CHAPTER 10

ROTATIONAL MECHANICS

Consider a pulley fixed at a typical Indian well on
which a rope is wound with one end attached to a
bucket. When the bucket is released, the pulley starts
rotating. As the bucket goes down, the pulley rotates
more rapidly till the bucket goes into the water.

Take the pulley as the system. The centre of mass
of the pulley is at its geometrical centre which remains
at rest. However, the other particles of the pulley move
and are accelerated. The pulley is said to be executing
rotational motion.YAlso, the rotational motion is not
uniform. Since a, =0, the resultant external force F
acting on the pulley must be zero. Even then the pulley
is not in rotational equilibrium. We shall now study
this type of motion.

10.1 ROTATION OF A RIGID BODY
ABOUT A GIVEN FIXED LINE

Take a rigid body like a plate or a ball or your
tennis racket or anything else present nearby and hold
it between your fingers at two points. Now keep these
two points fixed and then displace the body (try it with
any rigid body at hand).

Figure 10.1

Notice the kind of displacement you can produce.
In particular, notice that each particle of the rigid body
goes in a circle, the centre being on the line joining
the two fixed points between your finger tips. Let us
call this line the axis of rotation. In fact, the centre of
the circular path of a particle is at the foot of the
perpendicular from the particle to this axis. Different
particles move in different circles, the planes of all
these circles are parallel to each other, and the radii
depend on the distances of the particles from this axis.
The particles on the axis remain stationary, those close

to this line move on smaller circles and those far away
from this line move in larger circles. However, each
particle takes equal time to complete its circle.

Such a displacement of a rigid body in which a
given line is held fixed, is called rotation of the rigid
body about the given line. The line itself is called the
axis of rotation.

Examples : (1) Consider the door of your almirah.
When you open the door, the vertical line passing
through the hinges is held fixed and that is the axis
of rotation. Each point of the door describes a circle
with the centre at the foot of the perpendicular from
the particle on the axis. All these circles are horizontal
and thus perpendicular to the axis.

(2) Consider the ceiling fan in your room. When it
is on, each point on its body goes in a circle. Locate
the centres of the circles traced by different particles
on the three blades of the fan and the body covering
the motor. All these centres lie on a vertical line
through the centre of the body. The fan rotates about
this vertical line.

(3) Look at the on—off switch on the front panel of
your gas stove in the kitchen. To put the gas on, you
push the switch a little, and then you rotate it. While
rotating, each particle of the switch moves on a circle.
Think about the centres of all such circles. They lie on
a straight line (generally horizontal, towards the
operator). This is the axis of rotation and the switch
rotates about this axis.

Sometimes the axis may not pass through the
body. Consider a record rotating on the turntable of a
record player. Suppose a fly is sitting on the record
near the rim. Look at the path of any particle of the
fly. It is a circle with the centre on the vertical line
through the centre of the record. The fly is “rotating
about this vertical line” (can you consider the fly as a
rigid body ?). The axis of rotation is lying completely
outside the fly.

If each particle of a rigid body moves in a circle,
with centres of all the circles on a straight line and
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with planes of the circles perpendicular to this line,
we say that the body is rotating about this line. The
straight line itself is called the axis of rotation.

10.2 KINEMATICS

Consider a rigid body rotating about a given fixed
line. Take this line as the Z-axis. Consider a particle
P of the body (figure 10.2). Look at its position P, at
¢t =0. Draw a perpendicular P,Q to the axis of rotation.
At time ¢, the particle moves to P. Let ZPQP,=6. We
say that the particle P has rotated through an angle
0. In fact, all the particles of the body have also rotated
through the same angle 0 and so we say that the whole
rigid body has rotated through an angle 6. The
“angular position” of the body at time ¢ is said to be
0. If P has made a complete revolution on its circle,
every particle has done so and we say that the body
has rotated through an angle of 2r. So the rotation of
a rigid body is measured by the rotation of the line
QP from its initial position.

Figure 10.2

Now, suppose the angular position of the body at
time ¢ is 6. During a time A¢t, it further rotates through
AO, so that its angular position becomes 0 + A8. The
average angular velocity during the time interval At is

w=—:
At
The instantaneous angular velocity at time ¢ is
L 40
T dt

We associate the direction of the axis of rotation
with the angular velocity. If the body rotates
anticlockwise as seen through the axis, the angular
velocity is towards the viewer. If it rotates clockwise,
the angular velocity is away from the reader. It turns
out that the angular velocity adds like a vector and
hence it becomes a vector quantity. The magnitude of
angular velocity is called angular speed . However, we
shall continue to use the word angular velocity if the
direction of the axis is clear from the context. The SI
unit for angular velocity is radian/sec (rad/s). Quite
often the angular velocity is given in revolutions per
second (rev/s). The conversion in radian per second
may be made using 1 rev=2rn radian.

If the body rotates through equal angles in equal
time intervals (irrespective of the smallness of the
intervals), we say that it rotates with uniform angular
velocity. In this case w=d6/dt= constant and thus
0=t If it is not the case, the body is said to be
rotationally “accelerated”. The angular acceleration is

defined as
L_do_d(de)_d’e
Tdt dt|dt|

If the angular acceleration o is constant, we have

o=, + ot ... (10.1)
b=ap+yat’ .. (102)
and co2=co§+2a9 ... (10.3)

where w, is the angular velocity of the body at ¢ =0.

As an example, think of your ceiling fan. Switch
on the fan. The fan rotates about a vertical line (axis).
The angle rotated by the fan in the first second is
small, that in the second second is larger, that in the
third second is still larger and so on. The fan, thus,
has an angular acceleration. The angular velocity
o =d0/dt increases with time. Wait for about a couple
of minutes. The fan has now attained full speed. The
angle rotated in any time interval is now equal to the
angle rotated in the successive equal time interval. The
fan is rotating uniformly about the vertical axis. Now
switch off the fan. The angle rotated in any second is
smaller than the angle rotated in the previous second.
The angular velocity dw/dt¢ decreases as time passes,
and finally it becomes zero when the fan stops. The
fan has an angular deceleration.

Given the axis of rotation, the body can rotate in
two directions. Looking through the axis, it may be
clockwise or anticlockwise. One has to define the
“positive” rotation. This may be defined according to
the convenience of the problem, but once decided, one
has to stick to the choice. The angular displacement,
angular velocity and the angular acceleration may
accordingly be positive or negative.

Notice the similarity between the motion of a
particle on a straight line and the rotation of a rigid
body about a fixed axis. The position of the particle
was decided by a single variable x, which could be
positive or negative according to the choice of the
positive direction of the X-axis. The rate of change of
position gave the velocity and the rate of change of
velocity gave the acceleration.

Example 10.1

The motor of an engine is rotating about its axis with
an angular velocity of 100 rev/minute. It comes to rest
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in 15 s, after being switched off. Assuming constant
angular deceleration, calculate the number of revolutions
made by it before coming to rest.

Solution : The initial angular velocity = 100 rev/minute
= (10 ®/3) rad/s.
Final angular velocity = 0.
Time interval = 15 s.
Let the angular acceleration be o. Using the equation
® = o, + o, we obtain o = (- 2/9) rad/s 2

The angle rotated by the motor during this motion is

1
9=coot+§at2
10% rad 1 2n rad 2
;(—3 ~](15 >—2(—9 —zjas )

=25nrad = 12'5 revolutions.

Hence the motor rotates through 125 revolutions before
coming to rest.

Example 10.2

Starting from r;st, a fan takes five seconds to attain the
maximum speed of 400 rpm(revolutions per minute).
Assuming constant acceleration, find the time taken by
the fan in attaining half the maximum speed.

Solution : Let the angular acceleration be o. According to
the question,

400 revmin=0+a5s .o @)

Let ¢ be the time taken in attaining the speed of 200
rev/min which is half the maximum.
Then, 200 revmin=0 + oz
Dividing (i) by (i), we get,

t=25s.

.o (i)

2=58/t or,

Relation between the Linear Motion of a
Particle of a Rigid Body and its Rotation

Consider a point P of the rigid body rotating about
a fixed axis as shown in figure (10.2). As the body
rotates, this point moves on a circle. The radius of this
circle is the perpendicular distance of the particle from
the axis of rotation. Let it be r. If the body rotates
through an angle 8, so does the radius joining the
particle with the centre of its circle. The linear distance
moved by the particle is s =70 along the circle.

The linear speed along the tangent is
... (10.4)

and the linear acceleration along the tangent, i.e., the
tangential acceleration, is

a= v _ r- do =ro
dt dt )

The relations v =rw and a = ro are very useful and
their meanings should be clearly understood. For
different particles of the rigid body, the radius r of
their circles has different values, but ® and o are same
for all the particles. Thus, the linear speed and the
tangential acceleration of different particles are
different. For r =0, i.e., for the particles on the axis,
v=ro=0 and a =ro =0, consistent with the fact that
the particles on the axis do not move at all.

... (10.5)

Example 10.3

A bucket is being lowered down into a well through a
rope passing over a fixed pulley of radius 10 cm. Assume
that the rope does not slip on the pulley. Find the angular
velocity and angular acceleration of the pulley at an
instant when the bucket is going down at a speed of
20 c/s and has an acceleration of 4'0 m/s >,

Solution : Since the rope does not slip on the pulley, the
linear speed v of the rim of the pulley is same as the
speed of the bucket.

The angular velocity of the pulley is then
20 cm/s

w=v/r= 10 em =2rad/s
and the angular acceleration of the pulley is
. 2
oc=a/r=i2m/—s=40 rads’.
10 cm

10.3 ROTATIONAL DYNAMICS

When one switches a fan on, the centre of the fan
remains unmoved while the fan rotates with an
angular acceleration. As the centre of mass remains
at rest, the external forces acting on the fan must add
to zero. This means that one can have angular
acceleration even if the resultant external force is zero.
But then why do we need to switch on the fan in order
to start it ? If an angular acceleration may be achieved
with zero total external force, why does not a wheel
chair start rotating on the floor as soon as one wishes
it to do so. Why are we compelled to use our muscles
to set it into rotation ? In fact, one cannot have angular
acceleration without external forces.

What is then the relation between the force and
the angular acceleration ? We find that even if the
resultant external force is zero, we may have angular
acceleration. We also find that without applying an
external force we cannot have an angular acceleration.
What is responsible for producing angular
acceleration ? The answer is torque which we define
below.
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104 TORQUE OF A FORCE ABOUT
THE AXIS OF ROTATION

Figure 10.3

Consider a force I_") " acting on a particle P. Choose
an origin O and let r be the position vector of the
particle experiencing the force. We define the torque of
the force F about O as

—> -
=r xF . (10.6)

This is a vector que_l)ntity having its direction
perpendicular to ¥ and F according to the rule of
cross product. Now consider a rigid body rotating
about a given axis of rotation AB (figure 10.4). Let F
be a force acting on the particle P of the body. F may
not be in the plane ABP. Take the origin O somewhere
on the axis of rotation.

Figure 10.4

The torque of F about O is F 7% F Its component
along OA is called the torque of F about OA. To
calculate it, we should find the vector r ><F and then
find out the angle 6 11;_)makes with OA. The torque
about OA is then | r rxF | cod. The torque of a force
about a line is independent of the choice of the origin
as long as it is chosen on the line. This can be shown
as given below. Let O; be any point on the line AB
(figure 10.4). The torque of F about O, is

A= - - - = P A 4
OPxF=(0,0+0P)xF=0,0xF+OPxF.
- - -
As O,0xF 10,0, this
component along AB.

term will have no

—)
5 Tlgm, the component of O,P x F is equal to that of
OPxF.

There are some special cases which occur
frequently.

Case I
- -
F I AB.
- 2 . - > -
rx F is perpendicular to F, but F || AB, hence
- . —> -5 =
rx F is perpendicular to AB. The component of r x F

_)
along AB is, therefore, zeré.

Case 11
F intersects AB (say at O)

A
P
r
(0]
B
Figure 10.5

Taking the point of intersection as the origin,

- 2 = .
we see that r(=OP) and F are in the same line. The

_)
torque about O is 7'x F = 0. Hence the component along
OA is zero.

Case III

- =4 -
F 1 AB but F and AB do not intersect.

In three dimensions, two lines may be
perpendicular without intersecting each other. For
example, a vertical line on the surface of a wall of your
room and a horizontal line on the opposite wall are
mutually perpendicular but they never intersect. Two
nonparallel and nonintersecting lines are called skew
lines.

Figure 10.6

Figure (10.6) shows the plane through the particle
P that is perpendicular to the axis of rotation AB.
Suppose the plane intersects the axis at the point O.
The force F is in this plane Takmg the origin at O,

._.)
er OPxF



170 Concepts of Physics

Thus, =rFsim@=F. (OS)
where OS is the p_?rpendicular from O to the line of
action of the force F. The line OS is also perpendicular
to the axis of rotation. It is thus the length of the
common perpendicular to the force and the axis of
rotation.

The dlrectlon of F OPxF is along the axis AB

because AB 1 OP and ABLF The torque about AB
is, therefore, equal to the magnitude of I‘ that is
F.(0S).

Thus, the torque of F about AB = magnitude of the
force F x length of the common perpendicular to the
force and the axis. The common perpendicular OS is
called the lever arm or moment arm of this torque.

The torque may try to rotate the body clockwise
or anticlockwise about AB. Depending on the
convenience of the problem one may be called positive
and the other negative. It is conventional to take the
torque positive if the body rotates anticlockwise as
viewed through the axis.

Case IV

%

F and OA are skew_‘t);ut not perpendicular.

Take components of F parallel and perpendicular
to the axis.

The torque of the parallel part is zero from case I
and that of the perpendicular part may be found as in
case III.

In most of the applications that we shall see, cases
I, II or III will apply.

Example 10.4

Consider a pulley fixed at its centre of mass by a clamp.
A light rope is wound over it and the free end is tied to
a block. The tension in the rope is T. (a) Write the forces
acting on the pulley. How are they related ? (b) Locate
the axis of rotation. (c) Find the torque of the forces about
the axis of rotation.

RN

Figure 10.7

Solution : (a) The forces on the pulley are (figure 10.7)
(i) attraction by the earth, Mg vertically downward,
(ii) tension T by the rope, along the rope,
(iii) contact force =V by the support at the centre.

N =T + Mg (centre of mass of the pulley is at rest, so
Newton’s 1st law applies).

(b) The axis of rotation is the line through the centre of
the pulley and perpendicular to the plane of the pulley.

(c) Let us take the positive direction of the axis towards
the reader.

The force Mg passes through the centre of mass and it
intersects the axis of rotation. Hence the torque of Mg
about the axis is zero (Case II). Similarly, the torque of
the contact force =V is also zero.

The tension T is along the tangent of the rim in the
vertically downward direction. The tension and the axis
of rotation are perpendicular but never intersect. Case
III applies. Join the point where the rope leaves the rim
to the centre. This line is the common perpendicular to
the tension and the axis. Hence the torque is T.r
(positive, since it will try to rotate the pulley
anticlockwise).

- o o
If there are more than one forces F,, F,, F, ...

acting on a body, one can define the total torque acting
on the body about a given line.

To obtain the total torque, we have to get
separately the torques of the individual forces and then
add them.

- 5 = -
IF=ryXFi+ryxFy+ ...

You may be tempted to add the forces }4'-)1, ;')2,
F,, ... vectorially and then obtain the torque of
resultant force abogt the axis _)But that won’t always
work. Even if F; + Fo+...=0, ri; X F; + r2 X F2 . may
not. However, if the forces act on the same particle,

one can add the forces and then take the torque of the
resultant.

10.5 I'=1Io

We are now in a position to tell how the angular
acceleration is produced when the resultant force on
the body is zero. It is the total torque that decides the
angular acceleration. Although the resultant force on
the fan in our example is zero, the total torque is not.
Whereas, if one does not apply any force, the torque
is also zero and no angular acceleration is produced.
For angular acceleration, there must be a torque.

To have linear acceleration of a particle, the total
force on the particle should be nonzero. The
acceleration of the particle is proportional to the force
applied on it. To have angular acceleration about an
axis you must have a nonzero torque on the body about
the axis of rotation. Do we also have the relation that
the angular- acceleration is proportional to the total
torque on the body ? Let us hope so.
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Figure 10.8

Consider a rigid body rotating about a fixed axis
AB (figure 10.8). Consider a particle P of mass m

rotating in a circle of radius r.
2

The radial acceleration of the particle = vr_ =0’
Thus, the radial force on it =mo %,
The tangential acceleration of the particle = Zt

Thus, the tangential force on it

W_r vy
=M dar - ™

The torque of mo’r about AB is zero as it
intersects the axis and that of mro is mr o as the
force and the axis are skew and perpendicular. Thus,
the torque of the resultant force acting on P is
mr’a. Summing over all the particles, the total torque
of all the forces acting on all the particles of the body
is

=y mro=1Iu .. @)
i

where I=Y m; r. . (10.7)

i

The quantity I is called the moment of inertia of
the body about the axis of rotation. Note that m, is the
mass of the ith particle and r; is its perpendicular
distance from the axis.

total -> 2 =2.
WehaveI' " =Y (r; X F;) where Fj is the resultant
i
force on the ith particle. This resultant force consists
of forces by all the other particles as well as other
external forces applied on the ith particle. Thus,
total_z ’ % ZFU+F ext
i Jj#i

where F is the force on the ith particle by the jth
particle and F * is the external force applied on the
ith particle. When summation is made on both i and

j;, the ﬁrst summation contains pairs like
_,)xF it ><F Newton’s third law tells us that
Fij= —F ) that such pairs become (r, )xF Also

the force _{‘ is along the line joining the particles so
that (r, -r;) Il F;; and the cross product is zero. Thus,
it is necessary to consider only the torques of the

external forces applied on the rigid body and ()
becomes

' =JIo, . (10.8)

where the torque and the moment of inertia are both
evaluated about the axis of rotation.

Note the similarity between I'=Io. and F =Ma.
Also, note the dissimilarity between the behaviour of
M and I. The mass M is a property of the body and
does not depend on the choice of the origin or the axes
or the kind of motion it undergoes (as long as we are
dealing with velocities much less than 3 x 10 ° mys).

But the moment of inertia I = Zmiriz depends on the
choice of the axis about which it is calculated. The
quantity r; is the perpendicular distance of the ith
particle from the “axis”. Changing the axis changes
r; and hence 1.

Moment of inertia of bodies of simple geometrical
shapes may be calculated using the techniques of
integration. We shall discuss the calculation for bodies
of different shapes in somewhat greater detail in a
later section.

Note that I'=Ia is not an independent rule of
nature. It is derived from the more basic Newton’s laws
of motion.

Example 10.5

A wheel of radius 10 cm can rotate freely about its centre
as shown in figure (10.9). A string is wrapped over its
rim and is pulled by a force of 50 N. It is found that
the torque produces an angular acceleration 2:0 rad/s’
in the wheel. Calculate the moment of inertia of the

wheel.
L/
7
.
7
2
2
7
Z
50N
Figure 10.9
Solution : The forces acting on the wheel are (i) W due to

gravity, (ii) =<V due to the support at the centre and

(iii) F due to tension. The torque of W and =V are

separately zero and that of F is F.r. The net torque is
I'=(5'0 N).(10 cm) = 0°50 N-m.

The moment of inertia is
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10.6 BODIES IN EQUILIBRIUM

The centre of mass of a body remains in
equilibrium if the total external force acting on the
body is zero. This follows from the equation F =Ma.
Similarly, a body remains in rotational equilibrium if
the total external torque acting on the body is zero.
This follows from the equation I' = Ic.. Thus, if a body
remains at rest in an inertial frame, the total external
force acting on the body should be zero in any direction
and the total external torque should be zero about any
line.

We shall often find situations in which all the
forces acting on a body lie in a single plane as shown
in figure (10.10).

Fy

7)

B¢ F3
Figure 10.10

Let us take this plane as the X-Y plane. For
translational equilibrium

SF,=0 ()
SF,=0. e (i)

As all the forces are in the X-Y plane, F, is
identically zero for each force and so Y F,=0 is

and

automatically satisfied. Now consider rotational
equilibrium. The torque of each force about the X-axis
is identically zero because either the force intersects
the axis or it is parallel to it. Similarly, the torque of
each force about the Y-axis is identically zero. In fact,
the torque about any line in the X-Y plane is zero.

Thus, the condition of rotational equilibrium is
>TI,=0. ... (i)

While taking torque about the Z-axis, the origin
can be chosen at any point in the plane of the forces.
That is, the torque can be taken about any line
perpendicular to the plane of the forces. In general,
the torque is different about different lines but it can
be shown that if the resultant force is zero, the total
torque about any line perpendicular to the plane of the
forces is equal. If it is zero about one such line, it will
be zero about all such lines.

If a body is placed on a horizontal surface, the

torque of the contact forces about the centre of mass
should be zero to maintain the equilibrium. This may

happen only if the vertical line through the centre of
mass cuts the base surface at a point within the
contact area or the area bounded by the contact points.
That is why a person leans in the opposite direction
when he or she lifts a heavy load in one hand.

The equilibrium of a body is called stable if the
body tries to regain its equilibrium position after being
slightly displaced and released. It is called unstable if
it gets further displaced after being slightly displaced
and released. If it can stay in equilibrium even after
being slightly displaced and released, it is said to be
in neutral equilibrium.

In the case of stable equilibrium, the centre of
mass goes higher on being slightly displaced. For
unstable equilibrium it goes lower and for neutral
equilibrium it stays at the same height.

10.7 BENDING OF A CYCLIST ON
A HORIZONTAL TURN

Suppose a cyclist is going at a speed v on a circular
horizontal road of radius r which is not banked.
Consider the cycle and the rider together as the
system. The centre of mass C (figure 10.11a) of the
system is going in a circle with the centre at O and
radius r.

—— —-_—
—-
- -~

-
-
—_—

(@) (b)
Figure 10.11

Let us choose O as the origin, OC as the X-axis
and vertically upward as the Z-axis. This frame is
rotating at an angular speed ®w=v/r about the Z-axis.
In this frame the system is at rest. Since we are
working from a rotating frame of reference, we will
have to apply a centrifugal force on each particle. The
net centrifugal force on the system will be Mo %

=Mv 2/r, where M is the total mass of the system.
This force will act through the centre of mass. Since
the system is at rest in this frame, no other pseudo
force is needed.

Figure (10.11b) shows the forces. The cycle is bent
at an angle 6 with the vertical. The forces are

(1) weight Mg,

(ii) normal force =V,
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(iii) friction f and,
(iv) centrifugal force Mv 2/r.

In the frame considered, the system is at rest.
Thus, the total external force and the total external
torque must be zero. Let us consider the torques of all
the forces about the point A. The torques of =V and f
about A are zero because these forces pass through A.
The torque of Mg about A is Mg(AD) in the clockwise

£ Mo M” Mv_ (cD) in the anti-

clockwise direction. For rotatlonal equilibrium,

direction and that o

or AD v_
’ cD~ rg
2

or, tan® = 2. . (10.9)
rg

2
Thus the cyclist bends at an angle tan™" [%EJ with
the vertical.

10.8 ANGULAR MOMENTUM

Angular momentum of a particle about a point O

is defined as
- o -

I=rxp . (10.10)

where ; is the linear momentum and 7 is the. position
vector of the particle from the given point O. The
angular momentum of a system particles is the vector
sum of the angular momenta of the particles of the
system. Thus,

L Zl "Z("LXPL)

Suppose a particle P of mass m moves at a velocity
v (figure 10.12). Its angular momentum about a point
0 is,

A ./‘ﬂ/e v
i ol 7P
I'I ////
I -
%
o
Figure 10.12
__)
= OP x (mv)
or, ! =muv OP sinb = mvr . (10.11)

where r = OA = OP sirf is the perpendicular distance
of the line of motion from O.

As in the case of torque, we define the angular
momentum of a particle “about a line” say AB. Take
any point O on _t)he line AB and obtain the angular
momentum rxp of the particle about O. The

component of r x; along the line AB is called the
angular momentum of the particle “about AB”. The
point O may be chosen anywhere on the line AB.

109 L=Io

Suppose a particle is going in a circle of radius r
and at some instant the speed of the particle is v
(figure 10.13a). What is the angular momentum of the
particle about the axis of the circle ?

\

(a) (b)
Figure 10.13

As the origin may be chosen anywhere on _1);he axis,
we choose it at the centre of the circle. Then r is al_gng
a radius and v is along the tangent so that r, is
perpendicular to v, and l_)— | rxp | =mur. Also r rx p is
perpendicular to » and p and hence is along the axis.
Thus, the component of r xp along the axis is mur
itself.

Next consider a.rigid body rotating about an axis
AB (figure 10.13b). Let the angular velocity of the body
be . Consider the ith particle going in a circle of
radius r; with its plane perpendicular to AB. The linear
velocity of this particle at this instant is v; = r,0. The
angular momentum of this particle about AB =mv;r;

=mirfco. The angular momentum of the whole body
about AB is the sum of these components, i.e.,

L=Ym;rlo=Io . (10.12)
where I is the moment of inertia of the body about AB.

10.10 CONSERVATION OF ANGULAR MOMENTUM

We have deﬁned the angular momentum of a body
as L h (r X p,) leferentlatlng with respect to time,

dL d
dt dtz(r‘xP‘

oldri o o dp}
Z[ X pi dt

—-)—->—>]

—Z[ULva +r; XF,

total

-z(r xFy=T"" )

i
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where ?‘, is the total force acting on the ith particle.
This includes any external force as well as the forces
on the ith particle by all the other particles. When
summation is taken over all the particles, the internal
torques add to zero. Thus, (i) becomes

dl =
__=rext

P ... (10.13)

where I_“)extis the total torque on the system due to all
the external forces acting on the system.

For a rigid body rotating about a fixed axis, we
can arrive at equation (10.13) in a simpler manner.
We have

L=Io
dL do
or, dt =1 at =Io
d_L_ ext
or, dt =T .

Equation (10.13) shows that

If the total external torque on a system is zero, its
angular momentum remains constant.

This is known as the principle of conservation of
angular momentum.

Example 10.6

A wheel is rotating at an angular speed ® about its axis
which is kept vertical. An identical wheel initially at rest
is gently dropped into the same axle and the two wheels
start rotating with a common angular speed. Find this
common angular speed.

Solution : Let the moment of inertia of the wheel about
the axis be I. Initially the first wheel is rotating at the
angular speed ® about the axle and the second wheel is
at rest. Take both the wheels together as the system.
The total angular momentum of the system before the
coupling is Io+0=J®w. When the second wheel is
dropped into the axle, the two wheels slip on each other
and exert forces of friction. The forces of friction have
torques about the axis of rotation but these are torques
of internal forces. No external torque is applied on the
two-wheel system and hence the angular momentum of
the system remains unchanged. If the common angular
speed is ', the total angular momentum of the
two-wheel system is 2/’ after the coupling. Thus,

I =2]ey

or, o =0/2.

10.11 ANGULAR IMPULSE

The angular impulse of a torque in a given time
interval is defined as

iy
J=][ ra.
1

If T be the resultant torque acting on a body

dL
I'= g o I'dt =dL.

Integrating this
J=Ly,-L,.

Thus, the change in angular momentum is equal
to the angular impulse of the resultant torque.

10.12 KINETIC ENERGY OF A RIGID BODY
ROTATING ABOUT A GIVEN AXIS

Consider a rigid body rotating about a line AB with
an angular speed w. The ith particle is going in a circle
of radius r; with a linear speed v; = ar;. The kinetic

energy of this particle is %mi(cor,-) 2 The kinetic energy
of the whole body is

1 1 1
ZEmi(nzri2=§2(m,~rf)w2=§lm2.

Sometimes it is called rotational kinetic energy. It
is not a new kind of kinetic energy as is clear from

the derivation. It is the sum of %mv 2 of all the

particles.

Example 10.7

A wheel of moment of inertia I and radius r is free to
rotate about its centre as shown in figure (10.14). A string
is wrapped over its rim and a block of mass m is attached
to the free end of the string. The system is released from
rest. Find the speed of the block as it descends through
a height h.

NN

m

Figure 10.14

Solution : Let the speed of the block be v when it descends
through a height 4. So is the speed of the string and
hence of a particle at the rim of the wheel. The angular
velocity of the wheel is v/r and its kinetic energy at this

instant is %I(v/ r)”. Using the principle of conservation

of energy, the gravitational potential energy lost by the
block must be equal to the kinetic energy gained by the
block and the wheel. Thus,
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1. 1.0’
mgh—2mv +2Ir2

or
’ m+I/r®

, =[ 2 m h }1/2
10.13 POWER DELIVERED AND WORK
DONE BY A TORQUE

Consider a rigid body rotating about a fixed axis
on which a torque acts. The torque produces angular
acceleration and the kinetic energy increases. The rate
of increase of the kinetic energy equals the rate of
doing work on it, i.e., the power delivered by the torque.

_dW_dK
P= dt ~ dt

d (1, 2\_7,90_,  _
=2 20) =Ilw a0 =Iow =Tow.

The work done
displacement d6 is

dW=Pdt=Twdt=T db.

The work done in a finite angular displacement
0, to 6, is

in an infinitesimal angular

... (10.14)

10.14 CALCULATION OF MOMENT OF INERTIA

We have defined the moment of inertia of a system
about a given line as

I = 2 mt T‘iz

i

where m,; is the mass of the ith particle and r; is its
perpendicular distance from the given line. If the
system is considered to be a collection of discrete
particles, this definition may directly be used to
calculate the moment of inertia.

Example 10.8

Consider a light rod with two heavy mass particles at
its ends. Let AB be a line perpendicular to the rod as
shown in figure (10.15). What is the moment of inertia
of the system about AB?

g
| fg —
—_r—
™ m2
B
Figure 10.15

Solution : Moment of inertia of the particle on the left is
m,ri.
Moment of inertia of the particle on the right is m, r,.

Moment of inertia of the rod is negligible as the rod is
light.
Thus, the moment of inertia of the system about AB is

2 2
m,r; + myr,.

Example 10.9

Three particles, each -of mass m, are situated at the
vertices of an equilateral triangle ABC of side L (figure
10.16). Find the moment of inertia of the system about
the line AX perpendicular to AB in the plane of ABC.

X

Figure 10.16

Solution : Perpendicular distance of A from AX=0
’ » B , , =L
» ” c , , =LJ/2
Thus, the moment of inertia of the particle at A =0, of
the particle at B=mL * and of the particle at
C =m(L/2)* The moment of inertia of the three-particle
system about AX is
5mL*® .
4
Note that the particles on the axis do not contribute to
the moment of inertia.

0+mL*+mL/2)*=

Moment of Inertia of Continuous
Mass Distributions

If the body is assumed to be continuous, one can
use the technique of integration to obtain its moment
of inertia about a given line. Consider a small element
of the body. The element should be so chosen that the
perpendiculars from different points of the element to
the given line differ only by infinitesimal amounts. Let
its mass be dm and its perpendicular distance from
the given line be r. Evaluate the product r ‘dm and

integrate it over the appropriate limits to cover the
whole body. Thus,

I= J r’dm
under proper limits.

We can call »°’dm the moment of inertia of the
small element. Moment of inertia of the body about
the given line is the sum of the moments of inertia of
its constituent elements about the same line.
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(A) Uniform rod about a perpendicular bisector

Consider a uniform rod of mass M and length !
(figure 10.17) and suppose the moment of inertia is to
be calculated about the bisector AB. Take the origin
at the middle point O of the rod. Consider the element
of the rod between a distance x and x + dx from the
origin. As the rod is uniform,

Mass per unit length of the rod = M/l
so that the mass of the element = (M/l)dx.

A

_x_|_di.|

[ 1]
(0]

B
Figure 10.17

The perpendicular distance of the element from the
line AB is x, The moment of inertia of this element
about AB is

dI=-Al1dxx2.

When x=-1/2, the element is at the left end of
the rod, As x is changed from -1/2 to [/2, the
elements cover the whole rod.

Thus, the moment of inertia of the entire rod about
AB is

1/2 3742 9
I=I—Mx2dx= Mx_ M
l l 3 -1/2 12
-1/2
(B) Moment of inertia of a rectangular plate about a
line parallel to an edge and passing through the centre

The situation is shown in figure (10.18). Draw a
line parallel to AB at a distance x from it and another
at a distance x + dx. We can take the strip enclosed
between the two lines as the small element.

A
L—x —

i

1 —i

Figure 10.18

B

T

It is “small” because the perpendiculars from
different points of the strip to AB differ by not more
than dx. As the plate is uniform,

its mass per unit area = %~

M

Mass of the strip = % bdx= T dx.

The perpendicular distance of the strip from
AB=x. The moment of inertia of the strip about
AB=dI= % dx x °. The moment of inertia of the given
plate is, therefore,

12
I= J % x’dx=
-2

The moment of inertia of the plate about the line
parallel to the other edge and passing through the
centre may be obtained from the above formula by
replacing / by b and thus,

Mb*
12

Ml2
12

I=

(C) Moment of inertia of a circular ring about its axis
(the line perpendicular to the plane of the ring
through its centre)

Suppose the radius of the ring is R and its mass
is M. As all the elements of the ring are at the same
perpendicular distance R from the axis, the moment
of inertia of the ring is

I=] r’dm=[ R%*m=R*[dm=MR>

(D) Moment of inertia of a uniform circular plate
about its axis

Let the mass of the plate be M and its radius R
(figure 10.19). The centre is at O and the axis OX is
perpendicular to the plane of the plate.

X

Figure 10.19

Draw two concentric circles of radii x and x + dx,
both centred at O and consider the area of the plate
in between the two circles.

This part of the plate may be considered to be a
circular ring of radius x. As the periphery of the ring
is 2 n x and its width is dx, the area of this elementary
ring is 2nxdx. The area of the plate is # R ®_ As the
plate is uniform,

. . M
its mass per unit area = R® .
T

Mass of the ring = ZZ andx=M-.
T

2 R2
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Using the result obtained above for a circular ring,
the moment of inertia of the elementary ring about OX

is
dl = [2 dex:| <2

R 2
The moment of inertia of the plate about OX is

R 2
I=I 2112/Ix3dx=MR )
2
0
(E) Moment of inertia of a hollow cylinder
about its axis

Suppose the radius of the cylinder is R and its
mass is M. As every element of this cylinder is at the
same perpendicular distance R from the axis, the
moment of inertia of the hollow cylinder about its axis
is

I=Ir2dm=Ir2dm=R2Jdm =MR>

(F) Moment of inertia of a uniform solid cylinder
about its axis

Let the mass of the cylinder be M and its radius
R. Draw two cylindrical surfaces of radii x and
x+ dx coaxial with the given cylinder. Consider the
part of the cylinder in between the two surfaces (figure
10.20). This part of the cylinder may be considered to
be a hollow cylinder of radius x. The area of
cross-section of the wall of this hollow cylinder is
2n x dx. If the length of the cylinder is I, the volume
of the material of this elementary hollow cylinder is
2nx dx .

Figure 10.20

The volume of the solid cylinder is © R %l and it is
uniform, hence its mass per unit volume is

p=nRﬁ.

The mass of the hollow cylinder considered is
M
T

5 21rxdxl=% xdx.
l R

As its radius is x, its moment of inertia about the
given axis is
dl = _2_]\_le dx|x”.
R
The moment of inertia of the solid cylinder is,

therefore,
2

3

Note that the formula does not depend on the
length of the cylinder.

(G) Moment of inertia of a uniform hollow sphere
about a diameter

Let M and R be the mass and the radius of the
sphere, O its centre and OX the given axis (figure
10.21). The mass is spread over the surface of the
sphere and the inside is hollow.

Rsino

Figure 10.21

Let us consider a radius OA of the sphere at an
angle 6 with the axis OX and rotate this radius about
OX. The point A traces a circle on the sphere. Now
change 0 to 8 + d0 and get another circle of somewhat
larger radius on the sphere. The part of the sphere
between these two circles, shown in the figure, forms
a ring of radius R sin@. The width of this ring is Rd6
and its periphery is 2nR sinf. Hence,

the area of the ring = (2nR sirP) (Rd0).

Mass per unit area of the sphere = M 7
41R

The mass of the ring
M . M .
R (2nR sin6) (Rd0) = 9 sind do.

The moment of inertia of this elemental ring about
OX is

2

2 . 3
=5 R “sin "0d6
As 0 increases from 0 to w, the elemental rings
cover the whole spherical surface. The moment of
inertia of the hollow sphere is, therefore,

dI =M sine de) @ sin®) >
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[=
MR” ] f (1 -cos ?0) sinf dOJI

I=J.%R2sin36d6—
0

2 T
= %— f— (1 - cos 29) d (cos0)

2 3,7"
=_MR [cos(-)—cos 9] =2MR2
3 . 3

Alternative method

Consider any particle P of the surface, having
coordinates (x;, y;, 2;) with respect to the centre O as
the origin (figure 10.22) and OX as the X-axis. Let PQ
be the perpendicular to OX. Then OQ = x;. That is the
definition of x-coordinate.

X1
|
|

P (x;, ¥;» 2))

Figure 10.22

Thus, PQ*=0P*-0Q*
2 2 2 2 2 2
=Xty 2 |mx =yt
The moment of inertia of the particle P about the
X-axis
2 2
=m; y; +2;).
The moment of inertia of the hollow sphere about
the X-axis is, therefore,

L=3%m, (%'2 + Ziz)'
i
Similarly, the moment of inertia of the hollow
sphere about the Y-axis is
I=Ym, (ziz + x,-z)
i
and about the Z-axis it is

L=Ym (xi2 +yi2)

Adding these three equations we get
Ix+Iy+Iz=22 m; (xi2+yi2+zi2)
i
= 2 2 m; R 2
i
As the mass is uniformly distributed over the
entire surface of the sphere, all diameters are
equivalent. Hence I, I, and I, must be equal.

-2 MR>

L+1,+1, 9 2
Th =—7f1—=-MR".
us, 3 3 R
(H) Moment of inertia of a uniform solid sphere
about a diameter

Let M and R be the mass and radius of the given
solid sphere. Let O be the centre and OX the given
axis. Draw two spheres of radii x and x + dx concentric
with the given solid sphere. The thin spherical shell
trapped between these spheres may be treated as a
hollow sphere of radius x.

@

Figure 10.23

The mass per unit volume of the solid sphere
M 3IM

-inR

3 4nR®
The thin hollow sphere considered above has a

surface area 4nx’ and thickness dx. Its volume is

4 1 x *dx and hence its mass is

_—_[ 3A;3](4nx2dx)

Its moment of inertia about the diameter OX is,
therefore,

dI=— —x 2dx =2—A?lx4dx.
3| R? R

If x=0, the shell is formed at the centre of the
solid sphere. As x increases from 0 to R, the shells
cover the whole solid sphere.

The moment of inertia of the solid sphere about
OX is, therefore,

R
=] —Mx4dx——MR
" R®

10.15 TWO IMPORTANT THEOREMS ON
MOMENT OF INERTIA

Theorem of Parallel Axes

Suppose we have to obtain the moment of inertia
of a body about a given line AB (figure 10.24). Let C
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be the centre of mass of the body and let CZ be the
line parallel to AB through C. Let I and I, be the
moments of inertia of the body about AB and CZ
respectively. The parallel axes theorem states that

I=I,+Md"’
where d is the perpendicular distance between the

parallel lines AB and CZ and m is the mass of the
body.

—= P(x;.y;.2))

-

-

Figure 10.24

Take C to be the origin and CZ the Z-axis. Let CA
be the perpendicular from C to AB. Take CA to be the
X-axis. As CA =d, the coordinates of A are (d, 0, 0).

Let P be an arbitrary particle of the body with the
coordinates (x;,y;,2;). Let PQ and PR be the
perpendiculars from P to CZ and AB respectively. Note
that P may not be in the plane containing CZ and AB.
We have CQ =z;. Also AR = CQ = z;. Thus, the point
has coordinates (0,0,2) and the point R has
coordinates(d, 0, z;).

I=Ym;(PR)"

14

==+ 0i- 0+ -2

=y m; @ +yi+d’ -2xd)
i

=S m @ty +Imd -2d Y mx ... ()
i i i

We have
2 mi xi = MXCM = 0.

The moment of inertia about CZ is,

=Y PQ"’

=Y m @ -0 "+ -0) "+ -2)"]

=3 m (x +,yi2)
i
From (),
I=Iy+Ymd =1+ Md".

Theorem of Perpendicular Axes

This theorem is applicable only to the plane bodies.
Let X and Y-axes be chosen in the plane of the body
and Z-axis perpendicular to this plane, three axes
being mutually perpendicular. Then the theorem states
that

L=L+I,.

Figure 10.25

Consider an arbitrary particle P of the body (figure
10.25). Let PQ and PR be the perpendiculars from P
on the X and the Y-axes respectively. Also PO is the
perpendicular from P to the Z-axis. Thus, the moment
of inertia of the body about the Z-axis is

1= mP0)* =Y mPQ"+0Q?
=Y mPQ*+PR”
=Y my(PQ)*+ Y m(PR)*

=I,+1,.

Example 10.10

Find the moment of inertia of a uniform ring of mass M
and radius R about a diameter.

Solution :

)

Figure 10.26

A

Let AB and CD be two mutually perpendicular
diameters -of the ring. Take them as X and Y-axes and
the line perpendicular to the plane of the ring through
the centre as the Z-axis. The moment of inertia of the
ring about the Z-axis is I = MR °. As the ring is uniform,
all of its diameters are equivalent and so I, =1,. From
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perpendicular axes theorem,

I
I,=I,+I, Hence Ix=§=—2—-
Similarly, the moment of inertia of a uniform disc about
a diameter is MR */4.

Example 10.11

Find the moment of inertia of a solid cylinder of mass
M and radius R about a line parallel to the axis of the
cylinder and on the surface of the cylinder.

Solution : The moment of inertia of the cylinder about its
2

axis = 2
Using parallel axes theorem
2
I=IO+MR2=M—§—+MR 2=%MR2.

Similarly, the moment of inertia of a solid sphere about
a tangent is

2 2 2_ 1 2
5MR +MR —5MR .

Radius of Gyration

The radius of gyration & of a body about a given
line is defined by the equation

I=ME*

where I is its moment of inertia about the given line
and M is its total mass. It is the radius of a ring with
the given line as the axis such that if the total mass
of the body is distributed on the ring, it will have the
same moment of inertia I. For example, the radius of
g)i/ration of a uniform disc of radius r about its axis is
/N2.

10.16 COMBINED ROTATION AND TRANSLATION

We now consider the motion of a rigid body which
is neither pure translational nor pure rotational as
seen from a lab. Suppose instead, there is a frame of
reference A in which the motion of the rigid body is a
pure rotation about a fixed line. If the frame A is also
inertial, the motion of the body with respect to A is
governed by the equations developed above. The
motion of the body in the lab may then be obtained by
adding the motion of A with respect to the lab to the
motion of the body in A.

If the frame A is noninertial, we do not hope
T “* = Jo to hold. In the derivation of this equation we
used F =m a for each particle and this holds good only
if a is measured from an inertial frame. If the frame
A has an acceleration a¢ in a fixed direction with
respect to an inertial frame, we have to apply a pseudo

force —ma to each particle. These pseudo forces
produce a pseudo torque about the axis.

Pleasantly, there exists a very special and very
useful case where I'““=Jo does hold even if the
angular acceleration o is measured from a noninertial
frame A. And that special case is, when the axis of
rotation in the frame A passes through the centre of
mass.

Take the origin at the centre of mass. The total
torque of the pseudo forces is 5

Y mir, iJ N

ZZX(—mi;):—(Zm,-;i’)xZ:—M{ A

where r; is the position vector of the ith particle as
measured from the centre of mass.

mir;

But 7 is the position vector of the centre of
mass and that is zero as the centre of mass is at the
origin. Hence the pseudo torque is zero and we get

I **=Ja. To make the point more explicit, we write
I, =1.,0, reminding us that the equation is valid in
a noninertial frame, only if the axis of rotation passes
through the centre of mass and the torques and the
moment of inertia are evaluated about the axis
through the centre of mass.

So, the working rule for discussing combined
rotation and translation is as follows. List the external
forces acting on the body. The vector sum divided by
the mass of the body gives the acceleration of the
centre of mass. Then find the torque of the external
forces and the moment of inertia of the body about a
line through the centre of mass and perpendicular to
the plane of motion of the particles. Note that this line
may not be the axis of rotation in the lab frame. Still
calculate T andI about this line. The angular
acceleration o about the centre of mass will be
obtained by ao=T/I.

- o ext
Th =F" /M
. =t .. (10.15)
and o=I,,/I,,
These equations together with the initial

conditions completely determine the motion.

10.17 ROLLING

When you go on a bicycle on a straight road what
distance on the road is covered during one full pedal ?
Suppose a particular spoke of the bicycle is painted
black and is vertical at some instant pointing
downward. After one full pedal the spoke is again
vertical in the similar position. We say that the wheel
has made one full rotation. During this period the
bicycle has moved through a distance 2nR in normal
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cycling on a good, free road. Here R is the radius of
the wheel. The wheels are said to be ‘rolling’ on the

road.
~ s @
AY o (-]
2nR |

Figure 10.27

Looking from the road frame, the wheel is not
making pure rotation about a fixed line. The particles
of the wheel do not go on circles. The path of a particle
at the rim will be something like that shown in figure
(10.27), whereas the centre of the wheel goes in a
straight line. But we still say that during one pedal
the wheel has made one rotation, i.e., it has rotated
through an angle of 2n. By this we mean that the spoke
that was vertical (pointing downward from the centre)
again became vertical in the similar position. In this
period the centre of the wheel has moved through a
distance 2nR. In half of this period, the wheel has
moved through a distance m R and the spoke makes
an angle of © with its original direction. During a short
time-interval A¢, the wheel moves through a distance
Ax and the spoke rotates by A6. Thus the wheel rotates
and at the same time moves forward. The relation
between the displacement of (the centre of) the wheel
and the angle rotated by (a spoke of) the wheel is
Ax = RA6. Dividing by At and taking limits, we get

v=Row,

where v is the linear speed of the centre of mass and
o is the angular velocity of the wheel.

This type of motion of a wheel (or any other object
with circular boundary) in which the centre of the
wheel moves in a straight line and the wheel rotates
in its plane about its centre with v = R, is called pure

LN S

Figure 10.28
Place a ring on a horizontal surface as shown in
figure (10.28) and put your finger on the lowest part.
Use other hand to rotate the ring a little while the
finger is kept on the lowest point. This is

approximately a small part of rolling motion. Note the
displacements of different particles of the ring. The
centre has moved forward a little, say Ax. The topmost
point has moved approximately double of this distance.
The part in contact with the horizontal surface below
the finger has almost been in the same position.

In pure rolling, the velocity of the contact point is
zero. The velocity of the centre of mass is v,,, = Ro and

that of the topmost point is v,,, = 2R0 = 2v,,.

Next, consider another type of combination of
rotation and translation, in which the wheel moves
through a distance greater than 2nR in one full
rotation. Hold the ring of figure (10.28) between three
fingers, apply a forward force to move it fast on the
table and rotate it slowly through the fingers. Its
angular velocity ® =d6/dt is small and v.,, > Ro. This
is a case of rolling with forward slipping. This type of
motion occurs when you apply sudden brakes to the
bicycle on a road which is fairly smooth after rain. The
cycle stops after a long distance and the wheel rotates
only little during this period. If you look at the
particles in contact, these will be found rubbing the
road in the forward direction. The particles in contact
have a velocity in the forward direction. In this case
Uen > Ro. An extreme example of this type occurs
when the wheel does not rotate at all and translates
with linear velocity v. Then v,,=v and ®w=0.

Yet another type of rolling with slipping occurs
when the wheel moves a distance shorter than 2nR
while making one rotation. In this case, the velocity
Uem < Rw. Hold the ring of figure (10.28) between three
fingers, rotate it fast and translate it slowly. It will
move a small distance on the table and rotate fast. If
you drive a bicycle on a road on which a lot of mud is
present, sometimes the wheel rotates fast but moves
a little. If you look at the particles in contact, they rub
the road in the backward direction. The centre moves
less than 2nR during one full rotation and v, < Ro.

These situations may be visualised in a different
manner which gives another interpretation of rolling.
Consider a wheel of radius r with its axis fixed in a
second-hand car. The wheel may rotate freely about
this axis. Suppose the floor of the second-hand car has
a hole in it and the wheel just touches the road through
the hole. Suppose the person sitting on the back seat
rotates the wheel at a uniform angular velocity ® and
the driver drives the car at a uniform velocity v on the
road which is parallel to the plane of the wheel as
shown in figure (10.29). The two motions are
independent. The backseater is rotating the wheel at
an angular velocity according to his will and the driver
is driving the car at a velocity according to his will.
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Figure 10.29

Look at the wheel from the road. If the persons
inside the car agree to choose v and ® in such a way
that v = wr, the wheel is in pure rolling on the road.
Looking from the road, the centre of the wheel is
moving forward at a speed v and the wheel is rotating
at an angular velocity o with v =wr. The velocity of
the lowest particle with respect to the road = its
velocity with respect to the car + velocity of the car
with respect to the road. So,

Ucontact, road= Ucontact, cart Ucar, road =— O + U = 0.

If the driver drives the car at a higher speed,
v > or, the wheel rubs the road and we have rolling
with forward slipping. In this case

Ucontact, road= Ucontact, cart Ucar, road == OF + U > 0
Similarly,ifv < wr, we have rolling with backward
slipping, (
Ucontact, road= — Or + U < 0,
the particles at contact rub the road backward.

10.18 KINETIC ENERGY OF A BODY IN COMBINED
ROTATION AND TRANSLATION

Consider a body in combined translational and
rotational motion in the lab frame. Suppose in the
frame of the centre of mass, the body is making a pure
rotation with an angular velocity . The centre of mass
itself is moving in the lab frame at a velocity v,. The
velocity of a particle of mass m; is v; ., with respect
to the centre-of-mass frame and v—: with respect to the
lab frame. We have,

- - -
Vi =V em TV
The kinetic energy of the particle in the lab frame
is
1 1 - - - -
2 miviZ =3 m; (Vi em + Vo) - (Ui, e+ V)
—lm-u2 +lm-vz+lm- (2_% vy
=g Mili,em T g Millo T My Ui, em * Uo)-
Summing over all the particles, the total kinetic

energy of the body in the lab frame is

1 2 1 2 1 2 - -
K:Z E-mivi =2§mivi,cm+—2—2mivo +[2 mivi,cm]'vo-
i i i 1

l

Now zémivfcm is the kinetic energy of the body

in the centre of mass frame. In this frame, the body
is making pure rotation with an angular velocity .
Zm;v;
Thus, this term is equal to %Imwz. Also Tm is
the velocity of the centre of mass in the centre of mass

frame which is obviously zero. Thus,

K=1wa+%mw;

2
In the case of pure rolling, v, = Rw so that

K=%@m+MR%m?

Using the parallel axes theorem, Icm+MR2=I,
which is the moment of inertia of the wheel about the
line through the point .of contact and parallel to the

axis. Thus, K= % In”

This gives another interpretation of rolling. At any
instant a rolling body may be considered to be in pure
rotation about an axis through the point of contact.
This axis translates forward with a speed v,.

Example 10.12

A uniform sphere of mass 200 g rolls without slipping
on a plane surface so that its centre moves at a speed of
2'00 cm/s. Find its kinetic energy.

Solution : As the sphere rolls without slipping on the
plane surface, its angular speed about the center is

1] . N .
0)=—°rﬂ- The kinetic energy is

1 1
K=§Icm(02+§Mvczm

2 1

2

1]
S
e
+
s

N
3

1 7
10

2

D= D=

5
2
Mv,,, + Mvczm= Mvczm

Bl

(0-200 kg) (002 m/s) =56 x 10 ° J.

10.19 ANGULAR MOMENTUM OF A BODY
IN COMBINED ROTATION AND TRANSLATION

Consider the situation described in the previous
section. Let O be a fixed point in the lab which we
take as the origin. Angular momentum of the body
about O is

- - -
L=Ym;r;xvy;
' - - - -
= zmi'(ri,cm + 1) X (vi, em + V).

l
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Here, ;; is the position vector of the centre of mass.
Thus,

- - - - -
L=3%m, (ri,cmxvi,cm)+[zmiri,cm]x Vo

l 1

i l

- - - -
+r0x[2mi vi,cm]+[2 m,-]roxvo.

- g
NOW, Z m;riem = MRcm, cm = 0
i
- =
and YMiViem =MV 0 =0.
i
- - - -
Thus, L =Y m; (1 em XV cm) + Mryxv,

1
= - -
=L, +Mryxuv,.

The first term Ecm represents the angular
momentum of the body as seen frgm the _centre-of-mass
frame. The second term M ryx v, equals the angular
momentum of the body if it is assumed to be
concentrated at the centre of mass translating with the

. -
velocity v,.

10.20 WHY DOES A ROLLING SPHERE
SLOW DOWN ?

When a sphere is rolled on a horizontal table it
slows down and eventually stops. Figure (10.30) shows
the situation. The forces acting on the sphere are (a)

weight mg, (b) friction at the contact and (c) the normal
force. As the centre of the sphere decelerates, the
friction should be opposite to its velocity, that is
towards left in figure (10.30). But this friction will have
a clockwise torque that should increase the angular
velocity of the sphere. There must be an anticlockwise
torque that causes the decrease in the angular velocity.

N\ Y

mg
(a) (b)

Figure 10.30

In fact, when the sphere rolls on the table, both
the sphere and the surface deform near the contact.
The contact is not at a single point as we normally
assume, rather there is an area of contact. The front
part pushes the table a bit more strongly than the back
part. As a result, the normal force does not pass
through the centre, it is shifted towards the right. This
force, then, has an anticlockwise torque. The net
torque causes an angular deceleration.

Worked Out Examples

1. A wheel rotates with a constant acceleration of 2:0 rad/s *.
If the wheel starts from rest, how many revolutions will
it make in the first 10 seconds ?

Solution : The angular displacement in the first 10

seconds is given by
9=mot+%oct2=%(2'0rad/sz) (10 s) 2= 100 rad.
As the wheel turns by 27 radian in each revolution, the
number of revolutions in 10 s is
100
n= o - 16.

2. The wheel of a motor, accelerated uniformly from rest,
rotates through 2'5 radian during the first second. Find
the angle rotated during the next second.

Solution : As the angular acceleration is constant, we have

1 1
9=(Dot+§0tt2=§0tt2.

Thus, 2'5rad= % a(ls)?

a=>5rad/s’

or, a=>5rad/s”
The angle rotated during the first two seconds is

=%x(5 rad/s?) (2s)? = 10 rad.

Thus, the angle rotated during the 2nd second is
10 rad — 25 rad = 75 rad.

8. A wheel having moment of inertia 2 kg-m % about its axis,
rotates at 50 rpm about this axis. Find the torque that
can stop the wheel in one minute.

Solution : The initial angular velocity

=50 rpm= 5—; rad/s.
Using o=, + a ¢,
® -0, 0- = 2 T g
; 60 rad/s =—£rad/s .
The torque that can produce this deceleration is

o=

_ _ N z=L 3
F—Ilal—(2kgm)(36rad/sJ 18Nm.
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A string is wrapped around the rim of a wheel of moment
of inertia 020 kg-m” and radius 20 cm. The wheel is
free to rotate about its axis. Initially, the wheel is at rest.
The string is now pulled by a force of 20 N. Find the
angular velocity of the wheel after 5°0 seconds.

Solution :

5.

Solution :

Figure 10-W1

The torque applied to the wheel is
I'=F.r=(20N) (020 m) =40 N-m.
The angular acceleration produced is

The angular velocity after 5:0 seconds is
w=0w0,+o0t=(20rad/s % (50 s) =100 rad/s.
y

A wheel of radius r and moment of inertia I about its
axis is fixed at the top of an inclined plane of inclination
0 as shown in figure (10-W2). A string is wrapped round
the wheel and its free end supports a block of mass M
which can slide on the plane. Initially, the wheel is
rotating at a speed ® in a direction such that the block
slides up the plane. How far will the block move before
stopping ?

_~ Y

(2

Figure 10-W2

Suppose the deceleration of the block is a. The
linear deceleration of the rim of the wheel is also a. The
angular deceleration of the wheel is a=a/r. If the
tension in the string is T, the equations of motion are
as follows:

Mg sin® — T = Ma
and Tr=Io=Ia/r.
Eliminating T from these equations,

Mgsine—I%=Ma
a_MgrzsinG.
T I+Mr?

The initial velocity of the block up the incline is
v=owr. Thus, the distance moved by the block before
stopping is

giving,

o’ r’*l+Mr® d+Mrlo’
2Mgr’in® 2 Mg sind

2
x =2
2a

6. The pulley shown in figure (10-W3) has a moment of

inertia I about its axis and its radius is R. Find the
magnitude of the acceleration of the two blocks. Assume
that the string is light and does not slip on the pulley.

Figure 10-W3

Solution : Suppose the tension in the left string is T, and

that in the right string is T,. Suppose the block of mass
M goes down with an acceleration a and the other block
moves up with the same acceleration. This is also the
tangential acceleration of the rim of the wheel as the
string does not slip over the rim. The angular
acceleration of the wheel is, therefore, o =a/R. The
equations of motion for the mass M, the mass m and
the pulley are as follows :

Mg-T,=Ma @)
.. (i)

... (idd)

T,-mg=ma
T,R-T,R=Io=Ia/R.
Putting T, and T, from (i) and (ii) into (iii),

[M(g—a)—m(g+a)]R=I;l—2
2
which gives a=(ML)ng-
I+M+m)R

. Two small kids weighing 10 kg and 15 kg respectively

are trying to balance a seesaw of total length 5°0 m, with
the fulcrum at the centre. If one of the kids is sitting at
an end, where should the other sit ?

Solution :

Figure 10-W4

It is clear that the 10 kg kid should sit at the end and
the 15 kg kid should sit closer to the centre. Suppose
his distance from the centre is x. As the kids are in
equilibrium, the normal force between a kid and the
seesaw equals the weight of that kid. Considering the
rotational equilibrium of the seesaw, the torques of the
forces acting on it should add to zero. The forces are
(a) (15 kg)g downward by the 15 kg kid,
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(b) (10 kg)g downward by the 10 kg kid,
(c) weight of the seesaw and
(d) the normal force by the fulcrum.
Taking torques about the fulcrum,

(15 kg)g x = (10 kg)g (2'5 m)

or, x=17m.

. A uniform ladder of mass 10 kg leans against a smooth
vertical wall making an angle of 53° with it. The other
end rests on a rough horizontal floor. Find the normal
force and the frictional force that the floor exerts on the
ladder.

Solution :

i
f C (o]

Figure 10-W5

The forces acting on the ladder are shown in figure
(10-W5). They are
(a) its weight W,
(b) normal force =V, by the vertical wall,
(c) normal force =V, by the floor and
(d) frictional force f by the floor.
Taking horizontal and vertical components
N,=f o (@)
N,=W. .. (i)
Taking torque about B,
N, (AO)=W(CB)

and

or, NV, (AB) cos 53° = WA-ZE sin 53°

3 W4

or, d\/ls— 25
2
or, :/V1=§W. ... (ii)

The normal force by the floor is
N,=W=(10kg) (98 m/s ) =98 N.
The frictional force is

f=;/vl=%W=65N.

. The ladder shown in figure (10-W6) has negligible mass
and rests on a frictionless floor. The crossbar connects
the two legs of the ladder at the middle. The angle
between the two legs is 60°. The fat person sitting on the

ladder has a mass of 80 kg. Find the contact force exerted
by the floor on each leg and the tension in the crossbar.

Figure 10-W6

Solution : The forces acting on different parts are shown

10.

in figure (10-W6). Consider the vertical equilibrium of
“the ladder plus the person” system. The forces acting
on this system are its weight (80 kg)g and the contact
force NV +NV =2 N due to the floor. Thus,

2/ =(80kg)g

or, N = (40 kg) (98 m/s ) =392 N.
Next consider the equilibrium of the left leg of the
ladder. Taking torques of the forces acting on it about
the upper end,

<V (2 m)tan 30° = T(1 m)

2 2
or, T=oN \13-(392N)x\j3~450 N.

Two small balls A and B, each of mass m, are attached
rigidly to the ends of a light rod of length d. The structure
rotates about the perpendicular bisector of the rod at an
angular speed . Calculate the angular momentum of
the individual balls and of the system about the axis of
rotation.

Solution :

11.

= d

Figure 10-W7

W»J—

Consider the situation shown in figure (10-W7). The
velocity of the ball A with respect to the centre O is
od

v="" The angular momentum of the ball with respect
to the axis is L, =mur= m[%gj (%)= % maed °.

The same is the angular momentum L, of the second
ball. The angular momentum of the system is equal to

sum of these two angular momenta i.e., L = —21- maod .

Two particles of mass m each are attached to a light rod
of length d, one at its centre and the other at a free end.



186 Concepts of Physics

The rod is fixed at the other end and is rotated in a plane
at an angular speed ®. Calculate the angular momentum
of the particle at the end with respect to the particle at
the centre.

Solution :

Figure 10-W8

The situation is shown in figure (10-W8). The velocity
of the particle A with respect to the fixed end O is
V=0 % and that of B with respect to O is v;=wd.
Hence the velocity of B with respect to A is
Vg—U=® £2l~ . The angular momentum of B with respect
to A is, therefore,

d\d_1
2271

along the direction perpendicular to the plane of
rotation.

2
L=mvr=m maod

12. A particle is pro}ected at time t = 0 from a point P with
a speed v, at an angle of 45° to the horizontal. Find the
magnitude and the direction of the angular momentum
of the particle about the point P at time t =v,/g.

Solution : Let us take the origin at P, X-axis along the
horizontal and Y-axis along the vertically upward
direction as shown in figure (10-W9). For horizontal
motion during the time 0 to ¢,

X
Figure 10-W9
U, =V, cos 45° = v, /\2
2
Vo Uy Yy
= l=—/ -—=
and x=vt=7p PRy
For vertical motion,
v, =, sin 45° gt_T %ﬁv"
and y = (v, sin 45°) ¢ — lgt 2
v vl i
0 0
“V2g 28 2g (\12 D

The angular momentum of the particle at time ¢ about
the origin is
- - - -
L=rxp=mrxv

oD oD
=mQ@x+Jy)X@v,+jv,)

m(]?xvy—l?yvx)

Sl vl
=m H«lng«lz (1-2) - («/2 1)\/2]

Thus, the angular momentum of the particle is in

2«/2
the negative Z-direction, i.e., perpendicular to the plane
of motion, going into the plane.

13. A uniform circular disc of mass 200 g and radius 4'0 cm
is rotated about one of its diameter at an angular speed
of 10 rad/s. Find the kinetic energy of the disc and its
angular momentum about the axis of rotation.

Solution : The moment of inertia of the circular disc about
its diameter is

1

I=2Mr ’= i. (0200 kg) (0-04 m) *

=80x10 "kg-m?>
The kinetic energy is

K= %Im f= % (8010 ~° kg-m *) (100 rad s *)

=40x107°J
and the angular momentum about the axis of rotation is
L=In=(80x10 °kg-m? (10 rad/s)
=80x10 *kg-m¥s=80x10"*J-s.

14. A wheel rotating at an angular speed of 20 rad/s is
brought to rest by a constant torque in 4'0 seconds. If
the moment of inertia of the wheel about the axis of
rotation is 0:20 kg-m °, find the work done by the torque
in the first two seconds.

Solution : The angular deceleration of the wheel during
the 4'0 seconds may be obtained by the equation

O =wm,- ot

W, —® 20rad/s
or, o= : = 40s =50rad/s>

The torque applied to produce this deceleration is
I'=Io = (020 kg-m %) (5:0 rad/s >) = 1-0 N-m.
The angle rotated in the first two seconds is

1
9=coot—§ow2

= (20 rad/s) (2 s) - % (5:0rad/s*) (40s?)

=40rad — 10 rad = 30 rad.

The work done by the torque in the first 2 seconds is,
therefore,

W =T0 = (10 N-m) (30 rad) = 30 J.
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15. Two masses M and m are connected by a light string the string is held by a person. The person pulls on the

going over a pulley of radius r. The pulley is free to rotate
about its axis which is kept horizontal. The moment of
inertia of the pulley about the axis is I. The system is
released from rest. Find the angular momentum of the
system when the mass M has descended through a height
h. The string does not slip over the pulley.

Solution :

Figure 10-W10

The situation is shown in figure (10-W10). Let the speed
of the masses be v at time ¢ This will also be the speed
of a point on the rim of the wheel and hence the angular
velocity of the wheel at time ¢ will be v/r. If the height
descended by the mass M is A, the loss in the potential
energy of the “masses plus the pulley” system is

Mgh —mgh. The gain in kinetic energy is
2
1 2 1 2 1,(v .
2 Mv ™+ g mv +2I[r] . As no energy is lost,
% M+m+i2 vi=(M-m)gh
r

s 2(M-m)gh
or, vi=——

M+m+i2
r

The angular momentum of the mass M is Mvr and that
of the mass m is mur in the same direction. The angular
momentum of the pulley is I® =Iv/r. The total angular
momentum is

[(M+m)r+£]v=[[M+m+%Jr].\/@
r d M+m+—2-
-

=4\/2(M‘m){M+m+-f;Jr2gh .

Figure 10-W11

16. Figure (10-W11) shows a mass m placed on a frictionless

horizontal table and attached to a string passing through
a small hole in the surface. Initially, the mass moves in
a circle of radius r, with a speed v, and the free end of

string slowly to decrease the radius of the circle to r.
(a) Find the tension in the string when the mass moves
in the circle of radius r. (b) Calculate the change-in the
kinetic energy of the mass.

Solution : The torque acting on the mass, .: about the

vertical axis through the hole is zero. The angular
momentum about this axis, therefore, remains constant.
If the speed of the mass is v when it moves in the cirlce
of radius r, we have
mu, r, = mur

r, .
or, V="1,. .o @

r ;

2 2_ 2

- . . mv? mryuv,
(a) The tension T = =

r

(b) The change in kinetic energy = 1 mv” - L mvy-

2 2
By () it is
1 2 "02
=§mvo F—l .

17. A uniform rod of mass m and length | is kept vertical

with the lower end clamped. It is slightly pushed to let
it fall down under gravity. Find its angular speed when
the rod is passing through its lowest position. Neglect
any friction at the clamp. What will be the linear speed
of the free end at this instant ?

Solution :

,,_
—

e

Figure 10-W12

As the rod reaches its lowest position, the centre of mass
is lowered by a distance . Its gravitational potential
energy is decreased by mgl. As no energy is lost against
friction, this should be equal to the increase in the
kinetic energy. As the rotation occurs about the
horizontal axis through the clamped end, the moment of

inertia is I = ml ?/3. Thus,

%Im2=mgl
1 le 2
3l 37 |® =mgl

or, o= V%E
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The linear speed of the free end is

v=Ilo=V6gl.

Four particles each of mass m are kept at the four corners
of a square of edge a. Find the moment of inertia of the
system about a line perpendicular to the plane of the
square and passing through the centre of the square.

Solution :

19.

mé————— O m

Figure 10-W13

The perpendicular distance of every particle from the
given line is a/¥2. The moment of inertia of one particle

is, therefore, m(a/V2)*= % ma ®. The moment of inertia

of the system is, therefore, 4 x % ma®=2ma’.
5

Two identical spheres each of mass 1:20 kg and radius
100 cm are fixed at the ends of a light rod so that the
separation between the centres is 500 cm. Find the
moment of inertia of the system about an axis
perpendicular to the rod passing through its middle
point.

Solution :

10O

—=25 cm—i

Figure 10-W14

Consider the diameter of one of the spheres parallel to
the given axis. The moment of inertia of this sphere
about the diameter is

I=%mR 2=% (120 kg) (01 m)®
=4'8x10 "kg-m”.

Its moment of inertia about the given axis is obtained
by using the parallel axes theorem. Thus,

I=I,,+md’
=48x10 > kg-m *+ (1-20 kg) (0:25 m) *
=4-8x10 *kg-m*+ 0075 kg-m *
=79-8x10 *kg-m>.

The moment of inertia of the second sphere is also the
same so that the moment of inertia of the system is

2x798x10 *kg-m *~ 0160 kg-m .

20.

Solution :

21.

Two uniform identical rods each of mass M and length
I are joined to form a cross as shown in figure (10-W15),
Find the moment of inertia of the cross about a bisector
as shown dotted in the figure.

Figure 10-W15

Consider the line perpendicular to the plane of
the figure through the centre of the cross. The moment

2
and hence

of inertia of each rod about this line is Ailz

2
the moment of inertia of the cross is % - The moment

of inertia of the cross about the two bisectors are equal
by symmetry and according to the theorem of
perpendicular axes, the moment of inertia of the cross
M’
12

about the bisector is

A uniform rod of mass M and length a lies on a smooth
horizontal plane. A particle of mass m moving at a speed
v perpendicular to the length of the rod strikes it at a
distance a /4 from the centre and stops after the collision.
Find (a) the velocity of the centre of the rod and (b) the
angular velocity of the rod about its centre just after the
collision.

Solution :

(a) (b)
Figure 10-W16

The situation is shown in figure (10-W16a). Consider the
rod and the particle together as the system. As there is
no external resultant force, the linear momentum of the
system will remain constant. Also there is no resultant
external torque on the system and so the angular
momentum of the system about any line will remain
constant.

Suppose the velocity of the centre of the rod is V and
the angular velocity about the centre is .

(a) The linear momentum before the collision is mv and
that after the collision is MV. Thus,

mv =MV, or Vzﬁv.
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(b) Let A be the centre of the rod when it is at rest. Let
AB be the line perpendicular to the plane of the figure.
Consider the angular momentum of “the rod plus the
particle” system about AB. Initially the rod is at rest.
The angular momentum of the particle about AB is

L =mu(a/4).
After the collision, the particle comes to rest. The
angular momentum of the rod about A is

- o - =
L=L_+Mr,xV
N
As IV, nxV=0
- >
Thus, L=L,,.
Hence the angular momentum of the rod about AB is
_Ma ?
L=In= 9 @
mva Ma’ 3muv
Thus, 4 - 12 [0 or, W= Ma

A wheel of perimeter 220 cm rolls on a level road at a
speed of 9 km/h. How many revolutions does the wheel
make per second ?

Solution : As the wheel rolls on the road, its angular speed

‘o about the centre and the linear speed v of the centre
are related as v=or.

9kmh _21x9x10°
220 cm/2n ~ 220 x 3600

v
SO=—= d/s.
r

900

=————rev/s= 25 rev/s.
22 x 36

22

23. A cylinder is released from rest from the top of an incline

of inclination 0 and length l. If the cylinder rolls without
slipping, what will be its speed when it reaches the
bottom ?

Solution : Let the mass of the cylinder be m and its radius

24

.

r. Suppose the linear speed of the cylinder when it
reaches the bottom is v. As the cylinder rolls without
slipping, its angular speed about its axis is @ =v/r. The
kinetic energy at the bottom will be

1. 2.1 2
K—EIco +5mu

1(1 2) 2,1 2_1 2, 1 2 3. 2
—2 2mr (1)+2ml) —4mU +2mv —4mv.

This should be equal to the loss of potential energy

mgl sin®. Thus, Z—mv 2= mgl sin®

v= \/%gl sin® .

A sphere of mass m rolls without slipping on an inclined
plane of inclination 0. Find the linear acceleration of the
sphere and the force of friction acting on it. What should
be the minimum coefficient of static friction to support
pure rolling ?

or,
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Solution : Suppose the radius of the sphere is r. The forces

25.

acting on the sphere are shown in figure (10-W17).
They are (a) weight mg, (b) normal force =/ and
(c) friction f.

6 Mg

Figure 10-W17

Let the linear acceleration of the sphere down the plane
be a. The équation for the linear motion of the centre
of mass is

¢y
As the sphere rolls without slipping, its angular
acceleration about the centre is a/r. The equation of
rotational motion about the centre of mass is,

=

f=%ma.

mg sinb — f=ma

or, ... (i)
From (i) and (ii),

a =%g sin®

and f= % mg sin6.

The normal force is equal to mg cos® as there is no
acceleration perpendicular to the incline. The maximum
friction that can act is, therefore, u mg cos0, where p is
the coefficient of static friction. Thus, for pure rolling

U mg cos6 > 2 mg sin®

7
or, u> % tan®.
Figure (10-W18) shows two cylinders of radii r, and r,

having moments of inertia I, and I, about their
respective axes. Initially, the cylinders rotate about their
axes with angular speeds o, and ®, as shown in the
figure. The cylinders are moved closer to touch each other
keeping the axes parallel. The cylinders first slip over
each other at the contact but the slipping finally ceases
due to the friction between them. Find the angular speeds
of the cylinders after the slipping ceases.

(1)1'/- \\(02
Iy @IZ

Figure 10-W18
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Solution : W}ien slipping ceases, the linear speeds of the
points of contact of the two cylinders will be equal. If
o', and o', be the respective angular speeds, we have

o, r=0,r, o @
The change in the angular speed is brought about by
the frictional force which acts as long as the slipping
exists. If this force f acts for a time ¢, the torque on the
first cylinder is fr, and that on the second is fr,.
Assuming ®,r,>®,r,, the corresponding angular
impluses are —fr,t and fr,t. We, therefore, have

—frit=I(o, - ®,)

and frot=I(0, - a,)

oo (i)

I, I,
or, —— (0", — 0) == (0, — @)
r r,

Solving (i) and (ii),
, _I1(°1rz+12m2r1

1= 2 2
Lri+Ir,

Lor,+I,o,r,

r, and o,=
Lri+Ir;

1

26. A cylinder of mass m is suspended through two strings
wrapped around it as shown in figure (10-W19). Find (a)
the tension T in the string and (b) the speed of the
cylinder as it fal}s through a distance h.

V77777777 I I PP I P77 777777777777 7]

T T

mg

Figure 10-W19

Solution : The portion of the strings between the ceiling
and the cylinder is at rest. Hence the points of the
cylinder where the strings leave it are at rest. The
cylinder is thus rolling without slipping on the strings.
Suppose the centre of the cylinder falls with an
acceleration a. The angular acceleration of the cylinder
about its axis is a=a/R, as the cylinder does not slip
over the strings.

The equation of motion for the centre of mass of the
cylinder is

mg - 2T =ma .. @)
and for the motion about the centre of mass, it is

(L2 |1
2Tr—[2 mr a}—zmm

or, 2T=§ma. ... (i)
From (i) and (ii),
_2 _mg.
a=38 and T= 8

As the centre of the cylinder starts moving from rest,
the velocity after it has fallen through a distance 4 is

given by
vi=2 2 h
or, v= iéLh

27. A force F acts tangentially at the highest point of a sphere
of mass m kept on a rough horizontal plane. If the sphere
rolls without slipping, find the acceleration of the centre

O’ the Sphel e.

Figure 10-W20

Solution :

The situation is shown in figure (10-W20). As the force
F rotates the sphere, the point of contact has a tendency
to slip towards left so that the static friction on the
sphere will act towards right. Let r be the radius of the
sphere and a be the linear acceleration of the centre of
the sphere. The angular acceleration about the centre of
the sphere is a=a/r, as there is no slipping.
For the linear motion of the centre

F+f=ma . @)
and for the rotational motion about the centre,

Fr—fr=Ia=[%mr2J[%J

or, F- f=§ma. ()

From (i) and (i),

T _10F
2F—5ma or, a= Tm

28. A sphere of mass M and radius r shown in figure
(10-W21) slips on a rough horizontal plane. At some
instant it has translational velocity v, and rotational

. v . ,
velocity about the centre 2—°r Find the translational

velocity after the sphere starts pure rolling.

N >

o
[ 2 —

Figure 10-W21

Solution : Velocity of the centre =v, and the angular

velocity about the centre =——- Thus, v, >, 7. The

Yo
2r

sphere slips forward and thus the friction by the plane
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on the sphere will act backward. As the friction is
kinetic, its value is u=V = uMg and the sphere will be
decelerated by a,,, =f/M. Hence,

v(t)=vo—£t' o (@

This friction will also have a torque I'=fr about the
centre. This torque is clockwise and in the direction of
@, Hence the angular acceleration about the centre
will be
_ r __5f

“=f ol M 2 My
and the clockwise angular velocity at time ¢ will be
5f ,_ %, 5f,
2Mr  2r 2Mr
Pure rolling starts when v(t) = ro(t)

Y, 5f ..
2+2Mt ... ()

o(t) = o, +

ie., v(t) =

Eliminating ¢ from (i) and (ii),

5 5, .0
2v(t)+v(t)—2vo+ D)

2 6
or, v(t)=7x3vo=7vo.

Thus, the .sphere rolls with translational velocity
6v, /7 in the forward direction.

Alternative : Let us consider the torque about the initial
point of contact A. The force of friction passes through
this point and hence its torque is zero. The normal force
and the weight balance each other. The net torque about
A is zero. Hence the angular momentum about A is
conserved.

Initial angular momentum is,

L=L,,+Mrv,=1,, ®+Mrv,

(2 pp 2| [P0 _8

= (5 Mr J[z r]+Mrvo =5 Mru,.
Suppose the translational velocity of the sphare, after it
starts rolling, is v,. The angular velocity is v/r. The

angular momentum about A is,
L=L,,+Mrv

(222 _7
_[5 Mr J(r)Jerv—sMrv.

Thus, 5 Mrv, = 5 Mrv

_8
or, V=7

29. The sphere shown in figure (10-W22) lies on a rough

plane when a particle of mass m travelling at a speed
v, collides and sticks with it. If the line of motion of the
particle is at a distance h above the plane, find (a) the
linear speed of the combined system just after the
collision, (b) the angular speed of the system about the
centre of the sphere just after the collision and (c) the
value of h for which the sphere starts pure rolling on the
plane. Assume that the mass M of the sphere is large
compared to the mass of the particle so that the centre
of mass of the combined system is not appreciably shifted
from the centre of the sphere.

m
>
Vo

—=—

Figure 10-W22

Solution : Take the particle plus the sphere as the system.

(a) Using conservation of linear momentum, the linear
speed of the combined system v is given by
mu,

M+m
(b) Next, we shall use conservation of angular
momentum about the centre of mass, which is to be
taken at the centre of the sphere (M >>m). Angular
momentum of the particle before - collision is
muy(h — R). If the system rotates with angular speed ®
after collision, the angular momentum of the system
becomes

. @)

mv,=M+m)p or, v=

(%MR * 4 mR zja).
Hence,
muyh -R) = [% M+ m]R 0
muyh - R)
or, w= —2 .
SM+m|R?
5
(c) The sphere will start rolling just after the collision if
v=aR, 0, 0o dhF)
+m [— M+ mJR
5
%M +2m 7
giving, h= W R zgR.
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QUESTIONS FOR SHORT ANSWER

Can an object be in pure translation as well as in pure
rotation ?

. A simple pendulum is a point mass suspended by a light

thread from a fixed point. The particle is displaced
towards one side and then released. It makes small
oscillations. Is the motion of such a simple pendulum a
pure rotation ? If yes, where is the axis of rotation ?

. In a rotating body, a = or and v =wr. Thus %= % - Can

you use the theorems of ratio and proportion studied in

algebra so as to write
at+o
a-o

V+®
V-0

. A ball is whirled in a circle by attaching it to a fixed

point with a string. Is there an angular rotation of the
ball about its centre ? If yes, is this angular velocity
equal to the angular velocity of the ball about the fixed
point ?

. The moon rotates about the earth in such a way that

only one hemisphere of the moon faces the earth
(figure 10-Q1). Can we ever see the “other face” of the
moon from the earth ? Can a person on the moon ever
see all the faces of the earth ?

S
(/4 \o\

e

Figure 10-Q1

. The torque of the weight of any body about any vertical

axis is zero. Is it always correct ?

. The torque of a force F about a point is defined as

F r xF Suppose r, F and F are all nonzero. Is
XTI F always true ? Is it ever true ?

. A heavy particle of mass m falls freely near the earth’s

surface. What is the torque acting on this particle about
a point 50 cm east to the line of motion ? Does this
torque produce any angular acceleration in the particle ?

. If several forces act on a particle, the total torque on

the particle may be obtained by first finding the
resultant force and then taking torque of this resultant.
Prove this. Is this result valid for the forces acting on
different particles of a body in such a way that their
lines of action intersect at a common point ?

If the sum of all the forces acting on a body is zero, is
it necessarily in equilibrium ? If the sum of all the forces
on a particle is zero, is it necessarily in equilibrium ?

11. If the angular momentum of a body is found to be zero

12

o

13.

14.

15.

16.

17.

18

Ry

19.

20.

21.

22.

about a point, is it necessary that it will also be zero
about a different point ?

If the resultant torque of all the forces acting on a body
is zero about a point, is it necessary that it will be zero
about any other point ?

A body is in translational equilibrium under the action
of coplanar forces. If the torque of these forces is zero
about a point, is it necessary that it will also be zero
about any other point ?

A rectangular brick is kept on a table with a part of its
length projecting out. It remains at rest if the length
projected is slightly less than half the total length but
it falls down if the length projected is slightly more than
half the total length. Give reason.

When a fat person tries to touch his toes, keeping the
legs straight, he generally falls. Explain with reference
to figure (10-Q2).

Figure 10-Q2

A ladder is resting with one end on a vertical wall and
the other end on a horizontal floor. Is it more likely to
slip when a man stands near the bottom or near the
top ?

When a body is weighed on an ordinary balance we
demand that the arm should be horizontal if the weights
on the two pans are equal. Suppose equal weights are
put on the two pans, the arm is kept at an angle with
the horizontal and released. Is the torque of the two
weights about the middle point (point of support) zero ?
Is the total torque zero ? If so, why does the arm rotate
and finally become horizontal ?

The density of a rod AB continuously increases from A
to B. Is it easier to set it in rotation by clamping it at
A and applying a perpendicular force at B or by clamping
it at B and applying the force at A ?

When tall buildings are constructed on earth, the
duration of day-night slightly increases. Is it true ?

If the ice at the poles melts and flows towards the
equator, how will it affect the duration of day—night ?

A hollow sphere, a solid sphere, a disc and a ring all
having same mass and radius are rolled down on an
inclined plane. If no slipping takes place, which one will
take the smallest time to cover a given length ?

A sphere rolls on a horizontal surface. Is there any point
of the sphere which has a vertical velocity ?
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OBJECTIVE 1

. Let A be a unit vector along the axis of rotation of a
purely rotating body and B be a unit vector along the
velocity of a pjrtg:le P of the body away from the axis.

The value of A.B is
(a1 (b) -1 @0 (d) None of these.

. A body is uniformly rotating alg)ut an axis fixed in an
inertial frame of reference Let A be a unit vector along

the axis of rotation and B be the unit vector along the
resultant force on a partlcle P of the body away from

the axis. The value of A B is
(a1 (b) -1 ()0
. A particle moves with a constant velocity parallel to the
X-axis. Its angular momentum with respect to the origin
(a) is zero (b) remains constant

(c) goes on increasing (d) goes on decreasing.

. A body is in pure rotation. The linear speed v of a

particle, the distance r of the particle from the axis and
the angular velocity @ of the body are related as

(d) none of these.

o=2- Thus
r

b) wo<r

(d) o is independent of r.

(a) coocl
-

() 0=0
. Figure (10-Q3) shows a small wheel fixed coaxially on a
bigger one of double the radius. The system rotates
about the common axis. The strings supporting A and B
do not slip on the wheels. If x and y be the distances
travelled by A and B in the same time interval, then

(@x=2y ®)x=y ()y=2x (d) none of these.
//
7
A
B
Figure 10-Q3

. A body is rotating uniformly about a vertical axis fixed
in an inertial frame. The resultant force on a particle of
the body not on the axis is

(a) vertical (b) horizontal and skew with the axis
(c) horizontal and intersecting the axis

(d) none of these.

. A body is rotating nonuniformly about a vertical axis
fixed in an inertial frame. The resultant force on a
particle of the body not on the axis is

(a) vertical (b) horizontal and skew with the axis
(c) horizontal and intersecting the axis

(d) none of these.

. Let F be a force acting on a particle having position
vector r. Let F be the torque of this force about the
origin, then
- = -
@r.r'=0 and F.T=
- - o
©r.T#0 but F.T'=

-5 o > o
Mb)r.T'=0but F.T#0
-5 - -
(dr.T#20 and F.T#0.

9.

10.

11.

12.

13

14.

15.

16.

One end of a uniform rod of mass m and length [ is
clamped. The rod lies on a smooth horizontal surface
and rotates on it about the clamped end at a uniform
angular velocity ®. The force exerted by the clamp on
the rod has a horizontal component

(a) mo X (b) zero (c) mg (d) 5 MO 1.

A uniform rod is kept vertically on a honzontal smooth
surface at a point O. If it is rotated slightly and released,
it falls down on the horizontal surface. The lower end
will remain

(a) at O (b) at a distance less than I/2 from O
(c) at a distance I/2 from O

(d) at a distance larger than /2 from O.

A circular disc A of radius r is made from an iron plate
of thickness ¢ and another circular disc B of radius 4r
is made from an iron plate of thickness ¢/4. The relation
between the moments of inertia I, and I, is

(a) I,>1, b)I,=1I, © I, <1,

(d) depends on the actual values of ¢ and r.

Equal torques act on the discs A and B of the previous
problem, initially both being at rest. At a later instant,
the linear speeds of a point on the rim of A and another
point on the rim of B are v, and v; respectively. We
have

(@) v, >vp (b) v,=vy (c) v, <up

(d) the relation depends on the actual magnitude of the
torques.

A closed cylindrical tube containing some water (not
filling the entire tube) lies in a horizontal plane. If the
tube is rotated about a perpendicular bisector, the
moment of inertia of water about the axis

(a) increases (b) decreases (c) remains constant
(d) increases if the rotation is clockwise and decreases
if it is anticlockwise.

The moment of inertia of a uniform semicircular wire of

mass M and radius r about a line perpendicular to the
plane of the wire through the centre is

2 1, 1, 2.,
(a) Mr (b) 2Mr (© 4Mr () 5Mr

Let I, and I, be the moments of inertia of two bodies of
identical geometrical shape, the first made of aluminium
and the second of iron.

(a)I,<I, ) I,=1, ©I,>1,

(d) relation between I, and I, depends on the actual
shapes of the bodies.

A body having its centre of mass at the origin has three
of its particles at (a,0,0), (0,a,0), (0,0,a). The moments
of inertia of the body about the X and Y axes are
020 kg—m * each. The moment of inertia about the
Z-axis

(a) is 020 kg-m *
(c) is 0-20V2 kg-m *
(d) cannot be deduced with this information.

(b) is 040 kg-m *

. A cubical block of mass M and edge a slides down a

rough inclined plane of inclination 6 with a uniform
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18.

19.

20.

21.

22.
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velocity. The torque of the normal force on the block
about its centre has a magnitude

(a) zero (b) Mga (c) Mga sin® (@) %Mga sind.

A thin circular ring of mass M and radius r is rotating
about its axis with an angular speed ®. Two particles
having mass m each are now attached at diametrically
opposite points. The angular speed of the ring will
become

oM

@) M+m (b)M+2m
oM -2m) (o(M+2m)'

© iom @ =

A person sitting firmly over a rotating stool has his arms
stretched. If he folds his arms, his angular momentum
about the axis of rotation

(a) increases (b) decreases

(c) remains unchanged (d) doubles.

The centre of a wheel rolling on a plane surface moves
with a speed v, A particle on the rim of the wheel at
the same level as the centre will be moving at speed
(a) zero (b) v, (c) \2v, (d) 2v,.

A wheel of radius 20 cm is pushed to move it on a rough
horizontal surface. It is found to move through a distance
of 60 cm on thé road during the time it completes one
revolution about the centre. Assume that the linear and
the angular accelerations are uniform. The frictional
force acting on the wheel by the surface is

(a) along the velocity of the wheel

(b) opposite to the velocity of the wheel

(c) perpendicular to the velocity of the wheel

(d) zero.

The angular velocity of the engine (and hence of the
wheel) of a scooter is proportional to the petrol input
per second. The scooter is moving on a frictionless road
with uniform velocity. If the petrol input is increased by

23.

24.

25.

26.

10%, the linear velocity of the scooter is increased by
(a) 50% (b) 10% (c) 20% (d) 0%.

A solid sphere, a hollow sphere and a disc, all having
same mass and radius, are placed at the top of a smooth
incline and released. Least time will be taken in
reaching the bottom by
(a) the solid sphere

(c) the disc

(b) the hollow sphere
(d) all will take same time.

A solid sphere, a hollow sphere and a disc, all having
same mass and radius, are placed at the top of an incline
and released. The friction coefficients between the
objects and the incline are same and not sufficient to
allow pure rolling. Least time will be taken in reaching
the bottom by

(a) the solid sphere
(c) the disc

(b) the hollow sphere
(d) all will take same time.

In the previous question, the smallest kinetic energy at
the bottom of the incline will be achieved by

(a) the solid sphere (b) the hollow sphere

(¢) the disc (d) all will achieve same kinetic energy.

A string of negligible thickness is wrapped several times
around a cylinder kept on a rough horizontal surface. A
man standing at a distance ! from the cylinder holds one
end of the string and pulls the cylinder towards him
(figure 10-Q4). There is no slipping anywhere. The
length of the string passed through the hand of the man
while the cylinder reaches his hands is

(a) !l (b) 21 (c) 3 (d) 4.

Figure 10-Q4

OBJECTIVE II

. The axis of rotation of a purely rotating body

(a) must pass through the centre of mass
(b) may pass through the centre of mass
(c) must pass through a particle of the body
(d) may pass through a particle of the body.

. Consider the following two equations

A L=Io

In noninertial frames
(a) both A and B are true (b) A is true but B is false
(c) B is true but A is false (d) both A and B are false.

A particle moves on a straight line with a uniform
velocity. Its angular momentum

(a) is always zero

(b) is zero about a point on the straight line

(c) is not zero about a point away from the straight line
(d) about any given point remains constant.

dL
(B) PTi

4.

6.

If there is no external force acting on a nonrigid body,
which of the following quantities must remain constant ?
(a) angular momentum (b) linear momentum
(c) kinetic energy (d) moment of inertia.

. Let I, and I; be moments of inertia of a body about two

axes A and B respectively. The axis A passes through
the centre of mass of the body but B does not.
(al,<I (b) If I, < I, the axes are parallel

(c) If the axes are parallel, I, <1,

(d) If the axes are not parallel, I, >Ij.

A sphere is rotating about a diameter.

(a) The particles on the surface of the sphere do not have
any linear acceleration.

(b) The particles on the diameter mentioned above do
not have any linear acceleration.

(c) Different particles on the surface have different
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angular speeds.
(d) All the particles on the surface have same linear
speed.

. The density of a rod gradually decreases from one end

to the other. It is pivoted at an end so that it can move
about a vertical axis through the pivot. A horizontal
force F' is applied on the free end in a direction
perpendicular to the rod. The quantities, that do not
depend on which end of the rod is pivoted, are

(a) angular acceleration

(b) angular velocity when the rod completes one rotation
(c) angular momentum when the rod completes one
rotation

(d) torque of the applied force.

. Consider a wheel of a bicycle rolling on a level road at

a linear speed v, (figure 10-Q5).

(a) the speed of the particle A is zero

(b) the speed of B, C and D are all equal to v,
(c) the speed of C is 2 v,

(d) the speed of B is greater than the speed of O.

Vo

‘A

Figure 10-Q5

. Two uniform solid spheres having unequal masses and

unequal radii are released from rest from the same

height on a rough incline. If the spheres roll without

slipping,

(a) the heavier sphere reaches the bottom first

(b) the bigger sphere reaches the bottom first

(c) the two spheres reach the bottom together

(d) the information given is not sufficient to tell which
sphere will reach the bottom first.

A hollow sphere and a solid sphere having same mass

and same radii are rolled down a rough inclined plane.

(a) The hollow sphere reaches the bottom first.

(b) The solid sphere reaches the bottom with greater

speed.

(¢c) The solid sphere reaches the bottom with greater

kinetic energy.

(d) The two spheres will reach the bottom with same

linear momentum.

11.

12,

13.

14.

15.
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A sphere cannot roll on

(a) a smooth horizontal surface
(b) a smooth inclined surface
(c) a rough horizontal surface
(d) a rough inclined surface.

In rear-wheel drive cars, the engine rotates the rear
wheels and the front wheels rotate only because the car
moves. If such a car accelerates on a horizontal road,
the friction

(a) on the rear wheels is in the forward direction

(b) on the front wheels is in the backward direction
(c) on the rear wheels has larger magnitude than the
friction on the front wheels

(d) on the car is in the backward direction.

A sphere can roll on a surface inclined at an angle 6 if

the friction coefficient is more than %g tan6. Suppose

the friction coefficient is %g tan®. If a sphere is released

from rest on the incline,

(a) it will stay at rest

(b) it will make pure translational motion

(¢) it will translate and rotate about the centre

(d) the angular momentum of the sphere about its centre
will remain constant.

A sphere is rolled on a rough horizontal surface. It
gradually slows down and stops. The force of friction
tries to

(a) decrease the linear velocity

(b) increase the angular velocity

(c) increase the linear momentum

(d) decrease the angular velocity.

Figure (10-Q6) shows a smooth inclined plane fixed in
a car accelerating on a horizontal road. The angle of
incline 0 is related to the acceleration a of the car as
a =g tan@. If the sphere is set in pure rolling on the
incline,

(a) it will continue pure rolling

(b) it will slip down the plane

(c) its linear velocity will increase

(d) its linear velocity will slowly decrease.

[

B o

Figure 10-Q6

—s-a

EXERCISES

A wheel is making revolutions about its axis with
uniform angular acceleration. Starting from rest, it
reaches 100 rev/sec in 4 seconds. Find the angular
acceleration. Find the angle rotated during these four
seconds.

2.

3.

A wheel rotating with uniform angular acceleration
covers 50 revolutions in the first five seconds after the
start. Find the angular acceleration and the angular
velocity at the end of five seconds.

A wheel starting from rest is uniformly accelerated at
4 rad/s ® for 10 seconds.It is allowed to rotate uniformly
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for the next 10 seconds and is finally brought to rest in
the next 10 seconds. Find the total angle rotated by the
wheel.

A body rotates about a fixed axis with an angular
acceleration of one radian/second/second. Through what
angle does it rotate during the time in which its angular
velocity increases from 5 rad/s to 15 rad/s.

. Find the angular velocity of a body rotating with an

acceleration of 2 rev/s ° as it completes the 5th revolution
after the start.

. A disc of radius 10 cm is rotating about its axis at an

angular speed of 20 rad/s. Find the linear speed of

(a) a point on the rim,

(b) the middle point of a radius.

A disc rotates about its axis with a constant angular
acceleration of 4 rad/s’. Find the radial and tangential
accelerations of a particle at a distance of 1 cm from the
axis at the end of the first second after the disc starts
rotating.

A block hangs from a string wrapped on a disc of radius
20 cm free to rotate about its axis which is fixed in a
horizontal position. If the angular speed of the disc is
10 rad/s at some instant, with what speed is the block
going down at that instant ?

. Three particles, each of mass 200 g, are kept at the

corners of an equilateral triangle of side 10 cm. Find the
moment of inertia of the system about an axis

(a) joining two of the particles and

(b) passing through one of the particles and perpendi-
cular to the plane of the particles.

Particles of masses 1g,2g,3g, ....... , 100 g are kept at
the marks 1 cm, 2 cm, 3 cm, ......... , 100 cm respectively
on a metre scale. Find the moment of inertia of the
system of particles about a perpendicular bisector of the
metre scale.

Find the moment of inertia of a pair of spheres, each
having a mass m and radius r, kept in contact about the
tangent passing through the point of contact.

The moment of inertia of a uniform rod of mass 0'50 kg
and length 1 m is 0:10 kg-m® about a line perpendicular
to the rod. Find the distance of this line from the middle
point of the rod.

Find the radius of gyration of a circular ring of radius
r about a line perpendicular to the plane of the ring and
passing through one of its particles.

The radius of gyration of a uniform disc about a line
perpendicular to the disc equals its radius. Find the
distance of the line from the centre.

Find the moment of inertia of a uniform square plate of
mass m and edge a about one of its diagonals.

The surface density (mass/area) of a circular disc of
radius a depends on the distance from the centre as
p(r)=A + Br. Find its moment of inertia about the line
perpendicular to the plane of the disc through its centre.
A particle of mass m is projected with a speed u at an
angle 6 with the horizontal. Find the torque of the
weight of the particle about the point of projection when
the particle is at the highest point.

18.

19.

20.

21.

22.

23.

24.

25.

26.

A simple pendulum of length [ is pulled aside to make
an angle 6 with the vertical. Find the magnitude of the
torque of the weight w of the bob about the point of
suspension. When is the torque zero ?

When a force of 6'0 N is exerted at 30° to a wrench at
a distance of 8 cm from the nut, it is just able to loosen
the nut. What force F would be sufficient to loosen it if
it acts perpendicularly to the wrench at 16 cm from the
nut ?

} 8cm } 8cm i
A
@‘3/0“(/ 7
6.0N
F
Figure 10-E1

Calculate the total torque acting on the body shown in
figure (10-E2) about the point O.

15N

Figure 10-E2

A cubical block of mass m and edge a slides down a
rough inclined plane of inclination 6 with a uniform
speed. Find the torque of the normal force acting on the
block about its centre.

A rod of mass m and length L, lying horizontally, is free
to rotate about a vertical axis through its centre. A
horizontal force of constant magnitude F' acts on the rod
at a distance of L/4 from the centre. The force is always
perpendicular to the rod. Find the angle rotated by the
rod during the time ¢ after the motion starts.

A square plate of mass 120 g and edge 50 cm rotates
about one of the edges. If it has a uniform angular
acceleration of 0°2 rad/s ?, what torque acts on the plate ?

Calculate the torque on the square plate of the previous
problem if it rotates about a diagonal with the same
angular acceleration.

A flywheel of moment of inertia 50 kg-m? is rotated at
a speed of 60 rad/s. Because of the friction at the axle,
it comes to rest in 50 minutes. Find (a) the average
torque of the friction, (b) the total work done by the
friction and (c) the angular momentum of the wheel 1
minute before it stops rotating.

Because of the friction between the water in oceans with
the earth’s surface, the rotational kinetic energy of the
earth is continuously decreasing. If the earth’s angular
speed decreases by 0:0016 rad/day in 100 years, find the
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average torque of the friction on the earth. Radius of
the earth is 6400 kra and its mass is 6:0 x 10 * kg.

A wheel rotating at a speed of 600 rpm (revolutions per
minute) about its axis is brought to rest by applying a
constant torque for 10 seconds. Find the angular
deceleration and the angular velocity 5 seconds after the
application of the torque.

A wheel of mass 10 kg and radius 20 cm is rotating at
an angular speed of 100 rev/min when the motor is
turned off. Neglecting the friction at the axle, calculate
the force that must be applied tangentially to the wheel
to bring it to rest in 10 revolutions.

A cylinder rotating at an angular speed of 50 rev/s is
brought in contact with an identical stationary cylinder.

Because of the kinetic friction, torques act on the two

cylinders, accelerating the stationary one and
decelerating the moving one. If the common magnitude
of the acceleration and deceleration be one revolution
per second square, how long will it take before the two
cylinders have equal angular speed ?

A body rotating at 20 rad/s is acted upon by a constant
torque providing it a deceleration of 2 rad/s * . At what
time will the body have kinetic energy same as the
initial value if the torque continues to act ?

A light rod of length 1 m is pivoted at its centre and
two masses of 5 kg and 2 kg are hung from the ends as
shown in figure (10-E3). Find the initial angular
acceleration of the rod assuming that it was horizontal
in the beginning.

= -

2kg 5kg

Figure 10-E3

Suppose the rod in the previous problem has a mass of
1 kg distributed uniformly over its length.

(a) Find the initial angular acceleration of the rod.

(b) Find the tension in the supports to the blocks of mass
2 kg and 5 kg.

Figure (10-E4) shows two blocks of masses m and M
connected by a string passing over a pulley. The
horizontal table over which the mass m slides is smooth.
The pulley has a radius » and moment of inertia I about
its axis and it can freely rotate about this axis. Find the
acceleration of the mass M assuming that the string does
not slip on the pulley.

m

Figure 10-E4

A string is wrapped on a wheel of moment of inertia
020 kg-m® and radius 10 cm and goes through a light
pulley to support a block of mass 2'0 kg as shown in
figure (10-E5). Find the acceleration of the block.

35.

36.
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’,
10 cm

2kg

Figure 10-E5

Suppose the smaller pulley of the previous problem has
its radius 5°0 cm and moment of inertia 0-10 kg-m’. Find
the tension in the part of the string joining the pulleys.

The pulleys in figure (10-E6) are identical, each having
a radius R and moment of inertia I. Find the acceleration

of the block M.
M

Figure 10-E6

The descending pulley shown in figure (10-E7) has a
radius 20 cm and moment of inertia 0'20 kg-m’. The
fixed pulley is light and the horizontal plane frictionless.
Find the acceleration of the block if its mass is 1'0 kg.

Figure 10-E7

The pulley shown in figure (10-E8) has a radius 10 cm
and moment of inertia 05 kg-m’ about its axis.
Assuming the inclined planes to be frictionless, calculate
the acceleration of the 4'0 kg block.

Figure 10-E8

Solve the previous problem if the friction coefficient
between the 2:0 kg block and the plane below it is 05
and the plane below the 4'0 kg block is frictionless.

A uniform metre stick of mass 200 g is suspended from
the ceiling through two vertical strings of equal lengths
fixed at the ends. A small object of mass 20 g is placed
on the stick at a distance of 70 cm from the left end.
Find the tensions in the two strings.

A uniform ladder of length 100 m and mass 160 kg is
resting against a vertical wall making an angle of 37°
with it. The vertical wall is frictionless but the ground
is rough. An electrician weighing 60'0 kg climbs up the
ladder. If he stays on the ladder at a point 8:00 m from
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the lower end, what will be the normal force and the
force of friction on the ladder by the ground ? What
should be the minimum coefficient of friction for the
elctrician to work safely ?

Suppose the friction coefficient between the ground and
the ladder of the previous problem is 0'540. Find the
maximum weight of a mechanic who could go up and do
the work from the same position of the ladder.

A 6'5 m long ladder rests against a vertical wall reaching
a height of 6°0 m. A 60 kg man stands half way up the
ladder. (a) Find the torque of the force exerted by the
man on the ladder about the upper end of the ladder.
(b) Assuming the weight of the ladder to be negligible
as compared to the man and assuming the wall to be
smooth, find the force exerted by the ground on the
ladder.

The door of an almirah is 6 ft high, 1'5 ft wide and
weighs 8 kg. The door is supported by two hinges
situated at a distance of 1 ft from the ends. If the
magnitudes of the forces exerted by the hinges on the
door are equal, find this magnitude.

A uniform rod of length L rests against a smooth roller
as shown in figure (10-E9). Find the friction coefficient
between the ground and the lower end if the minimum
angle that the rod can make with the horizontal is 6.

Y
yd.

Figure 10-E9

A uniform rod of mass 300 g and length 50 cm rotates
at a uniform angular speed of 2 rad/s about an axis
perpendicular to the rod through an end. Calculate
(a) the angular momentum of the rod about the axis of
rotation, (b) the speed of the centre of the rod and (c) its
kinetic energy.

A uniform square plate of mass 2'0 kg and edge 10 cm
rotates about one of its diagonals under the action of a
constant torque of 0°10 N-m. Calculate the angular
momentum and the kinetic energy of the plate at the
end of the fifth second after the start.

Calculate the ratio of the angular momentum of the
earth about its axis due to its spinning motion to that
about the sun due to its orbital motion. Radius of the
earth = 6400 km and radius of the orbit of the earth
about the sun = 1'5 x 10° km.

Two particles of masses m, and m, are joined by a light
rigid rod of length r. The system rotates at an angular
speed o about an axis through the centre of mass of the
system and perpendicular to the rod. Show that the
angular momentum of the system is L = ur *o where p
is the reduced mass of the system defined as
m,m,

m, +m,

A dumb-bell consists of two identical small balls of mass
1/2 kg each connected to the two ends of a 50 cm long

51.

52.
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58.

light rod. The dumb-bell is rotating about a fixed axis
through the centre of the rod and perpendicular to it at
an angular speed of 10 rad/s. An impulsive force of
average magnitude 50 N acts on one of the masses in
the direction of its velocity for 010 s. Find the new
angular velocity of the system.

A wheel of moment of inertia 0'500 kg-m” and radius
200 cm is rotating about its axis at an angular speed
of 20°0 rad/s. It picks up a stationary particle of mass
200 g at its edge. Find the new angular speed of the
wheel.

A diver having a moment of inertia of 6:0 kg-m’ about
an axis through its centre of mass rotates at an angular
speed of 2 rad/s about this axis. If he folds his hands
and feet to decrease the moment of inertia to 5°0 kg-m®,
what will be the new angular speed ?

A boy is seated in a revolving chair revolving at an
angular speed of 120 revolutions per minute. Two heavy
balls form part of the revolving system and the boy can
pull the balls closer to himself or may push them apart.
If by pulling the balls closer, the boy decreases the
moment of inertia of the system from 6 kg-m” to 2 kg-m’,
what will be the new angular speed ?

A boy is standing on a platform which is free to rotate
about its axis. The boy holds an open umbrella in his
hand. The axis of the umbrella coincides with that of
the platform. The moment of inertia of “the platform

plus the boy system” is 3-0 x 10 -3 kg-m * and that of the

umbrella is 20 x 10 "*kg-m ®. The boy starts spinning
the umbrella about the axis at an angular speed of 20
rev/s with respect to himself. Find the angular velocity
imparted to the platform.

A wheel of moment of inertia 0-10 kg-m’ is rotating
about a shaft at an angular speed of 160 rev/minute. A
second wheel is set into rotation at 300 rev/minute and
is coupled to the same shaft so that both the wheels
finally rotate with a common angular speed of 200
rev/minute. Find the moment of inertia of the second
wheel.

A kid of mass M stands at the edge of a platform of
radius R which can be freely rotated about its axis. The
moment of inertia of the platform is I. The system is at
rest when a friend throws a ball of mass m and the kid
catches it. If the velocity of the ball is v horizontally
along the tangent to the edge of the platform when it
was caught by the kid, find the angular speed of the
platform after the event.

Suppose the platform of the previous problem is brought
to rest with the ball in the hand of the kid standing on
the rim. The kid throws the ball horizontally to his
friend in a direction tangential to the rim with a speed
v as seen by his friend. Find the angular velocity with
which the platform will start rotating.

Suppose the platform with the kid in the previous
problem is rotating in anticlockwise direction at an
angular speed . The kid starts walking along the rim
with a speed v relative to the platform also in the
anticlockwise direction. Find the new angular speed of
the platform.
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A uniform rod of mass m and length [ is struck at an
end by a force F perpendicular to the rod for a short
time interval ¢. Calculate

(a) the speed of the centre of mass, (b) the angular speed
of the rod about the centre of mass, (c) the kinetic energy
of the rod and (d) the angular momentum of the rod
about the centre of mass after the force has stopped to
act. Assume that ¢ is so small that the rod does not
appreciably change its direction while the force acts.

A uniform rod of length L lies on a smooth horizontal
table. A particle moving on the table strikes the rod
perpendicularly at an end and stops. Find the distance
travelled by the centre of the rod by the time it turns
through a right angle. Show that if the mass of the rod
is four times that of the particle, the collision is elastic.

Suppose the particle of the previous problem has a mass
m and a speed v before the collision and it sticks to the
rod after the collision. The rod has a mass M. (a) Find
the velocity of the centre of mass C of the system
constituting “the rod plus the particle”. (b) Find the
velocity of the particle with respect to C before the
collision. (c) Find the velocity of the rod with respect to
C before the collision. (d) Find the angular momentum
of the particle and of the rod about the centre of mass
C before the collision. (e) Find the moment of inertia of
the system about the vertical axis through the centre of
mass C after the collision. (f) Find the velocity of the
centre of mass C and the angular velocity of the system
about the centre of mass after the collision.

Two small balls A and B, each of mass m, are joined
rigidly by a light horizontal rod of length L. The rod is
clamped at the centre in such a way that it can rotate
freely about a vertical axis through its centre. The
system is rotated with an angular speed ® about the
axis. A particle P of mass m kept at rest sticks to the
ball A as the ball collides with it. Find the new angular
speed of the rod.

Two small balls A and B, each of mass m, are joined
rigidly to the ends of a light rod of lengh L (figure
10-E10). The system translates on a frictionless
horizontal surface with a velocity v, in a direction
perpendicular to the rod. A particle P of mass m kept
at rest on the surface sticks to the ball A as the ball
collides with it. Find

(a) the linear speeds of the balls A and B after the
collision, (b) the velocity of the centre of mass C of the
system A + B + P and (c) the angular speed of the system
about C after the collision.

T Bl — ™%
L
[

Figure 10-E10

[Hint : The light rod will exert a force on the ball B
only along its length.]

Suppose the rod with the balls A and B of the previous
problem is clamped at the centre in such a way that it
can rotate freely about a horizontal axis through the
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clamp. The system is kept at rest in the horizontal
position. A particle P of the same mass m is dropped
from a height A on the ball B. The particle collides with
B and sticks to it. (a) Find the angular momentum and
the angular speed of the system just after the collision.
(b)°What should be the minimum value of & so that the
system makes a full rotation after the collision.

Two blocks of masses 400 g and 200 g are connected
through a light string going over a pulley which is free
to rotate about its axis. The pulley has a moment of

inertia 16x10* kgm?® and a radius 20 cm. Find
(a) the kinetic energy of the system as the 400 g block
falls through 50 cm, (b) the speed of the blocks at this
instant.

The pulley shown in figure (10-E11) has a radius of
20 cm and moment of inertia 02 kg-m”. The string going
over it is attached at one end to a vertical spring of
spring constant 50 N/m fixed from below, and supports
a 1 kg mass at the other end. The system is released
from rest with the spring at its natural length. Find the
speed of the block when it has descended through 10 cm.
Take g =10 m/s °.

1kg

Figure 10-E11

A metre stick is held vertically with one end on a rough
horizontal floor. It is gently allowed to fall on the floor.
Assuming that the end at the floor does not slip, find
the angular speed of the rod when it hits the floor.

A metre stick weighing 240 g is pivoted at its upper end
in such a way that it can freely rotate in a vertical plane
through this end (figure 10-E12). A particle of mass
100 g is attached to the upper end of the stick through
a light string of length 1 m. Initially, the rod is kept
vertical and the string horizontal when the system is
released from rest. The particle collides with the lower
end of the stick and sticks there. Find the maximum
angle through which the stick will rise.

Figure 10-E12

A uniform rod pivoted at its upper end hangs vertically.
It is displaced through an angle of 60° and then released.
Find the magnitude of the force acting on a particle of
mass dm at the tip of the rod when the rod makes an
angle of 37° with the vertical.

A cylinder rolls on a horizontal plane surface. If the
speed of the centre is 25 m/s, what is the speed of the
highest point ?
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71. A sphere of mass m rolls on a plane surface. Find its
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kinetic energy at an instant when its centre moves with
speed v.

A string is wrapped over the edge of a uniform disc and
the free end is fixed with the ceiling. The disc moves
down, unwinding the string. Find the downward
acceleration of the disc.

A small spherical ball is released from a point at a
height & on a rough track shown in figure (10-E13).
Assuming that it does not slip anywhere, find its linear
speed when it rolls on the horizontal part of the track.

TL
h
l ~

Figure 10-E13

A small disc is set rolling with a speed v on the
horizontal part of the track of the previous problem from
right to left. To what height will it climb up the curved
part ?

A sphere starts rolling down an incline of inclination 6.
Find the speed of its centre when it has covered a
distance /.

A hollow sphere is released from the top of an inclined
plane of inclination 6. (a) What should be the minimum
coefficient of friction between the sphere and the plane
to prevent sliding ? (b) Find the kinetic energy of the
ball as it moves down a length ! on the incline if the
friction coefficient is half the value calculated in part (a).

A solid sphere of mass m is released from rest from the
rim of a hemispherical cup so that it rolls along the
surface. If the rim of the hemisphere is kept horizontal,
find the normal force exerted by the cup on the ball
when the ball reaches the bottom of the cup.

Figure (10-E14) shows a rough track, a portion of which
is in the form of a cylinder of radius R. With what
minimum linear speed should a sphere of radius r be
set rolling on the horizontal part so that it completely
goes round the circle on the cylindrical part.

.

Figure 10-E14

Figure (10-E15) shows a small spherical ball of mass m
rolling down the loop track. The ball is released on the
linear portion at a vertical height H from the lowest
point. The circular part shown has a radius R.

(a) Find the kinetic energy of the ball when it is at a
point A where the radius makes an angle 6 with the
horizontal.

(b) Find the radial and the tangential accelerations of
the centre when the ball is at A.

80.

81.

82.

83.

85.

86.

(c) Find the normal force and the frictional force acting
on the ballif H=60cm, R=10cm, 6=0and m =70 g,

@
| )

Figure 10-E15

A thin spherical shell of radius R lying on a rough
horizontal surface is hit sharply and horizontally by a
cue. Where should it be hit so that the shell does not
slip on the surface ?

A uniform wheel of radius R is set into rotation about
its axis at an angular speed w. This rotating wheel is
now placed on a rough horizontal surface with its axis
horizontal. Because of friction at the contact, the wheel
accelerates forward and its rotation decelerates till the
wheel starts pure rolling on the surface. Find the linear
speed of the wheel after it starts pure rolling.

A thin spherical shell lying on a rough horizontal surface
is hit by a cue in such a way that the line of action
passes through the centre of the shell. As a result, the
shell starts moving with a linear speed v without any
initial angular velocity. Find the linear speed of the shell
after it starts pure rolling on the surface.

A hollow sphere of radius R lies on a smooth horizontal
surface. It is pulled by a horizontal force . acting
tangentially from the highest point. Find the distance
travelled by the sphere during the time it makes one
full rotation.

A solid sphere of mass 050 kg is kept on a horizontal
surface. The coefficient of static friction between the
surfaces in contact is 2/7. What maximum force can be
applied at the highest point in the horizontal direction
so that the sphere does not slip on the surface ?

A solid sphere is set into motion on a rough horizontal
surface with a linear speed v in the forward direction
and an angular speed v/R in the anticlockwise direction
as shown in figure (10-E16). Find the linear speed of the
sphere (a) when it stops rotating and (b) when slipping
finally ceases and pure rolling starts.

Figure 10-E16

A solid sphere rolling on a rough horizontal surface with
a linear speed v collides elastically with a fixed, smooth,
vertical wall. Find the speed of the sphere after it has
started pure rolling in the backward direction.
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ANSWERS
OBJECTIVE 1 28. 087 N
L@ 2@ 3® 4@ 5© 6 © 29. 25 s
. 8@ 9. 10.(© 1L (© 12 (a) 80. 20 s
(@ 14. (@ 15.(a) 16.(d) 17. (d) 18. (b) 31. 84 rad/s’®
(c) 20. (¢) 21. (a) 22. d 23. (d 24. (d
® 26 (b) @ @ @ 32. 80rad/s’, 276N, 29N
33. _Mg__2
M+m+1I/r
OBJECTIVE 1II
34. 089 m/s ®
. (b), (d) 2. (b) 3. (b), (e), (d) - 385. 63N
. (@), (b) 5. (¢) 6. (b) M = m)g
(d) 8. (a), (c), (d) 9. (c) 36 ———>=—
. (b) 11. (b) 12. (a), (b), (c) M+m+21/r
. (© 14. (a), (b) 15. (a) 37. 10 m/s ®
38. 025 m/s *
EXERCISES 39. 0-195 m/s ®
. 25 rev/s ®, 400 nrad 40. 1'04 N in the left string and 1-12 N in the right
. 4 rev/s”®, 20 rev/s 41. 745 N, 412 N, 0553
800 rad 42. 440 kg
. 100 rad 43. (a) 740 N-m
. 95 rev/s (b) 590 N vertical and 120 N horizontal
2 m/s, 1 m/s 44. 43 N
.16 cm/s? 4cem/s’ 45 L cos@ sin "0
2 m/s " 2h ~L cos ’0 sind
 15x10 ' kg-m? 40x 10" kg-m® 46. (a) 005 kg-m */s (b) 50 cm/s (c) 0°05J
. 0-43 kg-m 47. 05 kgm*/s, 75 J
14 mr’® 48. 266 x 10"
5 50. 12 rad/s
034m 51. 19'7 rad/s
N2 r 52. 2'4 rad/s
r /N2 53. 360 rev/minute
ma?/12 54. 0'8 rev/s
Aa® Ba® 55. 0:04 kg-m *
2n +—
4 5 56 muR
M 2
mu * sind cos® perpendicular to the plane of motion I+ (A;I; mR
mu.
i i i 57. -
z;)l5 511\11:19, when the bob is at the lowest point T+ MR’
58 Mvr
054 N-m " T+ MR’
1 . Ft 6 Ft 2F%* Flt
—mgasin® . = 270 e
2 2 59. (a) - (b) ml (c) p (d) 5
3 Ft 60. t L/12
2ml mv Mv mv
61. —_— -
2:0x 10" °N-m @ M+m ® M+m © M+m
2 2 2
0'5x 107 N-m @ Mmel Mmool MMt AmL
. 2M+m)” 2M+m) 12(M + m)
(a) 1'0 N-m (b) 9°0 kJ (c) 60 kg-m /s
® muv , 6 mv
58 x 10 * N-m M+m’ (M+4m)L
1rev/s® 5revls 62. 20/3
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63. (a) % yv,  (b) %vo along the initial motion of the rod 75. "\ ’% g 1 sind

Yo
© 357 76. (a) % tand (b) % mgl sind
mL~gh 8gh 3
64. () — o 5T ® 5L 77. 17 mg/7
65. (a) 098 J (b) 1'4 m/s 78. "\ /27_7 gR-1)
66. 05 m/s
67. 5°4 rad/s 79. (a) mg(H — R - R sin#),
o 10 (H . _5
68. 41 (b) 78| R 1 - sin@ n& cosf
69. 09V2dmg (©) 49N, 0-196 N upward
70. 50 m/s 80. 2 R/3 above the centre
71. T76mv 2 81. wR/3
82. 3v/5
72, %g 83. 4 R/3
73. V10 gh/7 84.33 N
3y 85. (a) 3 v/5 (b) 3 v/7
74, 22 86. 3 v/7
4g



SOLUTIONS TO CONCEPTS
CHAPTER -10

wp=0;p=100rev/s; ®=2n; p=200 = rad/s
= o= = ot

= o=at

= o = (200 n)/4 = 50  rad /s or 25 rev/s®

5 0= ot + 1/2 o’ = 8 x 50 1 = 400 = rad

. o =50 7 rad/s® or 25 rev/s®

6 =400 & rad.

0=100m;t=>5sec

0 =1/2 of = 1007 = 1/2 o 25

= a=8nx5=40rnrad/s = 20 rev/s

. o= 8nrad/s® = 4 rev/s®

o = 40r rad/s? = 20 rev/s.

Area under the curve will decide the total angle rotated

. maximum angular velocity = 4 x 10 = 40 rad/s 100k - -
Therefore, area under the curve = 1/2 x 10 x40+ 40 x 10 + 1/2 x 40 x 10 N\
=800 rad 10 ;20

.. Total angle rotated = 800 rad.

o = 1 rad/s?, oo = 5rad/s; ® = 15 rad/s

LW =wo + at

=t=(0 - o)/a=(15-5)/1=10 sec

Also, 6 = wot + 1/2 at?

=5x10+1/2 %1 x 100 =100 rad.
e=5rev,oc=2rev/sz,(oo=0;w=?

o’ =(2a0)

= o= +2x2x5= 25 revis.

or0=10nrad, o =4n rad/sz, 0 =0,0=7

o= \/g =2x4xx10%

= 4n/5 rad/s = 245 rev/s.

A disc of radius =10 cm =0.1 m

Angular velocity = 20 rad/s

.. Linear velocity on the rim = or =20 x 0.1 =2 m/s

.. Linear velocity at the middle of radius = wr/2 = 20 x (0.1)/2 =1 m/s.
t=1sec,r=1cm=0.01m

o = 4 rd/s’

Therefore = at = 4 rad/s

Therefore radial acceleration,

A, = o’ =0.16 m/s® = 16 cm/s

Therefore tangential acceleration, a, = ar = 0.04 m/s? = 4 cm/s®.

The Block is moving the rim of the pulley G
The pulley is moving at a = 10 rad/s

Therefore the radius of the pulley = 20 cm

Therefore linear velocity on the rim = tangential velocity = ro m
=20 x 20 =200 cm/s =2 m/s.

10.1


JEEMAIN.GURU

Chapter-10

Therefore, the L distance from the axis (AD) = \/5/2 x10 = 5\/5 cm. A
Therefore moment of inertia about the axis BC will be

I =mr?=200K (5v/3)% =200 x 25 x 3

= 15000 gm — cm” = 1.5 x 10° kg — m”.

b) The axis of rotation let pass through A and L to the plane of triangle

i U p YV I
Therefore the torque will be produced by mass B and C B C
Therefore net moment of inertia = | = mr® + mr?
=2 x 200 x10? = 40000 gm-cm? = 4 x1072 kg-m?.
. Masses of 1 gm, 2 gm ...... 100 gm are kept at the marks 1 cm, 2 cm, ...... 1000 cm on he x axis
respectively. A perpendicular axis is passed at the 50" particle.
Therefore on the L.H.S. side of the axis there will be 49 particles and on
the R.H.S. side there are 50 particles. @%
Consider the two particles at the position 49 cm and 51 cm.
Moment inertial due to these two particle will be =
49 x 1% + 51 + 1% = 100 gm-cm” 110 20 30 40 30 60 70 80 90 100
Similarly if we consider 48" and 52" term we will get 100 x2% gm-cm?
Therefore we will get 49 such set and one lone patrticle at 100 cm. OO | O O
Therefore total moment of inertia = ig \4'5 ! ?1/ \55

100 {12 + 2% + 32 + ... + 49% + 100(50)>.
=100 x (50 x 51 x 101)/6 = 4292500 gm-cm?
= 0.429 kg-m? = 0.43 kg-m”.
. The two bodies of mass m and radius r are moving along the common tangent.
Therefore moment of inertia of the first body about XY tangent.
= mr® + 2/5 mr®
— Moment of inertia of the second body XY tangent = mr? + 2/5 mr’ = 7/5 mr’ 1 2
Therefore, net moment of inertia = 7/5 mr? + 7/5 mr? = 14/5 mr? units.

. Length of the rod = 1 m, mass of the rod = 0.5 kg ’
Let at a distance d from the center the rod is moving " P
Applying parallel axis theorem : M. d T
The moment of inertial about that point I - - 1
= (mL?/12) + md®*=0.10 « ™ >

= (0.5 x 1%)/12 + 0.5 x d* = 0.10

= d*=0.2-0.082=0.118

= d = 0.342 m from the centre.

. Moment of inertia at the centre and perpendicular to the plane of the ring.
So, about a point on the rim of the ring and the axis L to the plane of the ring, the

moment of inertia A

=mR? + mR? = 2mR? (parallel axis theorem)
= mK? = 2mR? (K = radius of the gyration)

= K=2R? =2 R.

. The moment of inertia about the center and L to the plane of the disc of
radius r and mass m is = mr®.

According to the question the radius of gyration of the disc about a point = C_r\\
radius of the disc. S P4
Therefore mk® = % mr® + md”
(K = radius of gyration about acceleration point, d = distance of that point 172 m 1/2 mr2+md?
from the centre)

>K=rR2+d

>rP=rR+d (. K=r)

SrR=d=d=r/y2.

mP12  (miPA2)+md?

10.2
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Let a small cross sectional area is at a distance x from xx axis.
Therefore mass of that small section = m/a” x ax dx Ya y BX
Therefore moment of inertia about xx axis

al2
=ly= 2 j(m/az)x(adx)x x2 = (2x(m/a)(x? /3)]3'2 x x

0
2
=ma“/12
xP y Cy

Therefore | = Iy + lyy

= 2 x *ma?/12)= ma%/6
Since the two diagonals are L to each other
Therefore |, = lex + 1y
= ma?/6 = 2 x lex (because lee = lyy) = ey = ma*/12
The surface density of a circular disc of radius a depends upon the distance from the centre as
P(r)=A+Br
Therefore the mass of the ring of radius r will be

0=(A+Br)x 2zrdrxr

The(refore r)noment of inertia about the centre will be @de
a a a

= j(A +Br)2zr xdr = | 2rAr3dr + j 2nBrédr

0 0 0

= 2nA (r*/4) + 2n B(r°/5) |3 = 2na® [(A/4) + (Ba/5)].

At the highest point total force acting on the particle id its weight acting downward.
Range of the particle = u® sin 2x / g

Therefore force is at a L distance, = (total range)/2 = (v2 sin 20)/2g

(From the initial point)
Therefore T = F x r ( 6 = angle of projection) _

=mg x V* sin 20/2g (v = initial velocity) (v’sin20) /26
= mv® sin 26 / 2 = mv® sin 6 cos 6.

A simple of pendulum of length | is suspended from a rigid support. A bob of weight W is hanging on the
other point. L

N

When the bob is at an angle 6 with the vertical, then total torque acting on the point of | 5
suspension=i=F xr /
=Wrsind=WIsin6 A

o

At the lowest point of suspension the torque will be zero as the force acting on the body
passes through the point of suspension.

A force of 6 N acting at an angle of 30° is just able to loosen the wrench at a distance 8 cm from it.
Therefore total torque acting at A about the point 0

=6 sin 30° x (8/100)

Therefore total torque required at B about the point 0

=F x 16/100 = F x 16/100 = 6 sin 30° x 8/100

=F=8x3)/16=15N.

Torque about a point = Total force x perpendicular distance from the point to that force.

Let anticlockwise torque = + ve

And clockwise acting torque = —ve

Force acting at the pointBis 15 N

Therefore torque at O due to this force

=15x 6 x 107 x sin 37°

=15 x 6 x 107 x 3/5 = 0.54 N-m (anticlock wise)

Force acting at the point C is 10 N

Therefore, torque at O due to this force

=10 x4 x1072=0.4 N-m (clockwise)

Force acting at the point Ais 20 N

Therefore, Torque at O due to this force = 20 x 4 x 107 x sin30°
=20 x 4 x 107 x 1/2 = 0.4 N-m (anticlockwise)

Therefore resultant torque acting at ‘O’ = 0.54 — 0.4 + 0.4 = 0.54 N-m.
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23.

24,

25.

The force mg acting on the body has two components mg sin 6 and mg cos 6

and the body will exert a normal reaction. Let R =

Since R and mg cos 0 pass through the centre of the cube, there will be no torque
due to R and mg cos 6. The only torque will be produced by mg sin 6.

- i=F xr(r=al2) (a=ages of the cube)
= i=mgsin 0 x a/2

=1/2 mg a sin 0.
A rod of mass m and length L, lying horizontally, is free to rotate about a vertical axis passing through its
centre.

A force F is acting perpendicular to the rod at a distance L/4 from the centre.

Therefore torque about the centre due to this force A’ At =sec

= F xr=FL/4. N
This torque will produce a angular acceleration a. < .
Therefore 1. = I, X o Al 1B
=i =(mL?/12) x a (I, of a rod = mL?/ 12) IW
= Fil4=(mL?/12) x o = o = 3F/ml F .

Therefore 0 = 1/2 at’ (initially at rest)

= 0 =1/2 x (3F / mI)t® = (3F/2ml)t*.

A square plate of mass 120 gm and edge 5 cm rotates about one of the edge.

Let take a small area of the square of width dx and length a which is at a distance x from the axis of
rotation.

Therefore mass of that small area

m/a® x a dx (m = mass of the square ; a = side of the plate) E—

X

dx

| = j(m/a2)x ax2dx = (m/a)(x® /3)]2
0

= ma’/3
Therefore torque produced = | x o = (ma%/3) x a
={(120 x 107 x 5% x 107)/3} 0.2
=02x10"*=2x 10" N-m.
Moment of inertial of a square plate about its diagonal is ma®/12 (m = mass of the square plate)
a = edges of the square
Therefore torque produced = (ma2/12) X o NG x
={(120 x 102 x 57 x 107%/12 x 0.2
=0.5x 107° N-m.
A flywheel of moment of inertia 5 kg m is rotated at a speed of 60 rad/s. The flywheel comes to rest due
to the friction at the axle after 5 minutes.
Therefore, the angular deceleration produced due to frictional force = ® = g + at
= oo =—at (o =0+
= o = —(60/5 x 60) = —1/5 rad/s’.
a) Therefore total workdone in stopping the wheel by frictional force @
W = 1/2 in° = 1/2 x 5 x (60 x 60) = 9000 Joule = 9 KJ.
b) Therefore torque produced by the frictional force (R) is
Ir=1xa=5x(-1/5) = IN — m opposite to the rotation of wheel.
c) Angular velocity after 4 minutes

= o =wy + at=60-240/5=12rad/s
Therefore angular momentum about the centre = 1 x @ = 5 x 12 = 60 kg-m/s.
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30.

31.

32.

The earth’s angular speed decreases by 0.0016 rad/day in 100 years.
Therefore the torque produced by the ocean water in decreasing earth’s angular velocity
T=la
= 2/5 mr® x (o — wo)lt
=2/6 x 6 x 10°* x 64 x 10'° x [0.0016 /(26400° x 100 x 365)] (1 year = 365 days= 365 x 56400 sec)
=5.678 x 10° N-m.
A wheel rotating at a speed of 600 rpm.
®g = 600 rpm = 10 revolutions per second.
T =10 sec. (In 10 sec. it comes to rest)
o=0
Therefore wg = —at
= a=-10/10 = -1 rev/s’
>o=mnytat=10-1x5=5rev/s.
Therefore angular deacceleration = 1 rev/s® and angular velocity of after 5 sec is 5 rev/s.
® = 100 rev/min = 5/8 rev/s = 10n/3 rad/s
0=10rev=20=nrad,r=0.2m
After 10 revolutions the wheel will come to rest by a tangential force
Therefore the angular deacceleration produced by the force = a. = »?/26
Therefore the torque by which the wheel will come to an rest = I, x a
=SFxr=lgmxa—Fx0.2=1/2mrx [(10n/3)°/ (2 x 20m)]
=F=1/2x10x0.2x 100 7°/ (9 x 2 x 20x)
=5n/18=15.7/18 =0.87 N.
A cylinder is moving with an angular velocity 50 rev/s brought in contact with another identical cylinder
in rest. The first and second cylinder has common acceleration and deacceleration as 1 rad/s?
respectively.
Let after t sec their angular velocity will be same ‘w’.
For the first cylinder ® = 50 — at
=t=(0—-50)-1
And for the 2™ cylinder ® = ast
=t= ol
So, ® = (o — 50)/-1
=20=50= o =25rev/s.
= t=25/1 sec = 25 sec.
Initial angular velocity = 20 rad/s
Therefore o = 2 rad/s®
=t = w/aqy =20/2 =10 sec
Therefore 10 sec it will come to rest.
Since the same torque is continues to act on the body it will produce same angular acceleration and
since the initial kinetic energy = the kinetic energy at a instant.
So initial angular velocity = angular velocity at that instant
Therefore time require to come to that angular velocity,
t= (1)2/0(2 =20/2 =10 sec
therefore time required = t; + t, = 20 sec.
Inet = lnet X
= Firy—Fory = (M2 +mur2)x a—2x 10 x 0.5
=5x10x0.5=(5x (1/2)° + 2 x (1/2)°) x o
=156=7/4 a
= o = 60/7 = 8.57 rad/s”.
In this problem the rod has a mass 1 kg
a) Tnet = lnet X @
=5%x10%x105-2x10x0.5
= (5% (1/2)° + 2 x (1/2)° + 1/12) x a

10.5


JEEMAIN.GURU

Chapter-10

33.

34.

35.

36.

= 15 = (1.75 + 0.084) o

= a = 1500/(175 + 8.4) = 1500/183.4 = 8.1 rad/s? (g = 10)

= 8.01 rad/s” (if g = 9.8)

b) Ty—myg=mja
=Ty =msa+mqg=2(a+g)
=2(ar+9)=2(8x0.5+9.8)
= 27.6 N on the first body.
In the second body
=>myg—Tr=mea= T, =myg—ma

= T,=5(g—a)=5(9.8 — 8 x 0.5) = 29 N.

According to the question

Mg—-T,=Ma ..(1)
T,=ma ...(2)
(Ti—Ty)=1alr ...(3) [because a =ra]...[T.r =l(a/r)]

If we add the equation 1 and 2 we will get
Mg+ (T,-Ty)=Ma+ma ...(4)
:Mg—la/r2=Ma+ma

= (M +m +/r)a = Mg

= a=Mg/(M+m+ I/r2)

| = 0.20 kg-m? (Bigger pulley)

r=10cm = 0.1 m, smaller pulley is light
mass of the block, m = 2 kg

therefore mg — T =ma ..(1)
=T =la/n? ..(2)

= mg = (m + I/)a =>(2 x 9.8) / [2 + (0.2/0.01)]=a

=19.6/22 =0.89 m/s®

Therefore, acceleration of the block = 0.89 m/s?.

m = 2 kg, iy = 0.10 kg-m?, ry=5 cm = 0.05 m

i, =0.20 kg-m*, r,=10cm =0.1m

Therefore mg—-Ty=ma ...(1)
(T4 =To)r1 = lha ...(2)
T2|'2 = |2(X (3)

Substituting the value of T, in the equation (2), we get

= (t1 - |2 (x/r1)r2 = |1(X
= (T1=lyalr?) = lalr,?
= Ty = [(I/r%) + 1/r,)]a

Substituting the value of T4 in the equation (1), we get

= mg-— [(I1/r12) + I2/r22)]a =ma
mg
=a
[(/67)+ (1o /r5)]+m

2x9.8

—a= =0.316 m/s?

(0.1/0.0025) + (0.2/0.01) + 2

= T, = Lair,? = 22020310 555\
0.01

According to the question

Mg-T; =Ma

(T- TR =1a/R = (T, - Ty) = la/R?

(T, - T3)R = la/R?

= T3 —mg=ma

By adding equation (2) and (3) we will get,

= (T1=T3) =2 la/lR?

By adding equation (1) and (4) we will get

(1)
.(2)
..(3)
..(4)

..(5)

mg mz2g
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38.

39.

40.

41.

—mg+ Mg+ (T;—T¢)=Ma+ma ...(6)
Substituting the value for T3 — T4 we will get
=Mg-mg=Ma+ma+ 2la/R?

M-m)G

—aE a2y
(M+m+2I/R%)

A'is light pulley and B is the descending pulley having | = 0.20 kg —m®and r=0.2 m

Mass of the block = 1 kg
According to the equation

T1 =mya (1)
(To=To)r = la .(2)
mog — myp al2=T4+T, (3)

To,-Ty= la/2R? = 5a/2 and T4 = a (because a = a/2R)
=>T,=72a

=>myg=myal2+7/2a+a
=2l/Pg=2lIra/2+9/2 a (112 mr® = 1)
=98=5a+45a

—a=98/9.5=10.3 ms’

m4g sin®—T;=mya ..(1)
(T1=To) =lalr® ..(2)
T, — m,g sin 6 = mya ...(3)

Adding the equations (1) and (3) we will get
m4g sin 6 + (T, — T¢) —myg sin 6 = (my + my)a
= (Mmy—my)g sind = (my + my + 1/r2)a
—a= M-M)ISING _ 4548 = 025 ms
(my+m, +1/r?)
mq =4 kg, my = 2 kg
Frictional co-efficient between 2 kg block and surface = 0.5
R=10cm=0.1m
| =0.5 kg —m?
m4g sin®—-Ty=mya ..(1)
T, — (mxg sin 6 + p myg cos B) = mya ...(2)
(T1=Tp) = lair®
Adding equation (1) and (2) we will get
mg sin 6 — (m,g sin 6 + umy,g cos B) + (T, — T¢) = mya + mya

=4x98x (1/42) —{(2%x 9.8 x (1/4/2)+0.5x2x 9.8 x (1/+/2)} = (4 + 2 + 0.5/0.01)a

= 27.80 - (13.90 + 6.95) =65 a = a = 0.125 ms™>.
According to the question
m;=200g,1=1m,m,=20g

Therefore, (T4 x rq) — (T2 x rp) — (myf x rzg) =0
=Tyx07-T,x03-2x02%xg=0

= 7T,-3T,=3.92 ..(1)
Ti+T,=02%x98+0.02x9.8=2.156 ...(2)
From the equation (1) and (2) we will get
10T,=10.3

= T,;=1.038 N=1.04 N

Therefore T, =2.156 — 1.038 =1.118 = 1.12 N.
R1=].,LR2, R2=169+609=745N

R x 10 cos 37° = 16g % 5 sin 37° + 60 g x 8 x sin 37°
= 8R;=48g +288 g

= R;=3369/8 =412 N =f

Therefore p = Ry / Ry = 412/745 = 0.553.

AT,

—> 200kg

R>

R4

60g
169
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44,

45.

46.

p=0.54,R,=16g + mg ; R4 = uR;
= Ry x 10 cos 37° =16g x 5sin 37° + mg x 8 x sin 37°
= 8R; =48g + 24/5 mg

~R,= 48g+24/5 mg

8x0.54
= 169+mg: M:16+mzw
5x8x0.54 40x0.54
= m =44 kg.

m = 60 kg, ladder length = 6.5 m, height of the wall =6 m
Therefore torque due to the weight of the body
a) t=600%x6.5/2sin0=i
= 1=600%6.5/2x 4[1-(6/6.5)]
= 1 =735 N-m.
b) R, =mg=60x 9.8
R;=puR, = 6.5 Ry cos 6 = 60g sin 6 x 6.5/2
= R;y=60gtan 6 =60 g x (2.5/12)[because tan 0 = 2.5/6]
= Ry =(25/2) g=122.5N.
According to the question
8g=F1+F;;Ni=N;
Since, R1 =R,
Therefore F1 = F,
:>2F1=892>F1 =40

Let us take torque about the point B, we will get Ny x 4 =8 g x 0.75.

=N;=(80x%x3)/(4x4)=15N

Therefore y(F2 +N? =R, =v40? +152 =42.72 =43 N.
Rod has a length = L

It makes an angle 6 with the floor

The vertical wall has a height = h

R,=mg - Rq cos 6 ..(1)

R sin 6 = puR, ...(2)

R; cos 6 x (h/tan 6) + Ry sin 6 x h=mg x 1/2 cos 6

= Ry (cosze/sin 0)h + Rysin®h=mg x 1/2 cos 6

— R, = mgxL/2cos6
" {(cos?0/sin6)h + sinOh}
— R cos 0= mgL / 2cos? 0sin©
k {(cos? 6/sinB)h + sin bh}

mg L/2 cos6.sin6
{(cos? 0/sinB)h + sinbh)}mg —mg 1/2 cos? 6
L/2 cosH.sinbx2sin6
2(cos? 6h + sin? 6h) — L cos2 0sin 0
_ Lcos6sin? @
M 2h “LcosZosing

= u=R1Sin6/R2=

= pu=

Rz

R4

60g
169

Risin®

R, I:\’ﬂcose
0

mg

A uniform rod of mass 300 grams and length 50 cm rotates with an uniform angular velocity = 2 rad/s

about an axis perpendicular to the rod through an end.
a) L=lo
| at the end = mL?%/3 = (0.3 x 0.5%)/3 = 0.025 kg-m”
=0.025 x 2 =0.05 kg — m*/s
b) Speed of the centre of the rod
V =or=w x (50/2) =50 cm/s = 0.5 m/s.
c) lIts kinetic energy = 1/2 lo® = (1/2) x 0.025 x 2 = 0.05 Joule.
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49.

50.

51.

52.

53.

[=0.10N-m;a=10cm =0.1m; m=2kg
Therefore (ma2/’|2) x o0 =0.10 N-m
= o =60 rad/s

|1=0.10N-m

Therefore o = wg + at «

= ® =60 x5=2300 rad/s

Therefore angular momentum = lo = (0.10 / 60) x 300 = 0.50 kg-m?/s
And 0 kinetic energy = 1/2 lo® = 1/2 x (0.10 / 60) x 300% = 75 Joules.
Angular momentum of the earth about its axis is

=2/5 mr® x (2n/ 85400)  (because, | = 2/5 mr?)

Angular momentum of the earth about sun’s axis

= mR? x (2r / 86400 x 365) (because, | = mR?)

2/5mr? x (2r/86400)

Therefore, ratio of the angular momentum = >
mMR* x 21 /(86400 x 365)

= (2r° x 365) / 5R?
= (2.990 x 10/ (1.125 x 10"") = 2.65 x 107"
Angular momentum due to the mass m, at the centre of system is = m, r'2,

m § mm2r2
=m1 2 o= T2 7O ..(1)
m; +m, (my+my)

Similarly the angular momentum due to the mass m; at the centre of system is m;

112
ro

2 2
=m2( i ] 0= MM o ..@2)

m1m§r2m n m2m12r2m

Therefore net angular momentum = > >
(my+my)" (Mg +my)

2
N mymy(my +m22)r © _ MMy r’o=prlo (proved)
(Mg +m,) (my +m;)
T=la
— F x r:(mr2+mr2)a = 5x0.25=2mr’ x o
o= 1.25 —20

2x0.5x0.025%0.25
oo =10 rad/s, t=0.10 sec, ® = wy + at
= o=10+010x230=10+2 =12 rad/s.
A wheel has
| =0.500 Kg-m?, r=0.2 m, © = 20 rad/s
Stationary particle = 0.2 kg
Therefore l1o1 = l,m, (since external torque = 0)
= 0.5%x10=(0.5+ 0.2 x 0.2%)w,
= 10/0.508 = 0, = 19.69 = 19.7 rad/s
l; = 6 kg-m?, @; = 2 rad/s , |, = 5 kg-m?
Since external torque = 0
Therefore l1wq = oy
= wp,=(6x2)/5=24rad/s
®1=120 rpm =120 % (2n/ 60) = 4n rad /s.
l4 =6kg—m2, I2=2kgm2
Since two balls are inside the system
Therefore, total external torque = 0
Therefore, l1mq = Loy
=6 x4n=2wm,
= oy =12 n rad/s = 6 rev/s = 360 rev/minute.

<« myr
M1+ Mgl «——>]
@7 —

mar

O—+0O
0.5kg 0.5kg
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55.

56.

57.

58.

59.

l1=2x 107 kg-m2 ilp=3 % 107 kg—m2 ;o1 =2rad/s

From the earth reference the umbrella has a angular velocity (©; — ®,) o1

And the angular velocity of the man will be o,

Therefore (w1 — ®2) = lhwa

= 2x10°(2-w)=3%x10" x o, S— 01—, from earth
= 50, =4 = w,=0.8 rad/s. Earth reference

Wheel (1) has

l1=0.10 kg-mz, o4 = 160 rev/min

Wheel (2) has @
F >

I, =?; wo, =300 rev/imin
Given that after they are coupled, ® = 200 rev/min
Therefore if we take the two wheels to bean isolated system
Total external torque = 0
Therefore, l1oq + 1o = (I1 + 1)
= 0.10 x 160 + I, x 300 = (0.10 + 1,) x 200
= 5l,=1-0.8 = |, =0.04 kg-m*.
A kid of mass M stands at the edge of a platform of radius R which has a moment of inertia I. A ball of m
thrown to him and horizontal velocity of the ball v when he catches it.
Therefore if we take the total bodies as a system
Therefore mvR = {Il + (M + m)R%o
(The moment of inertia of the kid and ball about the axis = (M + m)R?)
- mvR
1+ (M+m)R?
Initial angular momentum = Final angular momentum
(the total external torque = 0)
Initial angular momentum = mvR (m = mass of the ball, v = velocity of the ball, R = radius of platform)
Therefore angular momentum = lo + MR%w
Therefore mVR = lo + MR? o
mVR
(1+MR?)
From a inertial frame of reference when we see the (man wheel) system, we can find that the wheel
moving at a speed of ® and the man with (o + V/R) after the man has started walking.
(o’ = angular velocity after walking, ® = angular velocity of the wheel before walking.
Since 21 =0

Extended torque = 0 VIR of man w.r.t.
Therefore (1 + MR?)o = lo’ + mR? (o’ + V/R) the platform
= (I+mR%o + lo’ + MR%0’ + mVR @

, mVR
> 00—,
(1+mR*?)

A uniform rod of mass m length { is struck at an end by a force F. L to the rod for a short time t
a) Speed of the centre of mass
mv=Ft=v= Pt
m
b) The angular speed of the rod about the centre of mass
fo—-rxp
= (M /12) x o = (1/2) x mv
S>mi /12 % o =(1/2) o’
= o =6Ft/m¢
c) KE. = (1/2) mv® + (1/2) {0’
(1/2) x m(Ft/my* (1/2) {w’
(1/2) x m x (F*im?) + (1/2) x (mi?/12) (36 x( F**/m?¢%))
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=F?¢/2m+32 (F?)/m=2F*#/m

d) Angular momentum about the centre of mass :-
L=mvr=mxFt/mx(1/2) =F{t /2

Let the mass of the particle = m & the mass of the rod = M

Let the particle strikes the rod with a velocity V. C

If we take the two body to be a system,

Therefore the net external torque & net external force = 0
Therefore Applying laws of conservation of linear momentum
MV’ = mV (V' = velocity of the rod after striking)

=V /V=m/M

Again applying laws of conservation of angular momentum
mVR

= — ={o

mVR _ MR? =« _ MRz
= Xx— =>t=

2 12 2t mi12xV
Therefore distance travelled :-
MRth _.m M Rrn _R=n
2,2 R o RE
mi12xn

Vit= v =
M m 12 12

a) If we take the two bodies as a system therefore total external force = 0
Applying L.C.L.M :-

mV=(M+m)Vv v
, mv
=V= ptetsipluteiviptutisiptutrinlet
M+m | ;
b) Let the velocity of the particle w.r.t. the centre of mass = V' l
M
,_ mx0+Mv , Mv
S>V=E——— V=
M+m M+m

c) If the body moves towards the rod with a velocity of v, i.e. the rod is moving with a
towards the particle.
Therefore the velocity of the rod w.r.t. the centre of mass =V~
MxO=mxv -mv
M+m ~ M+m
d) The distance of the centre of mass from the particle
_ Mx1/2+mx0O  MxI|/2
~ M+m)  (M+m)
Therefore angular momentum of the particle before the collision
=lo=Mrcmo
=m{m1/2)/ (M + m)}2 x V[ (1/2)
= (mM?vl) / 2(M + m)
Distance of the centre of mass from the centre of mass of the rod =
R' _ Mx0+mx(l/2) _ (ml/2)
em (M+m) (M+m)
Therefore angular momentum of the rod about the centre of mass
= MV RY,
=M x {(-mv) /(M + m)} {(ml/2) / (M + m)}
- ‘ ~Mm?3lv ‘_ Mm?lv
12M+m)?|  2(M+m)>
e) Moment of inertia of the system = M.I. due to rod + M.I. due to particle

=V =

(If we consider the magnitude only)

velocity — v
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M2 s M(ml/ 2)? s m(MI/s)?
12 (M+m)2  (M+m)?

_ MP(M+4m)
12M+m)
f) Velocity of the centre of mass V,, = M0+ mV =
(M+m)

(Velocity of centre of mass of the system before the collision = Velocity of centre of mass of the

system after the collision)
(Because External force = 0)

Angular velocity of the system about the centre of mass,

Pcm = lcm Q]
= MVy x Ty +mvy, xr =0

mv ml Mv MI
M x X +mx

_ MP(M+4m) y

M+m) 2(M+m) (M+m)x2(M+m)
Mm?vl+ mM?vl  MI?(M + 4m) 5
2M+m)?  12(M+m)
_ Mm/M+m) _ MI%(M + m) 5
2(M+m)? 12(M +m)
_, _6bmv _
(M+4m)l
Since external torque = 0
Therefore l10q =15 2

m2 mi> mP
=—+—=—

4 4 2
w; =0
2mi> mi>  3ml?
L="——t—=
4 4 4

Lo
Therefore @, = — = >~ 2 = ——

Two balls A & B, each of mass m are joined rigidly to the ends of a light of rod of length L. The system
moves in a velocity vg in a direction L to the rod. A particle P of mass m kept at rest on the surface

sticks to the ball A as the ball collides with it.

a) The light rod will exert a force on the ball B only along its length. So collision will not affect its

velocity.
B has a velocity = vy
If we consider the three bodies to be a system

Vo

Applying L.C.L.M.
L
Therefore mvg =2mv' = v’ = Yo
2 Yo,
Therefore A has velocity = V?O
b) if we consider the three bodies to be a system
Therefore, net external force = 0
mxvg, + Zm(vzoj m m 2
Therefore V¢, = = MVo TMVo _ Vo (along the initial velocity as before collision)
m+2m 3m 3
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c) The velocity of (A + P) w.r.t. the centre of mass = 2V _

— =" &
3 2 6
. 2vy _ Vg
The velocity of B w.r.t. the centre of mass v, 3 ° 3

[Only magnitude has been taken]
Distance of the (A + P) from centre of mass =1/3 & for B it is 2 1/3.
Therefore Pey = lem X ©

2 2
:>2m><v—°><1+m><v—°><£=2m1 +mg X M
6 3 3 3 3 3

6mvyl  6ml _Vy
=S— X0 D= —
18 9 21

The system is kept rest in the horizontal position and a particle P falls from a height h and collides with

B and sticks to it.

Therefore, the velocity of the particle ‘p’ before collision = ,/2gh
If we consider the two bodies P and B to be a system. Net external torque and force = 0

Therefore, m,/2gh =2mxv p,ol
X
=V = ,/(2gh)/2 /‘ v
Therefore angular momentum of the rod just after the collision ,'o\ / E';i
= 2m (V' xr)=2mx ./(2gh)/2 x1/2 = ml/(2gh)/2 ¥
L mly/2gh 2,/gh  .f8gh
o= —= = =
I 2mi2/4+2mi?/4) 3l 3l

b) When the mass 2m will at the top most position and the mass m at the lowest point, they will
automatically rotate. In this position the total gain in potential energy = 2 mg x (I/2) — mg (I/2) =
mg(l/2)

Therefore = mg 1/2 = 112 lo?
= mg /2 = (1/2 x 3ml®) / 4 x (8gh / 9g%)

= h =3l/2.
According to the question om
04g-Ty=04a ...(1)
T,-02g=02a ...(2)
(Ty=To)r=lalr ...(3)
From equation 1, 2 and 3
m
= (0.4-0.2)g _g/5

(04+02+1.6/0.4)

Therefore (b) V = v/2ah = /(2x gl® x0.5)
= (g/5) =+/(9.8/5) = 1.4 m/s.

a) Total kinetic energy of the system
=12 mVZ+1/2 mpV2 + 1/2 18°
= (1/2x 0.4 x 1.4%) + (1/2 x 0.2 x 1.4%) + (1/2 x (1.6/4) x 1.4%) = 0.98 Joule.
I=0.2 kg-m? r=0.2m, K= 50 N/m,
m=1kg,g=10msz,h=0.1 m
Therefore applying laws of conservation of energy
mgh = 1/2 mv? + 1/2 kx*
=1=12x1xV*+1/2x0.2xV?/0.04 +(1/2) x 50 x 0.01 (x = h)
=1=05V+25Vv'+1/4
= 3v’ = 3/4
=v=12=05m/s
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Let the mass of the rod = m

Therefore applying laws of conservation of energy
1/2 1o? = mg 112 ml \mg
=1/2xM /3 x o> =mg 1/2
= o’ =3g/l
mg

= o= 43g/l =5.42 rad/s.

12 10> =0=0.1x 10 x 1
= n= 420

o le1m
For collision 0.1kg

0.1 x 12 x /20 + 0 = [(0.24/3)x12% + (0.1)% 1o’ 1m

= o' = /20 /[10.(0.18)]

=0-1/2 0%=-myg | (1= cos 0)—myg /2 (1 — cos 6)
=0.1%x10(1—-cos 0)=0.24 x 10 x 0.5 (1 — cos 0)

= 1/2 x 0.18 x (20/3.24) = 2.2(1 — cos 0)

= (1-cos 0) =1/(2.2 x 1.8)

= 1—cos 6 =0.252

= cos 8 =1-0.252 =0.748

= o =cos (0.748) = 41°.

Let | = length of the rod, and m = mass of the rod.

Applying energy principle

(1/2) lo* — O = mg (1/2) (cos 37° — cos 60°)

1 m? 5, 1(4 1
= —X o =mgx—|—--—|t
2" 3 2\5 2

== —gg[9
101 |

Again [%joc =mg [%j sin 37° = mgl x %

~a=09 [%j = angular acceleration.
So, to find out the force on the particle at the tip of the rod
F; = centrifugal force = (dm) o” | = 0.9 (dm) g

F, = tangential force = (dm) a1 = 0.9 (dm) g

So, total force F = ,/iFiz +F,2 ) 20942 (dm)g

A cylinder rolls in a horizontal plane having centre velocity 25 m/s. A

At its age the velocity is due to its rotation as well as due to its leniar motion & this two

velocities are same and acts in the same direction (v = r ®) Q)%:
Therefore Net velocity at A = 25 m/s + 25 m/s = 50 m/s

A sphere having mass m rolls on a plane surface. Let its radius R. Its centre moves

with a velocity v v
Therefore Kinetic energy = (1/2) lo® + (1/2) mv?

=l><3mR2><ﬁ+lmv2=£mv2+lmv2 =249 = Ty mg
2 5 R2 2 10 2 10 10
Let the radius of the disc = R P
Therefore according to the question & figure
Mg—-T=ma ..(1)
& the torque about the centre
=TxR=Ixaqa
= TR = (1/2) mR? xa/R mg
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= T=(1/2) ma
Putting this value in the equation (1) we get
= mg - (1/2) ma = ma
= mg =3/2ma—=a=2g/3
A small spherical ball is released from a point at a height on a rough track & the sphere does not slip.
Therefore potential energy it has gained w.r.t the surface will be converted to angular kinetic energy
about the centre & linear kinetic energy.
Therefore mgh = (1/2) lo® + (1/2) mv® J m
h

= mgh = %x% mR? @’ + lmv2

2

V2 + —v

[$ ] =N
N[ =

=gh=

>, 10 /10
vi= —gh=v=_,—gh
= 7g:> 7g

A disc is set rolling with a velocity V from right to left. Let it has attained a height h.
Therefore (1/2) mV? + (1/2) lo® = mgh

m
= (1/2) mV? + (1/2) x (1/2) mR? ®* =mgh A
= (1/2) V* + 1/4 V* = gh = (3/4) V> = gh
2
= h= EXV_
4 g

A sphere is rolling in inclined plane with inclination 6
Therefore according to the principle
Mgl sin 6 = (1/2) lo® + (1/2) mV? ®

= mgl sin 6 = 1/5 mv® + (1/2) mv?
Gl sin 6 = 7/10 o’ L \@
[0 |
v=.—glsind
= 7g

A hollow sphere is released from a top of an inclined plane of inclination 6.
To prevent sliding, the body will make only perfect rolling. In this condition,

mg sin 6 —f=ma ..(1)
& torque about the centre
fxR=2mR? x 2
3 R
2
=f==—ma ..(2
3 2)

Putting this value in equation (1) we get

. 2 3 .
:>mgsm6—§ma=ma:>a=§gsm6

. 3 . 2 .
:>mgsm6—f=§ mgsm9:>f=gmgsm9

2 . 2
:pmgcose=gmgsme:>u=§tane
1 _2 2

b)gtane(mgcose)R— ng o
N 0L_ixgsme

" 10 R

. g. ._4 .
a,=gsind— =sinB= —sin0O
=g 5 5
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th = é: 2 = ol
a. (4gsin9) 2gsin®
5

Again, ® = at

K.E. = (1/2) mV® + (1/2) lo® = (1/2) m(2as) +(1/2) | (o® %)
. 2 oin2
1m><4gs|n9x2xI+ 1Xngzxig sin ex 5!

2 5 2 3 100 R 2gsin®

4mglsin6 N 3mglsin6 _
5 40

mv

Total normal force = mg +

=mg (R=r)=(1/2) lo®+ (1/2) mv?

=mg(R-r)= 1><Emv2 +lmv2
2 5 2

mg+mv?/(R-r)

7 5 2_ 10
= —mv =mg(R-r)=>vi=—gR-r
o™ gR-nN=v = g(R-T1)

mg + m[170jg(R -r)
R-r

_ [mJ_ 17
=mg+mg | —|= —-mg

Therefore total normal force = mg + 2 7

At the top most point
mv?
R-r

Let the sphere is thrown with a velocity v’
Therefore applying laws of conservation of energy
= (12) mV® + (1/2) lo* = mg 2 (R = 1) + (1/2) mV* + (1/2) lo®

7 2 7 2
=>—v? =g2(R-r)+— Vv
g2(R-r) 10

=mg:v2=g(R—r)

20
2= Z 9R-N+gR-7)

=V = 2—779(R—r)

a) Total kinetic energy y = (1/2) mv’ + (1/2) lw?

Therefore according to the question

mg H = (1/2) mv® + (1/2) le> + mg R (1 + cos 6)

=mgH-mgR(1+cos0)=(1/2) mV* +(1/2) o’ O

= (1/2) mv® + (1/2) o =mg (H- R - R sin 0) H /N R sind
b) to find the acceleration components w

= (1/2) mv® + (1/2) lo® = mg (H — R = R sin 0)

= 7/10 mv®*=mg (H - R = R sin 6)

v _ 10 [(H

— = —¢g|| = |-1-sin6 | > radical acceleration
R 7 R

=V = gg(H—R)—Rsine

:>2vd—V =—Echos€)@

dt 7 dt

:de—V=—§chose@
dt 7 dt

dv 5 . .
= o =— 7 g cos 0 — tangential acceleration
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c) Normal force at 6 = 0
2
N mv® _ 70 10 <10 0.6-0.1 - 5N
R 1000 7 0.1
Frictional force :-

7 100

Let the cue strikes at a height ‘h’ above the centre, for pure rolling, V; = Ro
Applying law of conservation of angular momentum at a point A,

mvch — 20 =0 X
° 3 R y

h= R

3
A uniform wheel of radius R is set into rotation about its axis (case-l) at an angular speed
This rotating wheel is now placed on a rough horizontal. Because of its friction at contact, the wheel
accelerates forward and its rotation decelerates. As the rotation decelerates the frictional force will act
backward.

If we consider the net moment at A then it is zero.

Therefore the net angular momentum before pure rolling & after pure rolling remains
constant \Y

f=mg-ma=m(g—a)=m (10— gx10)=o.o7 (70‘50j = 1 x20=02N

Before rolling the wheel was only rotating around its axis. ©
Therefore Angular momentum = £ o = (1/2) MR* o ...(1) (1% case)
After pure rolling the velocity of the wheel let v

Therefore angular momentum = £, ® + m(V x R)

= (1/2) mR? (V/R) + mVR = 3/2 mVR ...(2)

Because, Eq(1) and (2) are equal

Therefore, 3/2 mVR = % mR? o 2"d case)
=>V=0oR/3

The shell will move with a velocity nearly equal to v due to this motion a frictional force well act in the
background direction, for which after some time the shell attains a pure rolling. If we

consider moment about A, then it will be zero. Therefore, Net angular momentum v

about A before pure rolling = net angular momentum after pure rolling. ; >
Now, angular momentum before pure rolling about A = M (V x R) and angular

momentum after pure rolling :- (15‘ case)
(213) MR? x (Vo /R) + M Vo R

(Vo = velocity after pure rolling)

= MVR = 2/3 MV(R + MV(R

= (5/3) Vo=V

=Ve=3V/5 Znu case)
Taking moment about the centre of hollow sphere we will get

FXR=§MRZOL

F
_ 3F
o= >
2MR

Again, 2r = (1/2) at® (From 6 = ot + (1/2) of’)

>@

2 87tMR
=>t= "=
3F
F
= a,= —
m
=X=(12)at =(1/2) = ?
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If we take moment about the centre, then
FxR=faxfxR F

= F=2/5 mRa + umg (1)
Again, F =ma, - umg ...(2) @
g, =FtHmg -
m
Putting the value a. in eq(1) we get

szmx(mjwmg
5 m
=2/5(F+umg)+umg

S F=2F12,05x10+2x05x10
5 5 7

3F _4 10
= —=—-+—=2
5 77
F=222_10 _333y
3 3

a) if we take moment at A then external torque will be zero

Therefore, the initial angular momentum = the angular momentum after rotation stops (i.e. only leniar
velocity exits)

MV xR-{®=MVg xR

= MVR - 2/5 x MR*V /R = MV, R

= Vo =3V/5

b) Again, after some time pure rolling starts
therefore = M x v, x R = (2/5) MR? x (V'/R) + MV'R
= m x (3V/5) x R =(2/5) MV'R + MV'R

= V' =3V/7

When the solid sphere collides with the wall, it rebounds with velocity ‘v’ towards left but it continues to
rotate in the clockwise direction.

So, the angular momentum = mvR — (2/5) mR? x v/R

After rebounding, when pure rolling starts let the velocity be v’
and the corresponding angular velocity is v/ / R

Therefore angular momentum = mv'R + (2/5) mR? (V'/R)

So, mvR — (2/5) mR?, v/IR = mvR + (2/5) mR*(v'/R)

mvR x (3/5) = mvR x (7/5)

V' = 3v/7

So, the sphere will move with velocity 3v/7.

* sk ok ok
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