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1. ROTATIONAL
MECHANICS

1. INTRODUCTION

In this chapter we will be studying the kinematics and dynamics of a solid body in two kinds of motion. The first
kind of motion of a solid body is rotation about a stationary axis, also called pure rotation. The second kind of
motion of a solid is the plane motion wherein the center of mass of the solid body moves in a certain stationary
plane while the angular velocity of the body remains permanently perpendicular to that plane. Here the body
executes pure rotation about an axis passing through the center of mass and the center of mass itself translates
in a stationary plane in the given reference frame. The axis through the center of mass is always perpendicular to
the stationary plane. We will also learn about the inertia property in rotational motion, and the quantities torque
and angular momentum which are rotational analogue of force and linear momentum respectively. The law of
conservation of angular momentum is an important tool in the study of motion of solid bodies.

2. BASIC CONCEPT OF A RIGID BODY

A solid is considered to have structural rigidity and resists
change in shape, size and density. A rigid body is a solid body
which has no deformation, i.e. the shape and size of the body
remains constant during its motion and interaction with other
bodies. This means that the separation between any two points
of arigid body remains constant in time regardless of the kind of
motion it executes and the forces exerted on it by surrounding
bodies or a field of force.

A metal cylinder rolling on a surface is an example of a rigid
body as shown in Fig. 7.1.

Let velocities of points P and Q of a rigid body with respecttoa  Figure 7.1: Metal cylinder rolling on a surface is a

reference frame be V, and V, as shown in the Fig. 7.2. rigid body system. Relative distance between points

L . A and B do not change.
As the body is rigid, the length PQ should not change during

the motion of the body, i.e. the relative velocity between P and
Q along the line joining P and Q should be zero i.e. velocity of approach or separation is zero. Let x-axis be along
PQ, then

\7QP = relative velocity of Q with respect to P
\7QP = (Vg cos6,j + Vqsinb, j) - (Vp cosB, 5 - Vpsin6, 7)
Vap = (Vg cosB, - Vp cosb)) i+ (Vp sing, + Va sind,) |
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Now Vp cosB, = Vg cos,

(Since velocity of separation is 0)

\7QP = (Vp sinb, + VQ sinez)]’ (which is
perpendicular to line PQ).

Hence, we can conclude that for each and
every pair of particles in a rigid body, relative
motion between the two points in the pair will
be perpendicular to the line joining the two
points.

Figure 7.2: Relative velocity between
two points of a rigid body

PLANCESS CONCEPTS

Figure 7.3: (a) Angular velocity of A and B w.r.t. Cis o, (b) Angular velocity of A and C w.rt. B is o,

Suppose A, B, C are points of a rigid system hence during any motion the lengths of sides AB, BC, and CA
will not change, and thus the angle between them will not change, and so they all must rotate through
the same angle. Hence all the sides rotate by the same rate. Or we can say that each point is having the
same angular velocity with respect to any other point on the rigid body.

Neeraj Toshniwal (JEE 2009 AIR 21)

3. MOTION OF A RIGID BODY

We will study the dynamics of three kinds of motion of a rigid body.
(a) Pure Translational motion
(b) Pure Rotational Motion

(¢) Combined Translational and Rotational motion

Let us briefly discuss the characteristics of these three types of motion of a
rigid body.

axis of rotation
ANNNRRRRNNNNNY

3.1 Pure Translational motion Figure 7.4: Body in pure

- L . . o . tational motion.
A rigid body is said to be in pure translational motion if any straight rotational motion
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line fixed to it remains parallel to its initial orientation all the time. Eg. a car """
moving along a straight horizontal stretch of a road. In this kind of motion, the
displacement of each and every particle of the rigid body is the same during
any time interval. All the points of the rigid body have the same velocity and \
acceleration at any instant. Thus to study the translational motion of a rigid
body, it is enough to study the motion of an individual point belonging to that
rigid body i.e. the dynamics of a point.

.

~.

3.2 Pure Rotational Motion m;

.-
Semcmmmmmmm—————

Suppose a rigid body of any arbitrary shape rotates about an axis which is LRI T SO I S ‘
stationary in a given reference frame. In this kind of motion every point of the ’
body moves in a circle whose center lies on the axis of rotation at the foot of
the perpendicular from the particle to this axis, and radius of the circle is equal
to the perpendicular distance of the point from this axis. Every point of the rigid
body moves through the same angle during a particular time interval. Such a
motion is called pure rotational motion. Each particle has same instantaneous
angular velocity (since the body is rigid) and different particles move in circles of
different radii, the planes of all these circles are parallel to each other. Particles
moving in smaller circles have less linear velocity and those moving in bigger
circles have large linear velocity at the same instant.

In the Fig. 7.4 particles of mass m,, m,, m...... have linear velocities v,, v,, v,....

If o is the instantaneous angular velocity of the rigid body, then

V] = 0f,V, = 0h, V3 =063 ..., Vo = O

Figure 7.5: Body in pure
translational motion.

3.3 Combined Translational and Rotational Motion

Arigid body is said to be in combined translational and rotational motion if the body performs pure rotation about
an axis and at the same time the axis translates with respect to a reference frame. In other words there is a reference
frame K’ which is rigidly fixed to the axis of rotation, such that the body performs pure rotation in the K’ frame. The
K’ frame in turn is in pure translational motion with respect to a reference frame K. So to describe the motion of

the rigid body in the K frame, the translational motion of K’ frame is super-imposed on the pure rotational motion
of the body in the K’ frame.

lllustration 1: A body is moving down into a well through a rope passing over a fixed pulley of radius 10 cm.
Assume that there is no slipping between rope and pulley. Calculate the angular velocity and angular acceleration
of the pulley at an instant when the body is going down at a speed of 20 cm s and has an acceleration of 4.0 m
s2, (JEE MAIN)

Sol: Since the rope does not slip on the pulley, the linear speed and linear acceleration of the rim of the pulley will
be equal to the speed and acceleration of the body respectively.

Therefore, the angular velocity of the pulley is

linear velocity of ri 20cm st B
® = . y.o rim _ Ocms ~ 9 rad 5!
radius of rim 10 cm

And the angular acceleration of the pulley is

_ linear acceleration of rim _ 4.0 ms™

=40rad s?
radius of rim 10cm rads
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4. ROTATIONAL KINEMATICS

Suppose a rigid body performing pure rotational motion about an axis of rotation rotates by an angle A6 in a time
interval At. The instantaneous angular velocity , is defined as,

A0 do .
LA 0

Similarly, the instantaneous angular acceleration a is defined as,

w =

= — == (D)

The relations between linear distance s, linear velocity v and linear acceleration a, and the corresponding angular
variables describing circular motion 6, ®, and o respectively are given as:

S =10; V =rm; at =ra ..(iii)

Here the subscript t along with a in the expression for acceleration signifies that this is the tangential component
of linear acceleration.

If a body rotates with uniform angular acceleration,
=0y +at;0=ot+ %octz; o = o + 200 ..(iv)

where , is initial angular velocity.

The equations for angular displacement, angular velocity and angular acceleration are similar to the corresponding
equations of linear motion.

lllustration 2: A disc starts rotating with constant angular acceleration of ©/2 rad s about a fixed axis
perpendicular to its plane and through its center. Calculate

(a) The angular velocity of the disc after 4 s
(b) The angular displacement of the disc after 4s and

() Number of turns accomplished by the disc in 4 s. (JEE MAIN)
Sol:Use the first and second equations of angular motion with constant angular acceleration.

Herea=grads_2; oy, =0; t=4s;

@ o4s) =0+ [grad s—zj x 4s=2nrads?

() 0,40 =0+ L[ Erad 2 |x (1652) = 4n rad
(4s) ~ 2\ 2 -

(0 = nx2xrad =4rnrad =n = 2.

PLANCESS CONCEPTS

. : s . . do
For variable angular acceleration we should proceed with differential equation at - o

Akshat Kharaya (JEE 2009 AIR 235)
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5. MOMENT OF INERTIA

Before discussing the dynamics of rigid body motion let us study about an important property of a rigid body
called Moment of Inertia which is indispensable in understanding its dynamics.

Physical Significance of Moment of Inertia: As the name suggests, moment of inertia is the measure of the
rotational inertia property of a rigid body, the rotational analog of mass in translational motion. “It is the property
of the rigid body by virtue of which it opposes any change in its state of uniform rotational motion.” The moment
of inertia of a rigid body depends on its mass, on the location and orientation of the axis of rotation and on the
shape and size of the body or in other words on the distribution of the mass of the body with respect to the axis
of rotation. SI units of moment of inertia is Kg-m2. Moment of inertia about a particular axis of rotation is a scalar
positive quantity.

Definition: Moment of inertia of a system of n particles about an axis is defined as:

2 2 . 2

_ 2 - _ .
I= myf + myrs + +myrdie I= ) mr (i)

where, r, is the perpendicular distance of ith palrticlle of mass m, from the axis of rotation.

For a continuous rigid body, the moment of inertia can be calculated as:

I= [r*(dm) .. (i
where dm is the mass of an infinitesimal element of the body at a perpendicular distance r from the axis of rotation.
Moment of inertia depends on:

(a) Mass of the rigid body.

(b) Shape and size of the rigid body.

(c) Location and orientation of the axis of rotation.

PLANCESS CONCEPTS

Moment of inertia does not change if the mass:
(i) Is shifted parallel to the axis of rotation because r, does not change.
(ii) Is rotated about the axis of rotation in a circular path because r, does not change.

Chinmay S Purandare (JEE 2012 AIR 698)

lllustration 3: Two particles having masses m; & m, are situated in a plane A
perpendicular to line AB at a distance of r, and r, respectively as shown.

>
>

(i) Find the moment of inertia of the system about axis AB?

(i) Find the moment of inertia of the system about an axis passing though m;
and perpendicular to the line joining m; andm, . <

®
3@

(iii) Find the moment of inertia of the system about an axis passing through  m,

m, and m,.

(iv) Find moment of inertia about an axis passing though center of mass and
perpendicular to line joining m, and m, . (JEE MAIN)

&
<

Sol: Use the formula for moment of inertia of a system of n particles. Find the B

distance of center of mass from m..
) ) ) ) ) ) 5 Figure 7.6
(i) Moment of inertia of particle on rightis I; = m;r]
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Moment of inertia of particle on left is L, = m,r?

Moment of inertia of the system about AB is I=1 +1, = mlrl2 + m2r22

(i) Moment of inertia of particle on right is [[=0

Moment of inertia of particle on left is I, = m2(r1+r2)2

Moment of inertia of the system about axis is [=1 +1, =0+ m,(r+r, )2

(iii) Moment of inertia of particle on right is [ =0

Moment of inertia of particle of left is I,=0

Moment of inertia of the system about axis is I[=1 +1,=0+0

(iv) of system 1., = m, [ij = Distance of center mass from mass m;
m, +m,

. M+
Distance of center of mass from mass m, = m, | —+—%—
m, +m,

n+n

2 2
A ro+r
So moment of inertia about center of mass =I..y = m;|m, 22| +m,|m —~—2—
cm 1| M, 2| My
m, +m, m, +m,

m,m
Ien = —=2-(, +1,)°.
m; +m,

lllustration 4: Three particles each of mass m, are situated at the vertices of an equilateral X
triangle PQR of side a as shown in the Fig 7.7. Calculate the moment of inertia of the | ________ R
system about

(i) The line PX perpendicular to PQ in the plane of PQR.
(i) One of the sides of the triangle PQR

(iii) About an axis passing through the centroid and perpendicular to plane of the triangle P 3 Q
PQR. (JEE MAIN)
Figure 7.7

Sol: Use the formula for moment of inertia of a system of n particles.

(i) Perpendicular distance of P from PX = 0; perpendicular distance of Q from PX = a perpendicular distance of R
from PX = a/2. Thus, the moment of inertia of the particle at P is 0, that of particle Q is ma?, and of the particle at
Ris m(a/2)>.

5ma?’

The moment of inertia of the three particle system about PXis I=0 + ma? + m(a/2)2 = 2

Note that the particles on the axis do not contribute to the moment of inertia.
(i) Moment of inertia about the side PR = mass of particle Q x square of perpendicular distance of Q from side PR,

2
V3 3ma’
I = R =
PR '“{ 5 @ 2

(iii) Distance of centroid from each of the particles is

a4
3
a

2
centroid and perpendicular to the plane of triangle PQR = I~ = 3m [—J = ma’

NE)

, SO moment of inertia about an axis passing through the



Table 7.1: Formulae of MOI of symmetric bodies

Physics | 7.7

S. No. | Body, mass M Axis Figure | K(Radius of Gyration)
1. Ring or loop of Through its MR2 R
radius R center and C:)
perpendicular
to its plane
2. Disc, radius R Perpendicular
to its plane MR?2 R
through its 2 N
center
3. HoI.Iow cylinder, Axis of cylinder MR2 R
radius R
4, Solid cylinder, Axis of cylinder
radius R [ | i ; \ MR?2 R
v \J &
5. Thick walled Axis of cylinder
5 — |z
Ry
R
N
Nl
6. Solid sphere, Diameter \
radius R :
‘ EMRZ ER
(- 5
v
7. Spherical shell Diameter
radius, R 2MR? 2
R
3 3
8. Thin rod, length L Perpendicular
to rod at ML2 L
middle point 12 i
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9. Thin rod, length L Perpendicular
to rod at one ML2 L
end — 3 B
10. Solid cylinder, Through
length | center and MR2  MP R2 P
perpendicular R [\ [\ 2 "1 IR
to length
l
11. Rectangular sheet, | Through
length | and center and M(? +b?) R 4 p?
breadth b perpendicular 12 12
to plane b
L

PLANCESS CONCEPTS

While deriving the MOI of any rigid body the element chosen should be such that:

Either perpendicular distance of axis from each point of the element is same or the moment of inertia of
the element about the axis of rotation is known.

Nitin Chandrol (JEE 2012 AIR 134)

5.1 Theorems on Moment of Inertia

1. Theorem of Parallel Axes: This theorem is very useful in cases when the moment
of inertia about an axis z_ passing through the center of mass (C.0.M) of the rigid body /
is known, and we sought to find the moment of inertia about any other axis z which is
parallel to the axis z_ as shown in Fig. 7.8. The moment of inertia of the rigid body about
axis z is equal to the sum of the moment of inertia about axis z_ and the product of the

mass m of the body by the square of perpendicular distance between the two axes. If the d COM
moment of inertia of the rigid body about axis z_is 1., then the moment of inertia | of
this body about any parallel axis z , is given by =1 + Md? (i)

~__ |

where d is the perpendicular distance between the two axes.

lllustration 5: Find the moment of inertia of a uniform sphere of mass m and radius R
about a tangent if the sphere is (i) solid (ii) hollow (JEE MAIN) Figure 7.8: Parallel axes

Sol: We know the formula for moment of inertia of sphere about an axis passing through its center. Use the parallel
axes theorem to find the moment of inertia about the tangent.

(i) Using parallel axis theorem
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=1 +md?

For solid sphere

1C=3mR2,d=R; 1= mR?
5 5

(i) Using parallel axis theorem Solid sphere Hollow sphere

I=Ic+md2

For hollow sphere .
Figure 7.9

Ic = %mRz,d =R; I= ngz

lllustration 6: Find the moment of inertia of the two uniform joint roads having mass m each
about point P as shown in Fig 7.10. Use parallel axis theorem. (JEE MAIN)

Sol: We know the formulae for moment of inertia of rod about the axes passing through its
center and through one of its ends and perpendicular to it. Use the parallel axes theorem to

find the moment of inertia about the point P. Figure 7.10
- : m/?
Moment of inertia of rod 1 about axis P, I; = = —

12

5m/? 2
3 Figure 7.11

2 2
Moment of inertia of rod 2 about axis p, I, = mé” + m[\/ggj 56/2 " com

So moment of inertia of a system about axis p; I =

z

2. Theorem of Perpendicular Axes: This theorem is applicable only in case of
two dimensional rigid body or planar lamina as shown in Fig. 7.12. Let the lamina
lie in the x-y plane and I, and I, be the moment of inertia of the lamina about
x and y axes respectively then the moment of inertia about z-axis perpendicular
to the plane of the lamina and passing through the point of intersection of x and
y axes is given as:

.. |
L=1 + Iy ..(iD) y

Figure 7.12: Perpendicular axes
lllustration 7: Find the moment of inertia of a half-disc about an axis perpendicular to

the plane and passing through its center of mass. Mass of this disc is M and radius is R.
(JEE MAIN)

Sol: We know the formula for the moment of inertia of the half disc about a perpendicular
axis through the center A. Use the parallel axes theorem to find the moment of inertia
about a perpendicular axis through the center of mass.

The COM of half disc will be at distance 4R/3n from the center A. Let moment of inertia
of half disc about a perpendicular axis passing through A be |,.

Figure 7.13

First we fill the remaining half with same density to get a full disc of mass 2M.

The moment of inertia about center A of full disc will be 21,

2MR? _MR? 4R Y MR? 4R Y
So, IA :W:T; IA :ICM+M X (g] ’ICM: > —Mx g
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lllustration 8: Calculate the moment of inertia of a uniform disc of mass M and B
radius R about a diameter.

(JEE MAIN) Z
Sol: For a uniform disc all diameters are equivalent, i.e. moment of inertia about any K
diameter will be equal to that about any other diameter. We know the formula for C 0 D
moment of inertia of disc about axis perpendicular to its plane and passing through
its center. Use the perpendicular axes theorem to find the moment of inertia about
a diameter. A

Let AB and CD be two mutually perpendicular diameters of the disc. Take them as x
and y axes and the line perpendicular to the plane of the disc through the center as Figure 7.14

the Z — axis. The moment of inertia of the ring about the Z - axisis I = 1 MRZ. As the
disc is uniform, all of its diameters are equivalent and so I, = Iy
I,  MR?

2 4

From perpendicular an axis theoremI, =1, + 1 ; hence I, =

=

lllustration 9: In the Fig 7.15 shown find the moment of inertia of square plate having I 2
mass m and sides a about axis 2 passing through point C (center of mass) and in the
plane of plate. (JEE MAIN)

@)

Sol: For uniform square plate axes 2 and 4 along diagonals are equivalent and axes 1
and 3 are equivalent. Suppose |_is the moment of inertia about the axis perpendicular
to the plane of plate and passing through the center C. Use perpendicular axes theorem 4

to prove that the axes 1 and 2 are also equivalent. I

[ VY SYSPREIIR, " "/ RRriivn NP

Using perpendicular axes theorem I~ =1, + 1, =T'+I'=2T ()}

Fi 7.15
Using perpendicular axes theorem I~ =13 +I; =1 +1=2I (i) rgure
From (i) and (i) we get I' =1

2 2
|C:2|:E = I = ﬂ
6 12

5.2 Radius of Gyration

The radius of gyration of a rigid body about an axis z is equal to the radius of a ring whose mass is equal to
the mass of the rigid body, and the moment of inertia of the ring about an axis passing through its center and
perpendicular to its plane is equal to the moment of inertia of the rigid body about the axis z. Radius of gyration
can also be defined as the perpendicular distance from the axis of rotation where all mass of the rigid body can be
assumed to be concentrated when the rigid body is performing pure rotation to get the equation of motion of the
body. Thus, the radius of gyration is the “equivalent distance” of the rigid body from the axis of rotation.

I=MK?

| = Moment of inertia of the rigid body about an axis
M = Mass of the rigid body

K = Radius of gyration about the same axis

I
or K== (i
v (iii)
Length K is the property of the rigid body which depends upon the shape and size of the body and on the

orientation and location of the axis of rotation. S.I. Unit of K is meter.
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lllustration 10: Find the radius of gyration of a hollow uniform sphere of radius R about its tangent. (JEE MAIN)

Sol: Use the formula for radius of gyration.

Moment of inertia of a hollow sphere about a tangent = %MR2

MK2 = 2 MR? = K=\/§R
3 3

5.3 Moment of Inertia of a Body Having a Cavity

If we know the moments of inertia of different parts of a rigid body about the same axis, then the moment of inertia
of the entire body can be calculated by simply adding the moments of inertia of the different parts (about the same
axis) i.e. moment of inertia is an additive quantity. This principle can be used to calculate the moment of inertia of
a body having hollow spaces by first assuming the hollow spaces to be filled with same density as that of the body
and evaluating the moment of inertia of the whole body about the given axis and then add the moments on inertia
of the hollow spaces about the same axis considering them to have negative mass.

lllustration 11: A uniform disc of radius R has a round disc of radius R/3 cut as shown in Fig 7.16. The mass of the
disc equals M. Find the moment of inertia of such a disc relative to the axis passing through geometrical center of
original disc and perpendicular to the plane of the disc. (JEE ADVANCED)

Sol: Consider the whole disc without the cavity. The cavity can be thought of as a negative mass of same density as
disc. We know the formula for moment of inertia of uniform disc about axis perpendicular to its plane and passing
through its center. Find the moment of inertia of cavity (negative mass) about the perpendicular axis passing
through center of whole disc. The moment of inertia of disc with cavity is the sum of the moment of inertia of whole
disc and the moment of inertia of cavity (negative).

Let the mass per unit area of the material of disc be c. Now the empty space can be considered as having density
—O
Now I0 = IG + I_G

I, = (6nR?)R?/2 = Ml of & about O = MR?/2

_ 2 2
I = on(R/3)°(R/3) N
2
- MI of —o About O =-MR?/18

Ip = MR?/2-MR?/18

4

[-on(R /3)?1(2R/ 3)?

I, = ~MR?
° 9
Figure 7.16
6 TORQUE
6.1 Torque About a Point
Torque of force F relative to a point O is defined as N Line of action

LT F ) of force

where F = force applied to a point on a body

ro= position vector of the point of application of force relative to the point O in
a chosen reference frame about which we want to determine the torque (see Fig.
7.17).

Torque is a vector quantity and its direction is given by the right hand rule for cross  gigure 7.17: Torque of a force
product of vectors.
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Magnitude of torque |t|=rFsin®=rF =rF

where 0 is the angle between the force F and the position vector r of point of application.

r, =rsin 6 = perpendicular distance of line of action of force from point O.

F| = Fsin 6 = component of F perpendicular to r

Sl unit of torque is N-m.

lllustration 12: Find the torque about point O and A. (JEE MAIN)

Sol: Express the position vector of A relative to O in terms of unit vectors i and

j - Force is given in terms of unit vectors i and j.

Torqueaboutpointo,;:% x F, 6:?+j,|3: 530+ 5]
1= (+)) x (5431 + 5)) = 51 -B)k

Torque about point A, T= r, x For =], F=5/31+ 5]
T=] x (5430 + 5)) = -54/3k

lllustration 13: A particle of mass m is released in vertical plane from a point on the

x — axis, it falls vertically along the y — axis. Find the torque t about origin?

(JEE MAIN)

Sol: Torque is produced by the force of gravity. This will be equal to the product of
force of gravity and the perpendicular distance between the line of action of force of

gravity and the origin O.

(1' 1) 300
i 60°

o —X
A

Figure 7.18

X
0< 0 >
0
.
0
N

v

RS
T=rFsin0k Or t=rF=xmg mg
. mngO _ mgXOIE Figure 7.19

6.2 Torque About An Axis

The torque of a force F about an axis AB is the component of the torque of F A

about point A along the axis AB. P

Alternatively to find torque of force F about axis AB we choose any point O on T

the axis AB and find the torque of F about O as Ty =Trx F. Then we calculate ©

the component of 7, along AB to get 7,; (see Fig. 7.20).

There are a few special cases of torque of a force about anﬁaxii Figure 7.20: Torque aboEt

Case I: Applied force is parallel to the axis of rotation, i.e. F || AB an axis

Therefore torque r x F about any point on the axis will be perpendicular to F and hence F A

perpendicular to AB. Therefore the component of rxF along AB will be zero. \‘P\

Case II: The line of action of the applied force intersects the axis of rotation ' 0

(E intersects 7@)

If we choose the point of intersection of line of action of F and AB as the origin O then

the position vector r and applied force F will be collinear (see Fig. 7.21). Therefore the B

torque about O is r x F =0 and thus the component of this torque along line AB will Figure 7.21: Force

also be zero.

intersects axis
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Case IlI: Line of action of F and axis AB are skew and F L AB A
Let O be the origin on the axis AB and P be the point of application
of force F such that OP is perpendicular to the axis AB (see Fig. 7.22).
Then torque 7 = OP xF will be parallel to axis AB and the component
of 7 along AB will be equal to its magnitude i.e.

T,5 = FX(OP)sin® = FxI

where ¢ = (OP)sin® is the length of the common perpendicular to
the line of action of force and the axis called the lever arm or moment
arm of this force.

B

Figure 7.22: Force and axis are skew

lllustration 14: Find the torque of
weight about the axis passing through
point P (JEE MAIN)

Sol: Required torque is equal to the
product of force of gravity and the
perpendicular distance between the
line of action of force of gravity and
the point P. 0

F= mg Downwards

t=Fxr = Frsin® Figure 7.23

lllustration 15: A bob of mass m is suspended at point O by string of length ¢ . Bob is moving in a horizontal circle
find out. (i) Torque of gravity and tension about point O and O’ (ii) Net torque about axis OO". (JEE ADVANCED)

Sol: Torque of a force about an origin is equal to the product of force and the perpendicular distance between the
line of action of force and the origin.

(i) Torque about point O

Torque of tension (T), T, = O (tension is passing through point O)
Torque of gravity Tmg = Mg/ sin 0 (along negative]')

Torque about point O

Torque of gravity Tmg = Mgr =mg ¢ sin 0 (along negative]' )

Torque of tension 11 = Trsin (90 + 0) (T cos 6= mQ)
Tr = Trcosf = m—ge(ﬁsine)cose =mg/sin® (along positivej )
cos

(i) Torque about axis OO’
Torque of gravity about axis OO’ Ty = 0 (force mg is parallel to axis OO’)

Torque of tension about axis OO" Ty = 0 (force T intersects the axis OO')

Net torque about axis OO’ Thet =0

6.3 Force Couple Figure 7.25

A pair of forces each of same magnitude and acting in opposite directions is called a force couple.
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Torque due to couple = magnitude of one force x distance
between their lines of action.

4
d >~
Magnitude of torque = © = F (d) \/—

M F

A couple does not exert a net force on an object even though Rigid body Y -
it exerts a torque. N g
Net torque due to a force couple is the same about any point
. B
(see Fig. 7.26). \_%
Total t bout A = x,F + x.F =F(x, + =Fd
otal torque abou xF+x, (X, +X,) N o omeemeeens >

Total torque about B = y,F - y,F = F(y; —y,) = Fd
Figure 7.26: Force couple

6.4 Torque on a Rigid Body Executing Pure Rotation

Suppose | is the moment of inertia of a rigid body about the axis of rotation
which is stationary in a given reference frame. The body is executing pure
rotational motion about this fixed axis.

t_. = resultant torque about the axis of rotation due to all the external forces

ext

acting on the body
o = instantaneous angular acceleration of the body.

o = instantaneous angular velocity of the body. T ed axis of
ixed axis o

Consider one particle of the body say i* particle of mass m, at perpendicular Rotation

distance r, from the axis.
Figure 7.27: Rigid body executing

Radial force on the particle F, = mo’r towards the center of its circular path. pure rotation

Tangential force on the particle F, = ma, = mar,

Torque of the radial force about the axis of rotation is zero as it intersects the axis. Torque of tangential force about
the axis will be,

e _ 2
T =R = mrfa

To find the total torque on the rigid body about the axis we take summation of torques acting on all the particles
of the body. The total torque comes out to be equal to the resultant torque due to external forces only as the
torques due to internal forces cancel each other in pairs when summation is taken on all the particles of the body
(By Newton'’s third law of motion internal forces form pairs of equal and opposite collinear forces. So the lever arms
of the forces of a pair with respect to the axis will be equal so their torques will have equal magnitude but opposite
directions and cancel each other in the summation). So

Tyt = Zti = (Zmiriz) a=la (1)

Remember: This formula is applicable only for pure rotational motion of a rigid body about a fixed axis.

7. KINETIC ENERGY OF BODY IN PURE ROTATION

When a rigid body performs pure rotational motion about a given axis, all of its constituent particles move in

circular paths with centers on the axis and radii r; , 1, ... and 1, (say), and with linear velocitiesv; = o I,
Vo) S @F) e, and vy = r,. If m;,m,,...and m, are the masses of the particles then the total kinetic
energy of the rigid body is given by

-1 mvi + 1 m,v3 + ... +Em V3 ()

2 2
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1 22, 1 2.2 2.2
=§m103r1 +§mzo)r2 o += m ors
—l(mr2+mr2+ + mor2)e?
1 1 2 2 ---------- n n O)
Now as we have learnt the term mlrl2 + m2r22 + o + mnrﬁ is the moment of inertia of the rigid body.

Hence, the rotational kinetic energy of a body is given by

K =%Ic02 ..(ii)

PLANCESS CONCEPTS

Most of the problems involving incline and a rigid body, can be solved by using the conservation of
energy. Care has to be taken in writing down the total Kinetic energy. Rotational Kinetic Energy term has
to be taken into consideration along with translational kinetic energy. And while writing the rotational
energy, the axis about which the moment of inertia is taken should be carefully chosen.

The point about which the conservation is done should be inertial to avoid calculating the work done
by pseudo forces or the point itself should be the COM so that the work done by the torque of pseudo
forces would be 0.

Shrikant Nagori (JEE 2009 AIR 30)

lllustration 16: A uniform circular disc has radius R and mass m. A particle, A
also of mass m, is fixed at a point A on the edge of the disc as shown in Fig
7.28. The disc can freely rotate about a fixed horizontal chord PQ that is at a R
distance R/4 from the center C of the disc. The line CAis L to PQ Initially the

disc is held vertical with point A at its highest point. It is then allowed to fall C =
so that it starts rotating about PQ. Find the linear speed of the particle as it / | R4

reaches lowest point. (JEE ADVANCED) P v Q

Sol: Find the moment of inertia of circular disc and the particle at point A

about the chord PQ The loss in potential energy of the system comprising the Figure 7.28
disc and the particle will be equal to the gain in its rotational kinetic energy.
I=l><mR2+m E2+m$2:15mR2 A
2 2 4 4 8
Energy equation oC
O
5R mgR 1., 5R mgR o /;\
2= = Zlw? — >2r_ 90
mg 7 + i 5 o —mg 7 7 \_/ o
9
=4 |=
® 77 \5R
N
V = SRa _ 5gR
4 Figure 7.29

lllustrations 17: A pulley having radius r and moment of inertia | about its axis is fixed at the top of an inclined
plane of inclination 6 as shown in Fig 7.30. A string is wrapped round the pulley and its free end supports a block



7.16 | Rotational Mechanics

of mass m which can slide on the plane initially. The pulley is rotated at a w’
speed @y in a direction such that the block slides up the plane. Calculate the A
distance moved by the block before stopping? (JEE ADVANCED)

Sol: Apply Newton'’s second law of motion for block M along the inclined
plane. Find the torque (about its axis) of force of tension acting on pulley.
This will be equal to the product of moment of inertia | and the angular
acceleration of pulley. 0

Suppose the deceleration of the block is a. The linear deceleration of the rim
of the pulley is also a. The angular deceleration of the pulley is o = a/r. If the Figure 7.30
tension in the string is T, the equations of motion are as follows:

mgsind —T = ma and Tr =la= Ia/r.
Eliminating T from these equations,

mgr? sin®

mg sinf — I%: ma; Giving, a = 5

r I+mr

The initial velocity of the block up the incline is v = @yr Thus, the distance moved by the block before stopping is
LV @ mr)ep
~2a  2mgsin©

lllustration 18: A uniform rod of mass m and length ¢ can rotate in vertical plane . Y .
about a smooth horizontal axis hinged at point H. H ) “
y > A
(i) Find angular acceleration o of the rod just after it is released from initial 72 mg
horizontal position from rest?
Figure 7.31
(i) Calculate the acceleration (tangential and radial) of point A at this moment.
(iii) Calculate net hinge force acting at this moment.
(iv) Find o and ® when rod becomes vertical.
(v) Find hinge force when rod become vertical. (JEE ADVANCED)

Sol: The axis of rotation passing through H is fixed. So the torque of force of gravity about axis through H is equal
to the product of moment of inertia about axis through H and angular acceleration of rod. Angular acceleration at
an instant can be found if the torque of force of gravity at the instant is known.

mgé = m_g2a = o= 39 )? . >‘
3 2/¢ o A
(i) ap= ol = z—?.f = 379 -
Figure 7.32
acp= or =0.0=0 (o = 0just after release)
(iii) Suppose hinge exerts normal reaction in component form as shown N
In vertical direction
Fext = Macm
= mg - N, = m.%Tg N,
(We get the value of ac), from previous example) Figure 7.33

:>N1:T
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In horizontal direction

F

ext = Macy = N, =0 (- acyy in horizontal = 0 as @ = 0 just after release)

(iv) Torque = 0 when rod becomes vertical so a =0

2
Using energy conservation mgt = l]®2 1:%
2 2 3
(Work done by gravity when COM moves down by (¥2) ¢ = change in K.E.)
o= [
l

(v) When rod becomes vertical

a=0 0= 1/379 (Using Fet =Magy,)

2
Fy -mg = Mo~ (acy = centripetal acceleration of COM)
5mg
Ans.F, = —=
Ho 2
. : : , . Bar
lllustration 19: A bar of mass m is held as shown between 4 disks each of mass m" and radius [_
r = 75 mm. Determine the acceleration of the bar immediately after it has been released 4
from rest, knowing that the normal forces exerted on the disks are sufficient to prevent any
- . ~ e A
slipping and assuming that. (@) m =5 kg and m' = 2 kg.
(b) The mass m’ of the disks is negligible.
(c) The mass m of the bar is negligible (JEE ADVANCED) B

Sol: Apply Newton's second law of motion in vertical direction for the motion of center
of mass of bar. Write the equation of torque due to force of friction acting on disc, for
rotational motion about fixed axis through center of disk. Acceleration of rod will be equal to Figure 7.34
the tangential acceleration of the disc in the case of no slipping.
(a) Equation of center of mass of rod,
mg — 4f = ma (D)
(where fis frictional force from one disk)
Torque acting on each disk due to frictional force is

m'r’ a

fr = 5 T (i)

From (i) and (ii) we get

mg—-2m’a = ma (1)

5 =(5+2 x 2)a; az%g

(b) Putting m'=0 in eqgn. (iii) we geta =g
(c) Putting m = 0 in egn. (iii) we geta =0

59
wwgi

b) gy o0
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7.1 Work Done and Power Delivered by Torque

If a torque 7 rotates a body through an angle d6, the work, dW done by it is given by

dw = tdo
The total work done W in rotating a body from the initial angle 0, to the final angle 0, , is
0, ®, ,
_ _ do _ _ 1 2 1 2
W-é[r.d@ = u_!.Iamdt = (:)[Icodm =3 Icoz—E (0%
1 1 1

So the work done by torque is equal to the change in the rotational kinetic energy.

W = AK ot = A(%Imzj ()

This is called the Work-Energy Theorem for rotation of rigid body.

The rate at which work is done is called power P, given by
=1~ =10 ...(ii)

Also, the power P delivered by the torque on the rigid body is equal to the rate of change of kinetic energy

1.5 dK d (1.5
K==1 = = — | =
2 TR (21(’)]

P = %xlx de—w:Id—mm:tw

dt dt

8. EQUILIBRIUM OF RIGID BODIES

A rigid body can be in linear equilibrium as well as in rotational equilibrium. If a rigid body is in linear equilibrium,
then the vector sum of all the forces acting on it should be zero.

ie. T Py = 0
Taking scalar components along the three axes x, y and z we get XF =0, ZFy =0,2F, =0

If a rigid body is in rotational equilibrium then the vector sum of all the external torques acting on it with respect
to an axis in a given reference frame must be zero.

It = 0 =2t = 0, Zry =0, 2T, = 0

lllustrations 20: Two boys weighing 20 kg and 25 kg are trying to balance a seesaw of total length 4 m, with the
fulcrum at the center. If one of the boys is sitting at an end, where should the other sit? (JEE MAIN)

A I

. )\

Figure 7.35

Sol: For rotational equilibrium, the net torque about the fulcrum of all the forces acting on the boys and the seesaw
should be zero.

It is clear that the 20 kg kid should sit at the end and the 25 kg kid should sit closer to the center. Suppose his
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distance from the center is x. As the boys are in equilibrium, the normal force between a boy and the seesaw equals
the weight of that boy. Considering the rotational equilibrium of the seesaw, the torque of the forces acting on it

should add to zero. The forces are

(a) (25kg) g downward by the 25 kg boy
(b) (20kg) g downward by the 20 kg boy
(c) Weight of the seesaw and

(d) The normal force by the fulcrum.
Taking torques about the fulcrum.

(25kg)gx=(0kg)g(@2m)orx=16m

9. ANGULAR MOMENTUM

9.1 Angular Momentum of a Particle About a Point

If p is the linear momentum of a particle in a given reference frame, then angular momentum of the particle about

an origin O in this reference frame is defined as

L=rxp

where T is the position vector of the particle with respect to origin O (see Fig. 7.36).
Magnitude of angular momentum is L = rpsin®

or L=r por L=p,r

0 = angle between vectors r and p

r, = component of position vector r perpendicular to vector p.

p, = component of vector p perpendicular to position vector r.

SI unit angular momentum is kgm? s,

Relation between Torque and Angular Momentum
L=rxp

Differentiating with respect to time we get

d _d - - do_ - = - = - =

— == Xxp+rx ——=vxmv)+rxF=0+rxF=r1

gt ~at P dt (mv)

L d
dt

For a single particle moving in a circle of radius r with angular velocity ® we have

=T

v =orand p = mor

So angular momentum comes out to be L = r p= mr’m

()

=)
o
v,
=]
)

v

(0]

Figure 7.36: Angular
momentum about a point

(i)

-~
-
-
L
-

Y
lllustration 21: A particle of mass m is projected at time t = 0 from a
point O with a speed u at an angle of 45° to the horizontal. Calculate the
magnitude and direction of the angular momentum of the particle about Py
the point O at time t = u/g. (JEE ADVANCED)
Sol: Express the position and velocity of particle in Cartesian coordinates o

in terms of unit vectors i and j and then calculate the cross product in

Figure 7.37
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Cartesian coordinates.
Let us take the origin at O, X —horizontal axis and

Y — Axis along the vertical upward direction as shown in Fig 7.37 for horizontal during the time O to t.

Y —ucos45°—u/\/§andx— Vyt= —— = —
" V2'9 V29

For vertical motion,

. u 1-+2)
v, =usin45°-gt= —— u-= u
y NG N
. 1 u? u? u?
and y=(Usind5°) t—=gt2 = — —— = —(\2-1)
2% T g 29 2g

The angular momentum of the particle at time t about the origin is
L=r x P=mr x v = m(ix + Jy) x (fvx +]'vy) = m(lzxvy—lzyvx)

3

H@,J(“ )-SR - o

3

Thus, the angular momentum of the particle is

in the negative z — direction i.e., perpendicular to the plane
of motion, going into the plane. 2\/59

lllustration 22: A cylinder is given angular velocity o,and kept on a horizontal rough surface the initial velocity is
zero. Find out distance travelled by the cylinder before it performs pure rolling and work by frictional force.
(JEE ADVANCED)

Sol: Due to backward slipping force of friction will act forwards. The cylinder is accelerated forwards. The torque
due to friction and hence the angular acceleration is opposite to the initial angular velocity. So the angular velocity
will decrease and the linear velocity of center of mass of cylinder will increase in the forward direction, till the
slipping stops and pure rolling starts. The work done by frictional force is equal to change in the kinetic energy of
the cylinder. The kinetic energy includes both rotational kinetic energy and translational kinetic energy.

2
uMg R = MR“a
v
o= 2ug () % -~/ R
R

Initial velocity u = 0 @-) a G-) \%
2 2 S

VS = u° + 2as

2 = 2as .. (i) fi < >
fc =ma;, uMg = Ma; a=pg .. (iii) 5
® = oy — ot Figure 7.38
2pug

From equation (i) ® = @y —Tt; V = u + at

From equation (i) v=p gt
2v ®
W= —— [ O=0y—20; ® = —
0 R 0 3

From equation (ii)

2 2p2
ogR o, R
_— = 2 = M =
( 3 ] (2as) = 2u gs; S (18;19]
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Work done by the frictional force

2p2
W = (—fdeG + kaS) = —ungAO + M
18ug

2
o,R |1 2 ®,R 2 2 2
A0 = oy xt—1 af? = o, x [L]_xﬂ(LJ _[oR_ofR] _ 20fR
2 3pg )2 R 3ug 3ug  9ug 9ug

2 ZR ZRZ 2R2
W = {1 —umg x R P | umg x ) =M%
ug 18ug 6

lllustration 23: A hollow sphere is projected horizontally along a rough surface with speed v and angular velocity

1

@, . Find out the ratio L, so that the sphere stops moving after some time. (JEE ADVANCED)
®
0
Sol: For the sphere to stop after sometime, the acceleration should be opposite to velocity, i.e. the force of friction
should be backwards (forward slipping). Also, the torque due to friction should be opposite to angular velocity, i.e.
if the torque due to friction is clockwise (see Fig. 7.39), then the initial angular velocity should be anti-clockwise.

Torque about lowest point of sphere

f¢ x R=Ia; pumgxR zngza; o= 32%9 (Angular acceleration in opposite direction of angular velocity)

O = oy —ot (Final angular velocity @ = 0)

Ope—~
a=0
2R A< % v=0
0 = 30)gxt; t = ®g %
f —_—>V

2R 3ig

Acceleration a = pg t

Vi =V — at (Final velocity vy = 0); @R

V = ugxt; t= v Figure 7.39
Hg

To stop the sphere, time at which v and ® are zero, should be same.

v _20R v 2R

ng 3ig’ oy 3

lllustration 24: A rod AB of mass 2m and length ¢ is lying
on a horizontal frictionless surface. A particle of mass m eo—>
travelling along the surface hits the end of the rod with a

velocity v, in a direction perpendicular to AB. The collision 072 0/2
is elastic. After the collision the particle comes to rest. Find

out after collision A
2m || com COM [o-r-mrr> v
(a) Velocity of center of mass of rod A

(b) Angular velocity. (JEE ADVANCED) 0/2 0/2

Sol: Conserve linear momentum and angular momentum of

AT 1 = =
the system constituting “the rod and the particle” before and B B
after collision. Here the linear and angular momentum of the Before collision After collision
rod before collision is zero. Angular momenta of the rod and

particle are calculated about the center of the rod. Figure 7.40
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(a) Let just after collision the speed of COM of rod is v and angular velocity about COM is.

External force on the system (rod + mass) in horizontal plane is zero.

Apply conservation of linear momentum in x direction;

mv, = 2mv e (D
(b) Net torque on the system about any point is zero

Apply conservation of angular momentum about COM of rod.

mvglolo = mvg L= 2, 0
2 2 12
From equation (i) velocity of center of mass v = V—O
S . _3v,
From equation (ii) angular velocity ® = 7

9.2 Angular Momentum of a Rigid Body Rotating About Fixed Axis

For a system of particles the total angular momentum about an origin is the sum of the angular momenta of all the
particles calculated about the same origin.

L=y

Differentiating with respect to time we get,

.- ~

..........

L dL,
% = zd_t' =2 H AT =2 [y w =04 S
i ik ik Y 2 L1 P3 o

The double summation term corresponds to the sum of torques due to
internal forces and as explained earlier, according to Newton's third law
of motion these internal torques cancel out in pairs.

- h

---------

So for a system of particles . .
Axis of rotation

dL e ) 8

r =7 ...(xvii) AN VAN

Impulse of a torque is defined as J = J'd[: I%eXtdt Figure 7.41: Angular momentum
of rigid body

Angular momentum of a rigid body rotating about a fixed axis can be
calculated as below:

Angular momenta of its individual particles about the axis are
— 2 — 2 — 2 _ 2 . . .
L, = Mo, L, = myn o, Ly = myo, ... L, = myry“o where o is the instantaneous angular velocity of the
rigid body
Total angular momentum of the body
- 2 2 2
L=mn“o+ mno+ Mo ... + Myl o

L=Ym@E o=1o

SoL=1lw
Remember: This formula is applicable only for rotation of the rigid body about a fixed axis.

Again differentiating this relation with respect to time we get,
dL O do
dt  dt et
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lllustration 25: Two small balls of mass m each are attached to a light rod of length ¢, one at its center and the
other at its free end. The rod is fixed at the other end and is rotated in horizontal plane at an angular speed ®.
Calculate the angular momentum of the ball at the end with respect to the ball at the center. (JEE MAIN)

Sol:Both the balls A and B have same angular velocity but different linear velocities.

The situation is shown in Fig 7.42. The velocity of the ball A with respect to
the fixed end O is v, = o (¢/2) and that of B with respect to O is v, = w/ IA I
. Hence the velocity of B with respect to Ais v~ v, = ®(¢/2). The angular 8 < 7 > B
momentum of B with respect to A is, therefore,
Lo = mm(£J£ ) lmméz Figure 7.42
2)2 4

along the direction perpendicular to the plane of rotation.

9.3 Conservation of Angular Momentum
In the previous article we have proved the relation
dl
dt

From the above equation we see that if 7' =0 then L of the system of particles remains constant.

t

= 7t where L and " are evaluated about the same origin.

In some situations the component of external torque about an axis is zero even if the net external torque is not
zero. So in these cases the component of the total angular momentum, about the particular axis, remains constant.

lllustration 26: A uniform rod of mass m and length ¢ can rotate freely on a smooth horizontal plane about a

vertical axis hinged at point H. A point mass having same mass m coming with an initial speed u perpendicular to

the rod strikes the rod in-elastically at its free end. Find out the angular velocity of the rod just after collision?
(JEE MAIN)

Sol: After collision the rod and the particle execute pure rotational motion about vertical axis ml

through fixed point H. (-|_l-|) ]

Angular momentum is conserved about H because no external force is present in horizontal u
plane which is producing torque about H. g
m

mfz 2 3u
mul = T+m€ 0 = o= m
Figure 7.43

lllustration 27: A uniform rod of mass m; and length ¢ lies on a frictionless horizontal plane. A particle of mass
m, moving at a speed Vv, perpendicular to the length of the rod strikes it at a distance ¢/3 from the center and
stops after the collision. Calculate (a) the velocity of the center of the rod and (b) the angular velocity of the rod
about its center just after the collision. (JEE ADVANCED)

mEy
\W

Sol: Conserve the linear momentum of the system comprising

“the rod and the particle” before and after the collision. Conserve (Fi)
the angular momentum, about the center of the rod, of the system Ale| | ¢ A Y
comprising “the rod and the particle” before and after the collision. IK/B

~—> )

The situation is shown in the Fig 7.44. Consider the rod and the
particle together as the system. As there is no external resultant force, —=
the linear momentum of the system will remain constant. Also there (A) (B)
is no resultant external torque on the system and so the resultant

Fi 7.44
external torque on the system and the angular momentum of the 'gure
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system about the line will remains constant. Suppose the velocity of the center of the rod is V and the angular
velocity about the centerisw .

(a) The linear momentum before the collision is m_v, and that after the collision is M, V.

m,
Thus myvy = mV, or V= | —=%|v,
my

(b) Let A be the center of the rod when at rest. Let AB be the line perpendicular to the plane of the Fig 7.44.
Consider the angular momentum of N “the rod plus the particle” system about AB.

Initially the rod is at rest. The angular momentum of the particle about AB is
L =m,vy(¢/3)
After collision the particle comes to rest. The angular momentum of the rod about a is
L=Lcm + myry x V

AS%”V,%XV =0 thus, L = Lcm

Hence the angular momentum of the rod about AB is

2

my ¢ myve m, (2 or o= 4m,v,

Thus,
@ Ty ET O m,/

L = lo=

10. RIGID BODY IN COMBINED TRANSLATIONAL AND ROTATIONAL
MOTION

As discussed earlier, in this type of motion the rigid body is performing pure rotational motion about an axis and
the axis itself is performing pure translational motion relative to a given reference frame.

Consider a car moving over a straight horizontal road with some instantaneous velocity v with respect to a reference
frame K fixed to the road. Now let us observe the motion of a wheel of the car from the K frame. This motion of the
wheel in K frame is an example of combined translational and rotational motion. Let us suppose a reference frame
K’ which is translating with respect to frame K with same instantaneous velocity v. In other words frame K' is rigidly
fixed to the body of the car. In this frame the wheel of the car performs pure rotational motion. The body of the car
itself is performing pure translational motion.

Take another example of motion of a fan fixed inside the car.

If the fan is switched off while the car is moving on the road, the motion of fan is pure translational with respect
to K frame.

If the fan is switched on while the car is at rest, the motion of fan is pure rotational about its axis, as the axis is at
rest in the K frame.

If the fan is switched on while the car is moving on the road, the motion of the fan with respect to K frame is neither
pure translational nor pure rotational but a combination of both. Now if an observer A is sitting inside the car, as
the car moves, the motion of fan will appear to him as pure rotational while the motion of the observer A with
respect to K frame is pure translational. Hence in this case we can see that the motion of the fan can be resolved
into two components, pure rotational motion relative to observer A and pure translational motion of observer A
relative to K frame.

Such a resolution of motion of a rigid body into components of pure rotational and pure translational motion is an
important tool used in the study of their dynamics.

10.1 Kinematics of a General Rigid Body Motion

For a rigid body the value of angular displacement 8, angular velocity ®, and angular acceleration a is same for
all points on the rigid body. Also, if we choose any point of the rigid body as origin O and any other point, say A,
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of the body has a position vector r relative to O, and during any
time interval the vector T rotates by an angle 0 relative to its initial
direction, then position vector of any other point, say B, relative to
any other origin, say O, inside the rigid body will also rotate by the
same angle 0. This means the angular variables 6, ®, and a do not
depend on the choice of origin in the rigid body.

The above concept is very important as it enables us to calculate
the velocity of each point of the rigid body if we know the velocity
of any one point (say A) in the rigid body with respect to a reference
frame K and angular velocity of any point in the rigid body relative
to any other point in the rigid body.

Suppose we want to calculate the velocity of a point B in the rigid
body which has a position vector rga relative to A (see Fig. 7.45).

Figure 7.45: Kinematics of rigid body

The velocity of point Ais v, , so we have velocity of B as

V=V, +Vga = Vot @ X Ty

Direction of 1 is given by right hand thumb rule. If we curl the fingers of the right hand in the direction of rotation
of the body, thumb gives the direction of @ .

Similarly the acceleration of point Bis: ag = aa + o x Isa

lllustration 28: Consider the general motion of a wheel (radius r) which can be viewed as pure translation of its
center O (with the velocity v) and pure rotation about O (with angular velocityu )

Find out Vo, Veo, Vco, Voo and Va, Ve, Vc,Vp (JEE MAIN)
Sol: Express the angular velocity, linear velocity of point O and C

position vectors of points A, B and C relative to O in Cartesian \w:m(—k)
coordinates.

Vao = ((:)XFAO) = (oa(—lz)xOK) D B i
= (o(-k)xr(=])) = -ori

Similarly  Veo = or (-)) ; Vco = or(i) ; Voo = or(j)

VA=VO+VA0=V?—QF?; A
Figure 7.46

VB= Vo + Vo = Vi +orj

Vc = Vo + Vco = Vi +ori ; Vb = Vo + Vpo = Vi +oIj

10.2 Dynamics of a General Rigid Body Motion

Combined rotation and translation of a rigid body is considered as combination of pure rotation in C frame about
an axis passing through the center of mass and translation of center of mass in a reference frame K. Dynamics of
combined rotational and translational motion of a rigid body in K frame is defined by two vector equations. One
of them describes the dynamics of the center of mass of the rigid body in the K frame, and the other the equation
of dynamics of pure rotation of the body about center of mass in the C frame.

So if the total mass of the rigid body is M and the net external force acting on it is ?ext then we have in the K frame,

Md\7C =F (i)
dt ~ lext

If I is the moment of inertia of the rigid body about the axis passing through center of mass and T is the net
torque of all external forces about the axis passing through the center of mass, then we have in the C frame,
do

o =legr

T =1.a (i)
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If Protal is the total linear momentum of the rigid body in the K frame, Lc is angular momentum of the body in C
frame about center of mass and rc is the position vector of center of mass relative to some origin in K frame, then
we have,

ﬁtotal = MVC
Total Kinetic energy

1 1
K= EMvc2 +EIC032 ...(iif)
=1 o (V)

Angular momentum in K frame = Lc about COM + L of the C.O.M about some origin in K frame

L =Ic o+ rcx MV, (V)

10.3 Pure Rolling (Rolling Without Slipping)

Pure rolling is a special case of combined translational and rotational motion of a rigid body with circular cross
section (e.g. wheel, disc, ring, cylinder, sphere etc.) moving on a surface. Here,
there is no slipping between the rolling body and the surface at the point of
contact.

Suppose a sphere rolls on a stationary surface and the point of contact between
the sphere and the surface is A (see Fig. 7.47). Let the velocity of the center of
sphere be v, radius be R and its angular velocity be . For pure rolling the relative
velocity between the point A of the sphere and the surface must be zero. As the

surface is at rest, the velocity of point A is also zero. Figure 7.47: Sphere rolling on a
stationary surface.
A=V-oR=0

S.v=0R

R

If sphere is rolling on a plank moving velocity v,, then for pure rolling, v, =v - oR = v, (see Fig. 7.48)

Same is true for the tangential acceleration of the point of contact in case ®
of pure rolling.

Now let’s discuss the case where a rolling cylinder of mass m moves forward
on a rough plate of same mass with acceleration “a” and the rough plate
moves forward with an acceleration “a," under action of force F on a smooth

surface.

\

[ 32

As the cylinder accelerates in the forward direction, so by Newton’s second | _|'>V0
law, the friction on the cylinder at the point of contact will be in forward

direction and on the plate in backward direction by Newton'’s third law (see Figure 7.48: Sphere rolling on a
Fig. 7.50). moving surface.

Equation of torque about center of cylinder:

T.=fR= m§2 (0
2f .
= o= R e 0]
Equation of motion of center of cylinder:
f=ma . (ii)
From (i) and (ii) we get Figure 7.49: Cylinder rolling on an accelerating plate.

_oR
2
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At contact point —> a
p f < 0
o =a+oR= R -3, (i)
0 ST e a —>a m —T1—>F
Equation of motion of plate: f
F-f=ma,

Figure 7.50: (a) FBD of Cylinder. (b) FBD of Plate.
F=m(a+a)

F=4ma ;a= —;
4m

lllustration 29: A wheel of radius r rolls (rolling without slipping) on a level
road as shown in fig 7.51.

Find out velocity of point A and B. (JEE MAIN)
Sol: Linear velocity of any point on the rim of the wheel has magnitude wr in

the reference frame of center of wheel (C-frame). Velocity in ground frame is
the vector sum of velocity in C-frame and the velocity of center of wheel.

Figure 7.51
Contact point at surface is in rest for pure rolling

Velocity of point is A zero.
Sov=or

Velocity of pointB=v + @r =2v

lllustration 30: A uniform sphere of mass 200 g rolls without slipping on a plane surface so that its center moves
at a speed of 2.00 cm s™. Find its kinetic energy. (JEE MAIN)

Sol: The kinetic energy of sphere is the sum of the translational kinetic energy and the rotational kinetic energy.

As the sphere rolls without slipping on the plane surface its angular speed about center is

v L o1 , 1 , 12 5,51 5
® —%.The kinetic energy is K = > Imo” + EMch = E.EMr © +EMVCm
=%Mvcm2 + %Mvcmz = % Mv, 2 = %(0.200 kg)(0.02 ms*)? =56 x 107}

lllustration 31: A constant force F acts tangentially at the highest point of a uniform disc of mass m kept on a
rough horizontal surface as shown in Fig 7.52. If the disc rolls without slipping, calculate the acceleration of the

Center C and point A and B of the disc. (JEE ADVANCED)
Sol: Apply Newton’s second law for the motion of center of mass of the disc. B F

Find the torque of the force F and the force of friction acting on the disc at point r

A about the center of mass of the disc and thus obtain the equation relating C

the angular acceleration in the C-frame to the torques of all the external forces.

The situation is shown in Fig 7.52. As the force F rotates the disc, the point of a

contact has a tendency to slip towards left so that the static friction on the A rough surface
disc will act towards right. Let r be the radius of the disc and be the linear

acceleration of the center of the disc. The angular acceleration about the center Figure 7.52

of the disc is

o = a/r, as there is no slipping.



7.28 | Rotational Mechanics

For the linear motion of the center,
F+f=ma

And for the rotation motion about the center,

Fr—fr=la=F - fr = 1= lmr2 21 or F—fzima
2 r 2

From (i) and (ii),

2F = Ema or a= AF
2 3m
Acceleration of point A is zero

Acceleration of point B is 2a = 2 AP _(8F .
3m 3m

lllustration 32: A circular rigid body of mass m, radius R and radius of gyration (k) rolls without slipping on an
inclined plane of an inclination 0. Find the linear acceleration of the rigid body and force of friction on it. What must
be the minimum value of coefficient of friction so that rigid body may roll without sliding?

Sol: Apply Newton's second law for the motion of center of mass of the rigid
body. Find the torque of the force F and the force of friction acting on the rigid
body about the center of mass of the disc and thus obtain the equation relating
the angular acceleration in the C-frame to the torques of all the external forces.

If a is the acceleration of the center of mass of the rigid body and f the force of
friction between sphere and the plane, the equation of translational and rotational

motion of the rigid body will be
Mg sin@— f = ma (Translational motion)

fR = Ia (Rotational motion)

f= %a | = mk?, due to pure rolling a = aR
. o o mk?o. R? +k?
mg sin6—— = moR = maR +— = ma + =a
R R R R2
a - gsind  _ gsin® f:IE _ mk?a . mg k?sin6
R? +k2 k) R R? R2 + k2
R2 Y
2
f<uN; n;{l; a <p <mgcos 6
2 .
Rzk_ x M < ug Cos 0; u> tanb : ”minzﬂ
R? (k2 +R?) R? R?
1+— 1+—
k? k?

(JEE ADVANCED)

a/R

f

mgcoso
mg mgsind

Figure 7.53
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PLANCESS CONCEPTS

e From above example if rigid bodies are solid cylinder, hollow cylinder, solid sphere and hollow sphere
(having radius 'r" and mass ‘'m’)

Increasing order of acceleration

%5olid sphere ” hollow sphere ” 3olid cylinder > @hollow cylinder

e Increasing order of required friction force for pure rolling

fhollow cylinder g fhollow sphere g fsoIid cylinder g fsolid sphere

Increasing order of required minimum friction coefficient for pure rolling

Hhollow cylinder ” Mhollow sphere ” Msolid cylinder ” Msolid sphere

| would advise you to derive these, verify and remember!
Anand K (JEE 2011 AIR 47)

10.4 Instantaneous Axis of Rotation

The combined translational and rotational motion of a rigid body can be reduced to a purely rotational motion.
When we know the velocity V_ of the center of mass and the instantaneous angular velocity o of the body then
we can find a point whose velocity comes out to be zero at a given moment of time. The axis passing through this
point at the given moment is called instantaneous axis of rotation and the rigid body performs pure rotation about
this axis with same angular velocity at that moment.

The position of the instantaneous axis of rotation changes with time. E.g. in pure rolling the point of contact with
the surface is the instantaneous axis of rotation (see Fig. 7.54).

© [LA.R))
V+or=2v
v
VZV
p_Instantaneous axis :
Ly,

Figure 7.54: IAR (a) pure rolling; (b) Rod slipping down a wall

Geometrical construction of instantaneous axis of rotation (I.A.R). If we know the velocity vectors of any two
points in the rigid body then the LLAR. is the axis passing through the point of intersection of the perpendiculars
drawn to the velocity vectors at those points.

Once location of I.A.R is known, we find the moment of inertia of the body about this axis, and then the equations
of rotation about fixed axis can be used for this axis.

S
lllustration 33: Prove that kinetic energy = 1/2 IPco2 (JEE MAIN)
v
Sol: Kinetic energy is the sum of the translational kinetic energy and the rotational kinetic v=mR
energy.

Figure 7.55
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1 1
|<.E.=Elcmmz+E

MV 2 =.%an£ ' %

,\/l(A)ZR2 :%(Icm + MRz)(’)z = l

2
2 (Icontact point )“)

Notice that in pure rolling of uniform object, equation of torque can also be applied about the contact point.

lllustration 34: A uniform bar of length ¢ and mass m stands vertically A
touching a vertical wall (y — axis). When slightly displaced, its lower end
begins to slide along the floor (x — axis). Obtain an expression for the angular
velocity (o) of the bar as a function of 6. Neglect friction everywhere.

(JEE ADVANCED)

Sol: As the rod falls, it executes pure rotational motion about the instantaneous
axis of rotation. The loss in gravitational potential energy is equal to the gain
in the rotational kinetic energy.

0

The position of instantaneous axis of rotation (IAOR) is shown in Fig 7.57. uuuiéuiuii
Figure 7.56

C= (écose, gsineJ; r = — = half of the diagonal

N~

All surfaces are smooth, therefore, mechanical energy will remain conserved.

. Decrease in gravitational potential energy of bar = increase in rotational T

kinetic energy of bar about IAOR.
mgg (1=-sinB) = %Im2 @A

2
Here, | = % +mr? (about IAOR) or |

me?>  me?  me? o ,
=13 + 7 "3 Substituting in Eq. (i) Figure 7.57
5 —
We have mgﬁ (1 — sin6) = 1f mes o of @ = 3g(1-sin6)
2 20 3 4

PLANCESS CONCEPTS

Nature of friction for rigid bodies:

e A rigid body rolling with a speed of v and angular velocity of ® at an instant. Then it falls under one of the
following cases.

Cases Rough/Smooth | Diagram Inference

V<ro Rough Surface '\ 1. There is relative motion at point of contact.

o With respect to the body the surface moves

v slower than itself. So the surface tries to

R decrease its angular velocity by a frictional force

Rough surface > fi in forward direction. And this friction is kinetic
friction.

2. It increases v and decreases wSo, after
sometime, v =r @ and pure rolling will resume.
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Cases

Rough/Smooth

Diagram

Inference

Smooth Surface

/

Smooth surface

No friction is possible and it is not pure rolling.

Rough surface

/

With respect to the COM of the cylinder, the
surface moves at a higher speed than itself. So

/

Smooth surface

V>ro @ . . 4 .
\ the surface tries to increase its angular velocity
by exerting a frictional force in backward
Rough surface direction. And this friction would be kinetic
friction.
2. The friction tries to reduce V and increase ®
V>roe Smooth Surface '\ No friction and no pure rolling.
®
\
Smooth surface
V=ro Rough Surface This is pure rolling. However there might be

static friction acting on the body.

Smooth Surface

/

Smooth surface

No friction is possible and it is pure rolling
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Rohit Kumar (JEE 2012 AIR 79)

lllustration 35: A rigid body of mass m and radius r rolls without slipping on a surface. A force is acting on the rigid
body at x distance from the center as shown in Fig 7.58. Find the value of x so that static friction is zero.

Sol: For static friction to be zero, the linear and angular accelerations a and o

caused by the force F should be related as a = a R, for rolling without slipping.

Torque about center of mass Fx = I, a

From equation (i) & (ii)

I

—cm
mR

F=ma

max = I

cm®

(@a= aR);

(JEE MAIN)
/\a
P F
X
0 o /8
a=oR

L) f<

) Rough surface

Figure 7.58
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lllustration 36: There are two cylinders of radii Ry and R, having moments of /‘ \
inertia I and [, about their respective axes as shown in Fig 7.59. Initially, the =~ @, ®,
cylinders rotate about their axes with angular speed w, and , as shown in the 1 1,

Fig 7.59. The cylinders are moved close to touch each other keeping the axes
parallel. The cylinders first slip over each other at the contact but the slipping
finally ceases due to the friction between them. Calculate the angular speeds Figure 7.59
of the cylinders after the slipping ceases. (JEE ADVANCED)

Sol: The force of friction acting on the cylinder moving faster will be such that its angular velocity decreases. The
force of friction acting on the cylinder moving slower will be such that its angular velocity increases. When slipping
ceases, the linear speeds of the points of contact of the two cylinders will be equal.

If o', and o', be the respective angular speeds at the instant slipping ceases, we have
o R =0 R (i)

The change in the angular speed is brought about by the frictional force which acts as long as the slipping exists. If
this force f acts for a time t. the torque on the first cylinder is fR, and that on the second is fR,. Assuming ©, > ..
The corresponding angular impulses are - fR, t and R, t,

We therefore, have

-fR;t= I (0;-»;) and fR,t = (0", ~0,)

L . L . ..
or —R—(u) 1—0) = R—(co 5—,) .. (i)
1 2
ILo.R, +I,o,R
Solving (i) and (i) o' =MR2 and o', =
LRZ +LR3

LoR, + hoR, R
2 2 1=
Ile +IlR2

10.5 Energy Method in Solving Problems of Rolling Body

We can conserve energy in case of pure rolling of a rigid body because the point of
contact between the surfaces remains at rest and so the frictional forces acting at
the point of contact do not do any work. Thus only conservative force do work on
the body. >

h
Thus Potential energy + total K.E. = constant
As shown in the Fig. 7.60, a disc is rolling down on an inclined plane. Then we can 0
conserve total mechanical energy. If the disc falls a height h then loss in potential
energy is equal to gain in kinetic energy. Figure 7.60
1. o> 1 2 .
Mgh = ZIp® + =MV - (1)
=3 2 C
I 1.2 1 o _ 1,2 K y
Its total kinetic energy = ~Mv_* + = Io* = MY 1+— (i)
2 C 2 2 R2

where K is the radius of gyration of the disc and V_ the velocity of center of mass.

1.5 K? 5
So EMVC 1+R—2 = Mgh; VC =

Thus the velocity of center of mass of a body rolling down an inclined plane is given by
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W7

c K2 1/2
1+R7

If a_is linear acceleration of center of mass down this plane, and distance covered on the plane is s, then if the body
starts from rest we have

V.2 2 ah ino
VC2 = ZaCS aC :2—(:S = { K2 ]g h or ac — g S|nK2
1+ —|x2x 1+ —
R? sin 0 R?
PLANCESS CONCEPTS

Rather than going in a conventional way, using this method greatly simplifies our effort. But take care
while writing the kinetic energy!

Nitin Chandrol (JEE 2012 AIR 134)

lllustration 37: A solid sphere is released from rest from the top of an incline of inclination 6 and length ¢ . If the
sphere rolls without slipping. What will be its speed when it reaches the bottom? (JEE MAIN)

Sol: The loss in the gravitational potential energy of the solid sphere is equal to the gain in the kinetic energy.
The kinetic energy of the sphere comprises the rotational kinetic energy as well as the translational kinetic energy.

Let the mass of the sphere be m and its radius be r. Suppose the linear speed of the sphere when it reaches the
bottom is v. As the sphere rolls without slipping, its angular speed ® about its axis is v/r. The kinetic energy at the
bottom will be

K= %Ico2 + % mv? = %(%mr2]m2+%mv2 = % mv? + % mv? = -—mv?

This should be equal to the loss of potential energy mg ¢ sin6. Thus

%mv2 = mg/sin® Or vs= 1f?gfsine.

11. TOPPLING

When an external force is applied to the upper edge of a body Q R
with a flat base to cause it to slide along a surface, the body may F
topple before sliding starts. Toppling is more likely to happen
when the width of the base of the body is small.

Toppling occurs due to the turning effect of torques of applied
force at the upper edge and frictional force at the base. mg

Let the surface be quite rough and the force F is applied at f p S &
height h above the base of the block as shown in Fig. 7.61. Width ~ [§ :
of the base is b. The static friction at the base is f = F. The normal ' i Rough surface
reaction is N = mg. The couple of forces F and f try to topple >i

the block about point S. To cancel the effect of this unbalanced

torque the normal reaction N shifts towards S by a distance x so

that torque of N counter balances torques of F and f. Figure 7.61: Block toppling on rough surface

..;.\.
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Fh = (mg)x or x =i
mg

If F or h or both increase, distance x also increases, but it cannot go beyond the maximum value of x__ = b/2i.ein

extreme case N passes through edge S. If F is further increased block will topple.

ax

mgb
S0, I:topple = 7

Here we assumed that the surface is sufficiently rough so that sliding starts only when

F=1 . =umg>F or u> % (toppling before sliding)

opple

If surface is not sufficiently rough, the body slides before F is increased to F___ i.e. the body will slide before

toppling. This is the case when

pl

b
opple oru< %

F=f . =umg<F
lllustration 38: A uniform cube of side ‘a’ and mass m rests on a rough horizontal table. A horizontal force F is
applied normal to one of the faces at a point directly below the center of the face, at a height % above the base.
(i)  What is the minimum value of F for which the cube begins to tip about an edge?

(i) What is the minimum value of p_ so that toppling occurs?

(iii) If f1= upin . find minimum force for toppling.

(iv) Minimum p sothat F . can cause toppling. (JEE ADVANCED)

n

Sol: For part (i) we consider toppling before sliding. The normal reaction will pass through the edge. In part (ii) it
is not mentioned whether the toppling occurs before sliding or sliding occurs before toppling. So the toppling will
occur for any value of p_, sliding or no sliding. Part (iii) is same as part (i). Part (iv) is the case of toppling before
sliding.

(i) In the limiting case normal reaction will pass through O. The cube will tip about O if torque of F about O
exceeds the torque of mg.

a a
Hence, F|—| >mg|=| or F>2m
Therefore, minimum value of F is 2 mg.

(i) Inthis case since it is not acting at COM, toppling can occur even after body started sliding even if there is no
friction by increasing the torque of F about COM. Hence Wi, = 0.

(iii) Now body is sliding before toppling. O is not AR, torque equation cannot be applied across it. It can be
applied about COM.

Fx%:Nx% - () TN
N = mg .. (i) ®
From (i) and (ii) -> F = 2 mg F
(iv) F>2MQg i, (i) (From sol. (i) i a/2 a/4
N = mg ()] L 0 |
F=pN=pn mg ... (i) J
mg

From (i) and (iii) p, =2 Figure 7.62
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lllustration 39: Find minimum value of ¢ so that truck can avoid the dead end, without toppling the block kept

on it. (JEE ADVANCED)
& v
. hl|m >
Sufficiently —~yy BN y;
rough surface | «—>
@) power breaks
LT111777777777717771 1771717777 17777777777777777777717

Figure 7.63
Sol: The block kept on truck will experience pseudo force in forward direction and friction b
force due to the floor of the truck in backward direction. We assume the case of toppling
before sliding. In extreme case the normal reaction N = mg will pass through the edge.
h_ b b " >
ma-<mg- = a<—
2 =M93 h9 5
b ! v T N
Final velocity of truck is zero. So that 0 = v? —Z(Fg)é mg
B Lﬁ Figure 7.64
2b g

PROBLEM-SOLVING TACTICS

e Most of the problems involving incline and a rigid body can be solved by using conservation of energy during
pure rolling. In case of non-conservative forces, work done by them also has to be taken into consideration in
the equation. Care has to be taken in writing down the Kinetic energy. Rotational Kinetic Energy term has to be
taken into consideration. And while writing the rotational energy, the axis about which the moment of inertia
is taken should pass through the COM.

e The motion of a body in pure rolling can be viewed as pure rotation about the bottommost point of the body
or the point of contact with the ground. Hence an axis passing through the point of contact and tangential
to the point would be the Instantaneous axis of rotation. So problems on pure rolling can be solved easily by
using the concept of instantaneous axis of rotation.

e Problems on toppling can be easily solved by writing the moments on the body and visualizing them as forces
acting on the body. If the net moment is tending to stabilize the body, then the body doesn’t topple. For any
condition else it may get toppled.

e Problems which include the concept of sliding and rolling can be solved easily by using the concept of
conservation of angular momentum. But care has to be taken in selecting the proper axis so that net moment
about that axis vanishes.



7.36 | Rotational Mechanics

FORMULAE SHEET

related to direction of motion.

Linear acceleration is categorized as

- Average acceleration= Av / At

- Instantaneous acceleration = dv/dt.

S. Term Description Linear Motion Rotational motion &
No relation
1 Displacement Displacement (linear or angular) is the physical | s 0
change in the position of the body when a body
moves linearly or angular in position. (s = re)
(a) The linear displacement As is difference
between final and initial position measured in
linear direction.
S.L. unit: meter m
(b) The angular displacement of the body while
rotating about a fixed axis is the displacement
AD it swept out with respect to its initial
position in sense of rotation. It can be positive
(anti clockwise) or negative (clockwise)
S.l. unit: radians rad,
2 Velocity Velocity of any moving object is the time
rate of change of position. The velocity is the ds do
vector quantity. Linear velocity is in the plane | V = at ® = dt (V = ro)
of motion. Angular velocity can be positive or
negative & its direction is perpendicular to the
plane of rotation
Linear velocity is categorized as
- Average velocity= As / At
- Instantaneous velocity= ds/dt.
S.l. unit: m/s
Angular velocity is categorized as
- Average angular velocity A8 / At
- Instantaneous angular velocity @ = d6 / dt
S.I. unit: rad/s
3 Acceleration Acceleration is the time rate change of
velocity of a body. It's a vector quantity. Linear dv do
acceleration can be positive or negative and = dat a = at (@ =ra)




No

Term

Description

Linear Motion

Rotational motion &

relation

S.I. unit: m/s>

Angular acceleration is categorized as

- Average angular acceleration Aw / At

- Instantaneous angular acceleration
o =don/dt

S.l. unit: rad/s™

Mass

Mass is the basic entity of any body by virtue of
which the body gains weight.

In linear kinematics the mass of whole body is
constant. S.I. unit: kilogram kg

In angular kinematics mass of body is
distributed among various tiny rigid points
so mass is measured about inertia of rotating
body- moment of inertia |

[ (I =Xmrd)

Momentum

Momentum of body is product of mass and its
velocity of motion. It's a vector quantity.

Linear momentum= mv
S.l. unit: kg m/s

Angular momentum of body is a vector in
direction perpendicular to plane of rotation

given by L
S.I. unit: kg m?/s

Impulse

Impulse is the product of force and time period
And it is categorized as
-Linear impulse

-Angular impulse

det

Irdt

Force

(Newton'’s
second law of
motion)

From the newton second law of motion, force is
time rate of change of momentum. It's a vector
quantity.

. d

Linear force F= —p= ma
dt

S.I. unit: Newton N

Angular force T =1x a

Laws of conservation of momentum

- Linear momentum is said to be conserved if
d .

aP = 0, than P remains constant

dt

- Angular momentum is said to be conserved if

% = 0 than L remains constant

F=ma

If = 0 the body is in
equilibrium with its
surrounding

T=rxF =Ixa

d
dt

If = 0 the body is in

equilibrium with its

surrounding
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S. Term Description Linear Motion Rotational motion &
No relation
8 Work Work is the product of displacement of body
under action of external applied force. W = IF ds W = J.tde
9 Power Power is the time rate change of work done P =F P=tw
10 Kinetic energy | The phenomenon associated with the moving 1, 1.5
bodies KE.,,, = Emv KE. = flm
1 Kinematics of Kinematical equation are the interrelation of | v =u + at ©® = o + ot
Motion displacement, velocity, acceleration and time s = ut+ latz 0
and are categorized as follows: 2 0 = ot + t2
vZ = u? + 2as - @t T ¢
-Linear kinematical equation
-Angular kinematical equation o = (og + 200
12 Parallel Axis 2
Iyy =I-c+Md Iec i
Theorem Xx = ec where lec is the moment of
inertia about the center of mass
13 Perpendicular Too+ Lo =1 . . .
= It lid f [ |
Axis Theorem xx ¥ lyy = lzz is valid for plane laminas
only.
14 Work energy Work energy principle is used to determine the 1 1 1 1
. . . . . W== 2 _ -+ 2 W=21 2__I 2
principle change in the kinetic energy of moving body > mv > mu > Y > o5

JEE Main/Boards

The first five Examples discussed below show us the
strategy to tackle down any problem in the rigid body
motion. Hence follow them up properly! They may be
lengthy but are very learner friendly!!

Example 1: A person of mass M is standing on a railroad
car, which is rounding an unbanked turn of radius at
speed v. His center of mass is at a height of L above
the car midway between his feet, which are separated
by a distance of d. The man is facing the direction of
motion. What is the magnitude of the normal force on
each foot?

Sol: The frictional forces acting on the feet of man will
provide the necessary centripetal acceleration to move
in a circular path. Apply the Newton's second law of
motion at the center of mass of the man to get the
equation of motion along the circular path. In the
vertical plane the man is in rotational and translational
equilibrium under the action of its weight acting
vertically downwards and the normal reactions at its
feet acting vertically upwards. Get one equation each



