide and the narrow
portions of the tube are 5 cm’ and 2 cm’® respectively.
The rate of flow of water through the tube is 500 ecm Ys.
Find the difference of mercury levels in the U-tube.

Figure 13-E10

. Water leaks out from an open tank through a hole of

area 2mm ° in the bottom. Suppose water is filled up to
a height of 80 cm and the area of cross-section of_the.
tank is 04 m *. The pressure at the open surface and at
the hole are equal to the atmospheric pressure. Neglect
the small velocity of the water near the open surface in
the tank. (a) Find the initial speed of water coming out
of the hole. (b) Find the speed of water coming out
when half of water has leaked out. (c) Find the volume
of water leaked out during a time interval dt after the
height remained is A. Thus find the decrease in height
dh in terms of h and dt. (d) From the result of part
(¢) find the time required for half of the water to leak
out.

Water level is maintained in a cylindrical vessel upto a
fixed height H. The vessel is kept on a horizontal plane.
At what height above the bottom should a hole be made
in the vessel so that the water stream coming out of the
hole strikes the horizontal plane at the greatest distance
from the vessel (figure 13-E11).

I

H

s

Figure 13.11
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b 8 @ 9. () 10. (¢ 11. (@ 12. (¢ L 4'

(¢ 14. (¢ 15.(a) 16. (¢) 17. (b) 18. (d) 15'

(¢ 20. (@ 21 (a) 22. (c) ' 16'

17.

OBJECTIVE II 18

. (a), (b), (0 2. (a), (© 3. (c), (@) 19.

. (b), (©) 5. (c), (d) 6. (a), (b), (c) 20.

(C), (d) 8. (a), (b) 21.

, 22.

EXERCISES 23.

. 24.

40000 N/m °, Yes 25

(a) 1°09% 10 °*N/m* (b) 1'12x 10 * N/m? 2.

50 cm 27.

(a) 204 N (b) 1 N upward 28.

4N, 1N upward 29,

10336 cm 30.

10 ’ N, No 31.

. (a) 60000 N, (b) 20000 x &x N 32,

(c) 20000 x (1 - x)5x N-m (d) 10000 N, 33.

(e) 10000/3 N-m 34.

22g

0-112cm’

14N 35.

1
(a) 20

17 cm

1:1

4'8 cm
548 g

50g

104 cm

865 kg/m °
08

10015

05s

(a) 23'5cm
(a) 2°5cm
226 cm
aollg

23 km/h

(a) 25 cm/s,
(a) 25 cm/s,
(a) 25 cm/s,
(a) 20 cm/s,
146 cc/s,
197 cm

(a) 4m/s, (b) V8 m/s

(c) 2mm*V2gh dt, V2 gk x5x 10 °dt
(d) 6'5hours

H/2.

19
(b) 20

(b) 093 s
b)w bs

(c) 94 N/m?
(d) zero
(c) 188 N/m?

(b) 50 cm/s
(b) 50 cm/s,
(b) 50 cm/s,
(b) 485 N/m*®



SOLUTIONS TO CONCEPTS
CHAPTER 13

p=hpg
It is necessary to specify that the tap is closed. Otherwise pressure will gradually decrease, as h
decrease, because, of the tap is open, the pressure at the tap is atmospheric.

a) Pressure at the bottom of the tube should be same when considered for both limbs. Pa
From the figure are shown, l
Pg * pHg X N2 X g =pa+ pug X hy x g T
= Pg = Pa * Prg X g(h1 — hy) == Pa
b) Pressure of mercury at the bottom of u tube Gas ;a l
P =patpughixg !

From the figure shown
Pa + hpg = pa + mg/A

= hpg = mg/A A =900 cm’
= h= ﬂ
Ap

a) Force exerted at the bottom.
= Force due to cylindrical water colum + atm. Force
=Axhxp,xg+p,*xA
=A(h pw g + pa)
b) To find out the resultant force exerted by the sides of the glass, from the freebody, diagram of water
inside the glass
PaxA+mg=Axhxp,xg+Fs+p,xA
=>mg=Axhxp,xg+F
This force is provided by the sides of the glass.
If the glass will be covered by a jar and the air is pumped out, the atmospheric pressure has no effect.
So,
a) Force exerted on the bottom.
=(hpwg) xA
b) mg=hxp,xgxAxF
c) It glass of different shape is used provided the volume, height and area remain same, no change in
answer will occur.
Standard atmospheric pressure is always pressure exerted by 76 cm Hg column
= (76 x 13.6 x g) Dyne/cm®.
If water is used in the barometer.
Let h — height of water column.
“hxp,xg
F=PxA=(hp,xg)A
The force does not depend on the orientation of the rock as long as the surface area remains same.
F=Ahpg.
The force exerted by water on the strip of width 8x as shown,
dF=pxA
= (xpg) x A
c) Inside the liquid force act in every direction due to adhesion.
di=Fxr
d) The total force by the water on that side is given by

O 0O T O
— — — —

)
F= j 20000 x5x = F = 20,000 [x2/2]}
0

e) The torque by the water on that side will be,

131
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10.

11.

12.

13.

14.

15.
16.

17.
18.

1
i= jzoooo x8x (1= x) = 20,000 [x2/2-x3/3]}
0

Here, mp=ma, + m, =36 g (1)
Let V be the volume of the ornament in cm®
So,Vxpyxg=2xg

= (Vau+ Vo) XpuXg=2xg

= (£+£Jpwxg =2xg

Pau au

= [Mau  Mau | 425
9.3 8.9

=89 mp, +19.3my, =2 x19.3 x 8.9 =343.54 ...(2)
From equation (1) and (2), 8.9 mp, + 19.3 m¢, = 343.54
N 8.9(mp, +m,)=8.9%x36

me, =2.225g
So, the amount of copper in the ornament is 2.2 g.

[MA“ + VCJpW xg =2 x g (where V, = volume of cavity)

PAu
mg = U + R (where U = Upward thrust)
=>mg-U=R

= R=mg-v py g (because, U = vp,g)
m

=Emg- —XpyX*g
p

a) LetV; - volume of boat inside water = volume of water displace in m?>.
Since, weight of the boat is balanced by the buoyant force.
= mg=Vixp,xg
b) Let, v' = volume of boat filled with water before water starts coming in from the sides.
mg+V' pyxg=Vxp,xg.
Let x - minimum edge of the ice block in cm.
So, mg + Wi, = U. (where U = Upward thrust)
:>O_5xg+x3xPicexg=x3waxg
Vice = Vk + Vw
Vice ® Pice X 9= Vi X px X g+ Vy X py X g
= (Vi + Vi) X pice = Vik X px + Vy, X py
= V—W =1.
Vk
Vig =V puwg
(my + mpb)g =(Vy + Vpb) pxg
m

m
= (my, + Mpy,) = “w o pb p
Pw  Ppb

Mg =w = (my + my)g=V,*xpxg

Given, x =12 cm

Length of the edge of the block png = 13.6 gm/cc
Given that, initially 1/5 of block is inside mercuty.
Let p, — density of block in gm/cc.

. (x)° % py x g = (x)° % (x/5) % prg X g

=12°x p, =122 x 12/5x 13.6

13.6
= pp= = gm/cc

13.2
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19.

20.

21.

22.

23.

24.

25.

After water poured, let x = height of water column.
Vp = Vig + V= 12°

Where V4 and V,, are volume of block inside mercury and water respectively

(Vb X ppxg)= (VHg X PHg % 9) + (Vu X pw *x Q)
= (VHg + Vw)pb = VHg x PHg + Vw X Pw-

136 =Vpgx 13.6 +V,, x 1

= (VHg + Vw) x

13.6

= (12)° x = (12 =x) x (12)° x 13.6 + (x) x (12)* x 1

=x=104cm
Here, Mg = Upward thrust
= Vpg = (V/2) (pw) *x g (where p,, = density of water)

:inrs—inr3 —1 i7rr3><
32 31P 232 Pw

= (° —r’)xp =%r23 x1 = 865 kg/m®.

W1 + W2 =U.
=>mg+V xpgxg=V xp, x g (where ps = density of sphere in gm/cc)
=1-ps=0.19

= ps=1-(0.19) = 0.8 gm/cc
So, specific gravity of the material is 0.8.

m
Wi=mg—Viparxg= [m_;pairJg

m
Wy =mg -V, par g = (m __pairJg

w

Driving force U = Vp,g

—a=mn?(X)xpyg = T=2n /dlsplacem.ent
Acceleration

a) F +U=mg (where F = kx)

= kx+ Vp,g=mg

b) F=kX+ Vpy xg

= ma=kX+ar’ x (X) X py x g = (k + 1’ x p,, x g)X

(k+Tcr2><pW><g)><
m

= T=2n +
K+arexp, xg

a) mg = kX +Vp,g

= o’ x(X)= (X)

b) a=kx/m
w?x = kx/m
T= 2nvm/k

Let x — edge of ice block
When it just leaves contact with the bottom of the glass.
h — height of water melted from ice
W=u
= X3xpicexg=xthxpwxg
Again, volume of water formed, from melting of ice is given by,
#-x=nxr*xh-xh ( because amount of water = (r:r2 - x2)h)
=4 -xX>=1x3"xh-x*h
Putting h =0.9 x = x = 2.26 cm.

13.3
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26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

If p — atm. Pressure

A — area of cross section

h — increase in hright
P-A+AxLxpxag=pa"+hpgx A
= hg=agl = aol/g

Volume of water, discharged from Alkananda + vol are of water discharged from Bhagirathi = Volume of

water flow in Ganga.
a) ap x VA = Q/.\
b) apn X Va=ag*x Vg
C) 1/2 pvaZ + pa=1/2 pvs’ + s

= (pa—Ps) = 1/2 p (v* — Va")
From Bernoulli’s equation, 1/2 pva® + pgha + pa
= 1/2 pvg® + pghg + ps.
= Pa—Pg = (1/2) p (V> = Va2) + pg (hg — ha)
112 pvg” + pghg + pg = 1/2 pva® + pgha + pa
1/2 pvaZ + pgha + pa =1/2 pvg® + pghs + ps
= Pg—Pa=1/2 p(va’ = V&°) + pg (ha — hg)
V@, =Vg xag
= 1/2 pva? + pgha + pa = 1/2 pve® + pghs + pg
= 1/2 pva® + pa = 1/2 pve’ + pg
= Pa—Pg = 1/2 p(ve? — v&?)
Rate of flow = v, x ap
Vaap=Vgag = Va _%

B a,

5va = 2vg = vg = (5/2)va
1/2 pva? + pgha + pa = 1/2 pvg? + pghg + pg
= Pa—Pg=1/2p (vs° — vg°) (because P — Pg = hpng)
Pa + (1/2)pva” = Pg + (1/2) pve® = pa— pas = (1/2)pvs” {va = 0}
= pgh = (1/2) pVs’ {pa = Paim *+ pgh}

= Vg = ,/2gh

dh \/297h —dh= ax,IZgh x dt

= AXx —=ax
dt A

d) dh = 2xyegh xat \'29h><dt:>'|'=%\/§[\/|-|_1_ﬁ]

A
v = 2gH-h)

t=2h/g

x=vxt=,2gH-h)x2h/g = 44/(Hh—h?)

So, = [d—(th(Hh—hz):O =0=H-2h = h=H/2.

W)

13.4

Chapter-13


JEEMAIN.GURU

	Front Cover
	Back Cover
	Title Page
	Copyright
	FOREWORD
	PREFACE
	ACKNOWLEDGEMENTS
	TO THE STUDENTS
	Table of Contents
	CHAPTER 1

INTRODUCTION TO PHYSICS
	CHAPTER 2

PHYSICS AND MATHEMATICS
	CHAPTER 3  REST AND MOTION: KINEMATICS
	CHAPTER 4

THE FORCES
	CHAPTER 5

NEWTON'S LAWS OF MOTION
	CHAPTER 6

FRICTION
	CHAPTER 7

CIRCULAR MOTION
	CHAPTER 8

WORK AND ENERGY
	CHAPTER 9

CENTRE OF MASS, LINEAR

MOMENTUM, COLLISION
	CHAPTER 10

ROTATIONAL MECHANICS
	CHAPTER 11

GRAVITATION
	CHAPTER 12

SIMPLE HARMONIC MOTION
	CHAPTER 13

FLUID MECHANICS
	CHAPTER 14  SOME MECHANICAL PROPERTIES OF MATTER
	CHAPTER 15

WAVE MOTION AND WAVES

ON A STRING
	CHAPTER 16

SOUND WAVES
	CHAPTER 17

LIGHT WAVES
	CHAPTER 18

GEOMETRICAL OPTICS
	CHAPTER 19

OPTICAL INSTRUMENTS
	CHAPTER 20

DISPERSION AND SPECTRA
	CHAFFER 21

SPEED OF LIGHT
	CHAPTER 22

PHOTOMETRY
	APPENDIX A

Units and Dimensions of Physical Quantities
	APPENDIX B

Universal Constants (as revised in 1986)
	INDEX
	Solutions To Concepts Of Physics
	Microsoft Word - Document1
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31
	32
	33
	34
	35
	36
	37
	38
	39
	40
	41
	42
	43
	44
	45
	46
	47


