e
23. DEFINITE INTEGRATION

1. INTRODUCTION

Let f(x) be a continuous function defined on a closed interval [a, b] and jf(X)dX =Fx)+c then
Tf(x)dx = [F(x)]: or Tf(x)dx =F(b) —F(a) is called the definite integral of f(x) within limits a and b. The interval
[aa, b] is called the ran;e of integration. Every definite integral has a unique solution.

b n/2

Note: jf(x)dx =F(b)—F(a) also represents the net area of the curve f(x) with x-axis. j sin? xdx
a 0
2 ™21 - cos2x 1 sin2x [? 1= n
Sol: Isinzxdx=j ———|dx==| x— ==|=-0|=—=
5 0 2 2 2 2|2 4
Illustration 1: If J;(3x2 +2x+k)dx =0, find the value of k. (JEE MAIN)

1
Sol: Here the answer of the definite integral j[3x2 +2X + k}dx is already given i.e. 0 hence by using simple integral
0

formulas we can solve it and by comparing it to 0, we will obtain the value of k.

Here, we have, L)l (Bx% +2x+k)dx =0

1
3 2 1
3X—+2X—+kx =0 ; [x3+x2+ka =0
3 2 0 0
1+1+k-0+0+0)=0; 2+k=0=k=-2
4
lllustration 2: Evaluate: I(Zsecz X+ X +2)dx. (JEE MAIN)
b 0 b b
Sol: As we know J{f(x)ig(x)}dx = If(x)dx + Ig(x)dx . Hence by using this method we can solve the given
definite integral. a a a

g g g

4 4 4 %
We have, J'(Zsec2 X+ X +2)dx = 2J‘sec2xdx+~|.x3 dx+2_[dx
0 0 0 0

n/4

4
+2[x]5/* = 2(tan%—tan0]+|:(7E /44) —0:|+2{%—0}

= Z[tanx]g/4 + {%}

0
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4 4
=21-0)+| 0|+ E=24 4
45 2 1024 2

2. PROPERTIES OF DEFINITE INTEGRALS
Property 1

b b b

j f(x)dx = j f(t)dt = j f(u)du

Here x is a dummy variable; it can be replaced by any other variable t, u,........
/2 /2 n/2
j sin(x)dx = f sintdt = j sinudu =

10
This is similar to the summation property Zr = th ZU =

T=1 T=1 u=1
Property 2

b a

If(x)dx = —If(x)dx

a b

i.e. the interchange of limits of a definite integral changes only its sign.

Property 3
b C b
If(x)dx :jf(x)dx+Jf(x)dx (@a<c<b)

Generally, this property is used when the integrand has two or more rules in the integration interval

= jbf(x)dx = jcl f(x)dx+.|'C2 f)dx+....... + Ib f(x)dx wherea < ¢, <c¢, <. c, <b.
a a Cl Cn
Illustration 3: Evaluate: _[4f(x)dx, where f(x) = | 2X 8 1=x=2 (JEE MAIN)
1 6x, 2<x<4

C

Sol: Here as we know, If(x)dx Jf x)dx+If(x)dx where (a < ¢ < b) . Hence by using this property and solving by

using the integral formula we can solve it.

We have, 1= jl f(x) dx
2 4 2 4
= L f(x)dx + .[2 f(x)dx = _[1 (2x + 8)dx + J; 6xdx

- [x +8x} [3x ] [(2)2 +8(2) - (1) —8(1)] + [3(4)2 —3(2)2J

=11 + 36 = 47.

2
lllustration 4: Evaluate : I| 1—x|dx (JEE MAIN)
0
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1-x,when0<x<1

therefore, similar to the problem above, we can solve it.
x—1, whenl1<x<?2

Sol: Here |1 - x| = {

1| = 1-x,when0<x<1
x—1, whenl1l<x<?2

1 2 X2 1 X2 2
I:g(l—x)dx+{(x—l)dx:{x—?} +|:?—x} =(1/2-0)+ (0 + 1/2) = 1

Property 4

Property 5
b b
ff(x)dx =I f(a+b —x)dx

b
Application: j ) dx =22

f(x)+f(a+b—-x) 2

a

MASTERJEE CONCEPTS

With the help of the above property, the following integrals can be obtained.

n/2 /2 /2 n/2

I f(sinx)dx =‘[ f(cosx)dx ; j f(tanx)dx =J f(cotx)dx
0 0 0 0

/2 /2 1

1
I f(sin2x)sinx dx=I f(sin2x)cosxdx ; If(logx)dx =If[|og(1—x)]dx
0 0 0 0

n/2 n/2

8 n

sin"x J- cosx T
o sin"x+cos" x o cos" x+sin" x 4
n/2 n n/2 n n/2 n/2
J‘ta”—xdxz J’COt—XdX:E; J‘;dxz I;dxzﬁ
o L+tan"x o 1+cot"x 4§ 1l+tan"x o 1+cot"x 4
n/2 n /2 n n/4
J~sec—de: I&dx=£ ; I Iog(1+tanx)dx=EI092
o sec" x+ cosec"x o cosec"x+sec" x A 8
/2 /2
_[Iog cotx dx = Ilog tanx dx =0
0 0

Shrikant Nagori (JEE 2009 AIR 30)
. E | 2 11
llustration 5: Prove that [ cot™ (1 -x+x*)dx =2 tan™ x.dx (JEE MAIN)

a a
Sol: As we know cot™ (Ej =tan*t (EJ and If(x)dx = If(a—x)dx by using these two formulae we can solve the
a
given problem. 0 0



23.4 | Definite Integration

jICOt_l(l_X+X2)dX:jltan_{ } -[t Lx-x _jltan_l(xﬂ—l_x)]dx
0 0 1- X+X 1 X]_ X) 0 1-x(1-x)

= jltan‘lxdx + fltan‘l(l— x)dx = 2.[ tantx.dx
0 0 0

[ tan* [1‘3 * bbj =tanta+tan bj
-a

1

lllustration 6: Find the value of Ilog (E—IJ dx (JEE MAIN)

X
0

Sol: Here log ( j Iog(l x) Iog(x) and jf(x)dx = J'f(a—x)dx by using these two formulae we can solve it.
X 0 0

J.Iog( < de Ilog(l x)dx — Ilog(x)dx Ilog[ ]dx—]'logxdx:].Iogxdx—}logxdx
0 0 0

= Ilog (x)dx—jlog (x)dx =
0 0

n/2

lllustration 7: Evaluate: j de (JEE MAIN)
o Sinx+cosx
a a n/2 .
Sol: As If(x)dx = jf(a —x)dx therefore we can write .f de in the form of
0 0 o Sinx+cosx

”J/-zasin(n/Z—x)+bcos(n/2—x)
0

sin(m/2—-x)+cos(w/2-X)

dx and then adding these two equations we can solve the given problem.
[— ”J/-2a5|nx+bcosx

0 SINX + COSX

n/2 . n/2 .
- J- asm(n/2—x)+bcos(n/2—x)dx: J- acosx +bsinx
0

sin(r/2—-x)+cos(n/2—X) SinX +cosx

dx ()]
0

Adding (i) and (i),

n/2 . /2
nal= (@+b)(sinx +cosx) 4 [@+b)dx=(@+b)n/2 =1=(a+b) /4
0 SINX + COSX 0
™2 sin?x 1
lllustration 8: Show that | ———dx = —~log(2 +1) (JEE ADVANCED)
o SiNX+cosx 2

Sol: This problem is similar to the problem above.
;2
n/2 .
Let I=I de . ()
0 sinx+cosx

By property 4, we have

dx (1))

I:jm sin’((n/2)—x) dx :jm . cos? x
0 sm( 0 sinx+cosx

(n/2)-x)+cos((n/2)-x)
Adding (i) and (ii), we get
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dx

5 = J~n/2$in2x+coszx _J-rr/2 dx In/z 1
0 sinx+cosx 0 sinx+cosx 2\/_ (1/~2)sinx+(1/+/2)cosx

n/2 1 n/2
2\/_"- cos(n / 4)sinx +sin(nt / 4)cosx o= 2\/_-[ sin x+(7:/4))OIX

_ Ljn/zcosec{x +£}dx - L{Iog’canFJrE}}m
2270 4 22 2 8],

= Iogtan{ n}—logtanﬁ _ 1 |Og(tan(3n/8)J= 1 o (cot(n/S)]
Zf 8 8] 22 tan(n/8) ) 22 tan(n / 8)

L iog2+1)

vJtanx
/41 +tanx

and using the property Lbf(x)dx = j:f(a +b —x)dx, we can solve the given problem.

= ——log cot

2[ 2

llustration 9: Evaluate : j dx (JEE ADVANCED)

. sinx
Sol: By putting tanx =
CosX

dx

Let I:J'3Tt/4 Vtanx I_J-3n/4 sinx (I)

/414 \Jtanx /4 \Jcosx +/sinx

On applying I:f(x)dx = .Lb f(a+b—x)dx we get

3n/4 Jsin(Br/ 4)-(x/4)-x)

dx
e \/cos((?m/4)—(n/4)—x)+\/sin((3n/4)—(n/4)—x)

I:

3 sin((n/2)-x)

A \/cos((n/Z)—x)+ sin((n/2)—x)

an/4 Jcosx
m/4 Jsinx ++/cosx

Adding (i) and (ii), we get

dx

dx ()}

o= ISn/4 sinx dx+j3n/4 \Jcosx _ I3n/4 vsinx +\/cosx
/4 Jsinx ++/cosx /4 Jsinx +cosx /4 \/smx+\/cosx

_3n/4 304 | 3W || |3n w|_ m
= Lot ]n/rh‘(‘zﬂ{:*z}“ -2

n/2 4 +3sinx .
llustration 10: The value of |, 109 —————|dxis (JEE ADVANCED)
0 4 +3cosx

n/2 .
Sol: Similar to the problems above, we can write I log A4+ 3sinx dx as
0 4 +3cosx

72 [4+3sin((n/2)—x)
_[ log
0 4+3cos((n/2)—x)

]dx and then by adding these two equations we can solve the given problem.
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Letl = jn/zlog A+ 3sinx dx
0 4 +3cosx

On applying property 5, we get

- [0 [4+35in((n/2)—x) de

o %9 4+3cos((n/2)—x)

:.[n/zlog 4+3c95x dx:—jn/zlog 4 +3sinx dx =1 =1=0
0 4 +3sinx 4 +3 cos X

Thus, ;/Zlog(Mj dx=0

4 +3cosx
lllustration 11: [ = J'n/zd—X, (JEE ADVANCED)
0 4+5sinx
2tan> X
Sol: Let sinx=——2— and then by putting tanE =1, we can solve the given problem.
1+tan?
2
. jn/z dx _ In/z sec’(n / 2)dx
O 445 (2tan(x/2)/1+tan*(x/2)) “° 4+4tan’(n/2)+10tan(n/2)
X 1 X
Let tan—=t = —sec"—=dt
2 2 2
1
[ _1p dt p_ L 1 dtzl[lnH(l/Z)} ~Liog2
044412110t 2°0(t+(1/2)(t+2) 3°°(t+@1/2) (t+2) 3 t+2 | 3
lllustration 12: Evaluate : (JEE ADVANCED)

,;[6 1++/tanx

sinx

Sol: Let tanx = and then using property j:f(x)dx = I:f(a +b —x)dx, we can solve the given problem.

COSX

“J/} dx _ EJ@ \cosx dx i
wel+tanx g /sinx ++/cosx
3 Jeos(n/2-x)

= _[ _ dx [ herea + b = /2]
6 \SIN(T /2= X) +Jcos(rn /2 - x)

- T— Vsinx___ 4, .. (ii)
/6 VCOSX +4/sinx

/3

L2A= [1dx =i =2
n/6 3

TN
—=—= =
6 6 12



Property 6

J' f(x)dx = 2£f(x) dx if f(-x)=f(x) (even function)

0 if f(—x) = —f(x) (odd function)

Note: This property is to be used if the integrand is either an even or odd function of x

. n/2 .
lllustration 13: j /Zcosz x dx is equal to
-7

/2 /2 . .
Sol: As jn /zcosz X dx = 2.[(;T cos?® x dx, therefore using property 7 we can solve it.
—T

2 2 sin2x]™*
Herel =2 I cos?x dx {- f(=x) = f(x)} ; _[ (1+ cos2x)dx = {x+ > } =5
0 0

0

1% si 2
lllustration 14;J‘ xsin(L+x%)

o > dx is equal to

1+x

a
2 2[f if f(—x) = f functi
Sol: Here by using the property If(x)dx _ Z[ (x)dx if f(-x) =f(x) (even function)

- 0 if f(—x) = —f(x) (odd function)
%3 sin(l +x%)

5 & f(—x) =
1+x 1+x

B x> sin(1 - x?)

Here f(x) = 5

V() = = f(x)
~1=0

Property 7: j;af(x)dx _ 2E|;f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)

Note: The above property is used to halve the limits

llustration 15: Evaluate : Jjnﬂde

a—bcosO

Sol: Let [ f(x)dx = 2! fx)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)
2n sin20 sin20
I=| —————do f() =———
Let jo a—bcosH — Let 1(0) a—bcosO
f2n—0) = sin2(2rn —0) —sin20 —_£(0)

a—bcos(2x—0) - a—bcosH

By property 7, we have

J-zn sin20

——— doe=0
0 a-bcosH

Mathematics | 23.7

(JEE MAIN)

(JEE ADVANCED)

(JEE MAIN)

. Hence by using this property we can solve the given problem.
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2
llustration 16: Evaluate jo"xsin4 x cos® x dx (JEE ADVANCED)

Sol: Similar to the problem above.

2n . 2n .
I= .[o xsin? x cos® x dx = .[o (21 — x) sin® x cos® x dx

21:2nj;nsin4x cos® x dx : I:Zn.[onsin“x cos® x dx;
I:4nJ‘TE/25in4x cos® x dx ; I:4n_[n/2cos4xsin6x;
0 0
= I:Z—TE n/Z(sin2x)4dx S>2X=t= dx:ﬂ
1670 2
2
T g n/2( . .
= I:ij sin4tdt:£I /2sin4tdt = == lj. / (5|n4t+sm4t)dt :E.l.g—nz?’i
16 70 870 8127 82 8 128

Property 8: If f(x) = f(x + a) (i.e. f(x) is a function with period a), then I;af(x)dx = nj; f(x)dx

lHlustration 17: Evaluate: J.;nsin8 X dx (JEE MAIN)

Sol: Here sin® (n — x) = sin®, therefore by using this property, we can solve the given problem.

n/2

I= 4'[T[sin8 xdx =8 j sin®x dx = 87'5'3'l I ﬁ
0 0 8642 2 32
Illustration 18: Evaluate: Ijncoss x dx (JEE ADVANCED)

2

Sol: Let I:.f " cos® x dx
0

Let f(x) = cos®x

f(2m — x) = cos® (2n — x) = cos®x = f(x)
Then jzncoss X X dx = ZJﬂcos5 X dx
0 0
Now, f(rt — X) = cos® (r — X) = (- cos X)? = — cos’x
=—-1(x); Igcoss xdx=0
Hence Ijncoss xdx=0

Property 9

a+nT T

J' f(x)dx = n_[f(x)dx (if f(x + T) = f(x), and niN i.e. f(x) is a function with period T)
a 0

b+nT T b
J f(x)dx = (n— m)I f(x)dx + If(x)dx m,n e |
a+mT 0 a

20

On
llustration 19: 1 = J W1+ cosx dx (JEE MAIN)
0



2007
Sol: I = 2 |
0

X
cos—|dx =t

X
2

1007 n

—1=22 J |cost|dt:200x/§J‘|cost|dt: 40042
0 0

h(x)
Property 10: c;j_x j f(t) dt = h'(x) f(h(x)) — g'(x) f(g(x))
g(x)

h(x)
Corollary (1): di .[ f(t) dt =h' (x) f(h(x)) [a is any constant independent of x]
X
a

cd T _
Corollary (2): I !f(t) dt =f(x)

b
< [0 ] dx

a

b
Property 11: jf(x) dx
a

b
Property 12: If f(x) > 0 on [a, b], then If(x)dx >0
a

This property is also called the domination law.

There are a few more properties which might be helpful in solving problems

b b+c
1. Shift property: If(x)dx = j f(x)dx

atc
b -b
2. Reflection property: jf(x)dx = —j f(—x)dx
a —a
b/k

b
3. Expansion/Contraction property: jf(x)dx =k .[ f(x)dx vk>0
a a/k

MASTERJEE CONCEPTS

=7 if B>a)

B dx
L N (X= o) (x=B)

Jl o= @26 Bie = Z(B - )”

b [x—a T
jan_de_E(b—a)

If f(t) is an odd function, then ¢(x) = fo(t)dt is an even function.

If f(x) is an even function, then ¢(x) = J'Xf(t)dt is an odd function.
a

Every continuous function defined on [a, b] is integrable over [a, b]

Every monotonic function defined on [a, b] is integrable over [a, b]

Mathematics | 23.9
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MASTERJEE CONCEPTS

Change of variables: If the function f(x) is continuous on [a, b] and the function x = ¢(t) is continuously

differentiable on the interval [t,, t,] and a = ¢(t,), b = ¢(t,), then

[0 dx = Ji2 ot oyt

Nitish Jhawar (JEE 2009 AIR 7)

3. SOME SPECIAL INTEGRALS

3.1 Walli’'s Formula

7[/2 T[/2 B ~
I sin"x dx = j cos" xdx _(-H{-3)..2
0 0 nn-2)...1

(if nis odd positive integer)
(-1 (n-3)..1 [E

2] (if n is even positive integer)

n/2
lHlustration 20: Evaluate J cos’ x dx
0

Sol: By using Walli's formula we can solve the given problem.

64.2 16

[= 2 =2

753 35

3.2 Gamma Function

"2 r((m+1)/2)r((n+1)/2)

j sin™ xcos" x dx =
5 zr((m+n+2)/2)

where I'(n) is called the gamma function
OR

/2 (m=1) (Mm=3)....(2 or 1)) (n—1) ((n—3)...(2 or 1))

I sin™ cos" x dx =
0 (Mm+n)(M+n-2).....2o0r1)

(if m and n both are not simultaneously even positive integers)

(if m and n are both even positive integers)

(m-=1) (M-3)..A)((n=1)(n-3)...(2)) T
(M+n)(Mm+n-=2)...(2) 2

n/2
lHlustration 21: Evaluate | = j sin* x cos® x dx.
0

Sol: Using the gamma function formula i.e.

(JEE MAIN)

(JEE MAIN)



Mathematics | 23.11

w2 r((m+1)/2)r((n+1)/2)
j sin™ xcos" x dx =
5 zr((m+n+2)/2)

We can solve it.

- r((4+1)/2)r((5+1)/2) ~ r(5/2) re ((3/2).(1/2))(2.1) 8
- 2ar(@+5+2)/2)  2r(11/2)  2((9/2.7/2.5/2.3/2.1/2) 315

4. NEWTON LEIBNITZ FORMULA

In calculus, Leibnitz’s rule for differentiation under the integral sign named after Gottfried Leibnitz tells us that if

we have an integral Iyyl f(x,y)dy then for x in (x, x,) the derivative of this integral is thus expressible as
0

d Y1 Y1
— fx,y)dy |= |~ f (x,y)d
™ Uyo (x,y) yj [y f Gy

provided that f and its partial derivative f_are both continuous over a region in the form [x . x,] x [y, y,].

5. SUMMATION OF SERIES BY INTEGRATION (LIMIT AS A SUM)

To find the sum of an infinite series with the help of definite integration, the following formula is used
n

im S5 T 1L 2 Trod
|mZ(:) (HJE:;[(X) X

0
n— r=

The following method is used to solve the questions on summation of series.

(i) After writing (r — 1)th or rth term of the series, express it in the form Ef(ij.
nin

n-1
Therefore the given series will take the form as lim Zif(i)
n—o =N N

(i) Now write J in place of lim X and x in place of " and dx in place of n. We get summation in the form of
n—»o n
integral j; f(x)dx.

® b-a b-a
Also we can write If(x)dx = lim —=[f(a)+ f(a+h)+...+f(a+(n—-1)h)] |whereh==——
n—>o N n

a

lllustration 22: Evaluate lim L+L+ ..... +i (JEE MAIN)
nso| N+l n+2 2n

n-1
Sol: By using the summation of series by integration formula i.e lim Zf

n—w
r=0

g 1 1) §1
Limit = lim > —— = lim Z( j:jl+xdxz[|09(l+x)]é =log2
0

noosintr s\ 1+(/n)n

1
[le = J.f(x)dx we can solve it.
n)n g

1100 +2100 +3100 100

llustration 23: |im (JEE MAIN)

Ao oL

Sol: By observing the given problem, we can say that it's a sum of an infinite series so by using the summation of
series by integration formula we can solve it.
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100 100 n 100
Tl (r s=tim 2Ll o havax - L
o nTn n>» n Z\n 0 101
lllustration 24: Find the value of fim |— " 4", 1 (JEE ADVANCED)
oo | (n+1)2 (n+2)> 4n
Sol: Here t = n > = 1 ! K therefore similar to the problem above, we can solve it.
(n+r)* N[A+(r/n)
n
Therefore the given series = lim z;l — dx

oo SL4(/mP N 0 L4x)?

1 1
Given series = I 1 dx={—i} =_—1+1=l
o(1+X)2 1+x ], 2

Evaluate the following definite integrals as the limit of sums.

b
lHlustration 25: ja cosx dx (JEE ADVANCED)

b
Sol: Here If(x)dx = lim E [f(@)+f(@a+h)+...+f(a +(n—1)h)] where f(x) = cos x and h= ?
n—owo N
a

b
J'cosx dx = lim E [cosa+cos(a+h)+....+cos(a+ (n—1)h)]
n->w N
a

_ o b-a cos(a+((n-1)/2).h).sin(nh/2)
S o sin(h/ 2)

cos{a+n_1. (b—a)j ) sin[n : (b—a)]
b-a 2 n 2n
( n ) .(b—a}
sin| — =
2n

b-a cos(a+(1-(1/n)/2)(b-a)).sin((b-a)/2)

= lim 2.

h—>® 2n sin((b—a)/Zn)

. cos(a+(1-(1/n)) (b-a)/2)).sin((b-a)/2)
RS sin ((b—-a)/2n)/((b-a)/2n)
= ZCOS(ﬁjsin(EJ =sinb-sina

2 2
lllustration 26: _"lz(xz + x)dx (JEE ADVANCED)
Sol: Similar to the problem above.
hb-a_2-1_1
n n n

b
[ f00dx = lim b-a )t f@ih) 4ot flat (1)
n—o N
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Ilz(xz +x)dx = lim l[f(1)+f(1+h)+....+f(1+(n— 1)h)]
n—o N

= lim 1[(12 +1)+{1+h? + @ +h)} +... +{L+ (—1)h)? + (1 + (n-=1)h)}

n—->o N

= lim 1[12.n+h(1+2+...+(n—l))+1 Nn+2h(L+2+..+(n-1))+h?(1% + 22 +..(n—1)?)]

n—o N
Here h = 1
n
= lim l[n+l(n_1)(n)+n+2. n(r1—1)+l(n—1)n(2n—1)}
n—wn n 2 n 2 n2 6
= i {Lr(l—(l/n))(l)+1+2(1—(1/n))+(1—(1/n))(1)(2—(1/n))}
n—o 2 2 6
= 1+—+1+1+1 = 2
3 6

6. INTEGRAL WITH INFINITE LIMITS

If a function f(x) is continuous for a < x < oo, then by definition,
[ foadx = lim [ fdx - 0)
a b—>w Ja

If there exists a finite limit on the right-hand side of (i), then the improper integral is said to be convergent;
otherwise it is divergent.

Geometrically, the improper integral (i) for f(x) > 0, is the area of the figure bounded by the graph of the function
y = f(x), the straight line x = a, and the x-axis. Similarly, we can define

J‘i}f(x)dx = IirI] Iabf(x)dx and f;f(x)dx = Ifwf(x)dx+f:of(x)dx

7. IMPORTANT RESULTS

b /2
If f(x) >0 and a < b, then .[f(x)dx >0, eq. I sinx dx =1
a 0

a 0
If f(x) >0 and a < b, then ff(x)dx <0, egq. j cosx dx = -1
b n/2

a 0
If f(x) <0 and a < b, then .[f(x)dx >0, eqg. I sinx dx =1
b n/2
X 1 2 3 X
I[x]dx = J'(O)dx + I(l)dx + Ide +..t I [x]dx, where [ ] denotes the greatest integer of x.
0 0 1 2 Ix]
/2 /2
I log(sinx)dx = f log(cosx)dx = —glogZ
0 0

/2 /2
I log(tanx)dx = I (cotx)dx =0
0 0

Tf(x)dx = jlf(x)dx + Tf(Za —Xx)dx = }f(x)dx + jlf(a + X)dx
0 0 0 0 0
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b 1

J[x]dx =(b —a)jxdx,where [ 1 denotes thefractional part of x.

a 0
5 1 5
eqg., J[x]dx = Sdex =5
0 0

f(b)

b
Integral of an inverse function is given by I f1 (y)dy = bf(b)—af(a) — jf(x)dx

f(a)

Derivation of the given formula is given in the solved examples

8. GEOMETRICAL APPLICATION

The area of the figure bounded by the graphs of two continuous functions y = f,(x) and

y = £,(x), f,(x) < f,(x), and two straight lines x= a and x = b is determined by the formula
S :jab(fz(x)—fl(x))dx. It is sometimes convenient to use formulae analogous to x.with
respect toy, i.e., regarding x as a function of y. In particular, the area bounded by the curve
x =f(y), the y-axis and the two abscissae y = c and y = d is given by jcdf (y)dy. The area of
the figure bounded by the graphs of two continuous functions x = f,(y) and f,(y) (with f,(y)

<f,(y)), and the two straight linesy = ¢, y = d is given by Jj(fz(y)—fl(y))dy

S

My =1,()

y = f,(x)
Figure 23.1

b

From the view of geometry we get an important inequality as if m < f(x) < M fora < x < b, then m(b-a) < Jf(x)dx

<M(b-a)

a

FORMULAE SHEET

Important results

W — T

2. Tf(x)dx = —if(x)dx
a b

1. {f(x)+ g( )+h }dx _If(x)dx+jg(x)dx +jh(x)dx
b C b
3. J'f(x)dx = If(x)dx+!f(x)dx (a<c<b)

4 j'f(x)dx j'f(a x)dx
0 0

5, Jf(x)dx _ Zi‘f(x) dx if f(-x) =f(x) (even function)

0 if (=x) =—f(x) (odd function)

b b
6. If(x)dx =I f(a+b —x)dx

. jOza fo0dx = 2£f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)

[ f(t) dt = h'(9 f(h(d) - g'(0) flg(x))
(x)

a+nT

funct|on with perlod T

j f(x)dx = njf(x)dx (if fx + T) = fx), and neN ie. f(x) is a

10. If f(x) = f(x + a) then
Igaf(x)dx = n_[(?f(x)dx
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b b b b/k
1| [f09 dx| < [[60 ] dx 12. [fgdx =k [ fpgdx vk>0
a a a a/k
13. % (J’yyol f(x,y)dy] = J;: f (x,y)dy (Leibnitz formula)
Definite integral of rational functions
= dx T » xP~tdx T
IO x’+a’ 2a IO 1+x  sin(pn)’ <P
/2 . 5 2 o m n/2 p>0
3. sin“x dx = cos“x dx =— i
h k 4 4. [3 g o p-o
X “7/2p<0

5 wsinsz_np
'.[0 2 2

dx

2n

6 2X _
' IO a+bsinx Ja? —p?

l b1

© 2 _ © 2 _
7. Io sin ax“dx _Io cos(ax?)dx = 2\ 2

. [ S oy — [0 X gy

o

o Vx

\/g

o [ g1
2

X

Advanced formulas

1.jnsin(mx) sin(mdx = 0 m,n integers and m = n
0 n/2

m,n integers and m=n

5 J:cos(mx) . cos(nx)dx = {O m,n integers and m #n

/2 m,n integers and m=n

™. 0 m,n integers and m+n odd
3. Io sin(mx).cos(nx)dx =

2m/(m2 —n2) m,n integers and m+n even

135..2m-1n

4. J.n/z sin™x dx = In/z cos’™ x dx =
0 0 246..2m 2

Definite integrals of exponential functions

©_-ax _ a O _ax . _ b
1.Ioe COSbXdX_a2+b2 Z.Ioe sin bx dx_a2+b2
o .2 1 |n © 0 o_ax .,  L(N+1)

_%.joeax dX:E 3 4.Joxe dx_—an+1
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2
2 F[m;—l) J-;o xdx _n

o0 X
5.J xTe™™ dy=— = 7 e¥-1 6

0 2a(m+l)/2

- n-1 w X dX 2
7.I X dx =T(n) l+l+i+ ..... 8.J -
0e¥-1 1" 2n 3N 041 12

n-1
9. X gx=rm)| ot
0 eX+1 " 2n 3"

—ax —bx 2 2
10.J‘widx:lln b +p
0 x sec (px) 2 |a?+p?

_ abx
1._[ idx=arctan9—arctani
0 xcsc(px) p p

©e (1 -cosx)

12. fox—z

dx = arccota—gln(a2 +1)

JEE Main/Boards

Example 1: Evaluate:

(i) dx — ] 22 dx
0J(a2 / 4)-(x-(a/2) S AT
Sol: (i) As we knowj X =sin' 2, therefore by
22— 2 a’

using this formula we can solve the given problem.

(i) Put x = acos 0:0 € [0, p] and solve it using the
appropriate formula.

0 dx :

0J(a2 /4)-(x-(a/2)
- (sin1 —x—(a/Z)Ja_ = (sin1 2x—aja

@2 ), a )

= [sin™ 1=sin”'(=1)] = 2 sin”'(1) = 2 x g: 7. (ii)
Then dx = —a sin 0 d6. Hence,
a 0
j,/ﬂdx = | 1-cosO . cino)de
o Va+x ~V1+cos6

j 2sin”(0/2) 25|n cos— de
0\jzcos 6/2) 2 2

- ajzsin2 940 = aj(l —cos0)do
0 2 0

= a(0-sin)] = a(n) = am.

Example 2: Evaluate dx

2 .
”j sinx
0 sinX + cosx

a a
Sol: Let j f(x)dx = j f(a—x)dx
0 0

/2 .
sinx
By using this we can write _[ —————dx

0 SINX + COSX

/2 sin[(n /2) —x:|
s
5 sin[(n/2)—x]+cos[(n/2)—x]

dx and by adding

we can get the result.

/2 sin[(n/2)-x]
o sm[(n/Z) xJ+cos[(n/2) x]

/2

COsX

!; COSX +sinx

n/2 _. n/2

SPYY J L FN V
o SiNX+cosx 0 2

=%

4



