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b 1

J[x]dx =(b —a)jxdx,where [ 1 denotes thefractional part of x.

a 0
5 1 5
eqg., J[x]dx = Sdex =5
0 0

f(b)

b
Integral of an inverse function is given by I f1 (y)dy = bf(b)—af(a) — jf(x)dx

f(a)

Derivation of the given formula is given in the solved examples

8. GEOMETRICAL APPLICATION

The area of the figure bounded by the graphs of two continuous functions y = f,(x) and

y = £,(x), f,(x) < f,(x), and two straight lines x= a and x = b is determined by the formula
S :jab(fz(x)—fl(x))dx. It is sometimes convenient to use formulae analogous to x.with
respect toy, i.e., regarding x as a function of y. In particular, the area bounded by the curve
x =f(y), the y-axis and the two abscissae y = c and y = d is given by jcdf (y)dy. The area of
the figure bounded by the graphs of two continuous functions x = f,(y) and f,(y) (with f,(y)

<f,(y)), and the two straight linesy = ¢, y = d is given by Jj(fz(y)—fl(y))dy

S

My =1,()

y = f,(x)
Figure 23.1

b

From the view of geometry we get an important inequality as if m < f(x) < M fora < x < b, then m(b-a) < Jf(x)dx

<M(b-a)

a

FORMULAE SHEET

Important results

W — T

2. Tf(x)dx = —if(x)dx
a b

1. {f(x)+ g( )+h }dx _If(x)dx+jg(x)dx +jh(x)dx
b C b
3. J'f(x)dx = If(x)dx+!f(x)dx (a<c<b)

4 j'f(x)dx j'f(a x)dx
0 0

5, Jf(x)dx _ Zi‘f(x) dx if f(-x) =f(x) (even function)

0 if (=x) =—f(x) (odd function)

b b
6. If(x)dx =I f(a+b —x)dx

. jOza fo0dx = 2£f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)

[ f(t) dt = h'(9 f(h(d) - g'(0) flg(x))
(x)

a+nT

funct|on with perlod T

j f(x)dx = njf(x)dx (if fx + T) = fx), and neN ie. f(x) is a

10. If f(x) = f(x + a) then
Igaf(x)dx = n_[(?f(x)dx
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b b b b/k
1| [f09 dx| < [[60 ] dx 12. [fgdx =k [ fpgdx vk>0
a a a a/k
13. % (J’yyol f(x,y)dy] = J;: f (x,y)dy (Leibnitz formula)
Definite integral of rational functions
= dx T » xP~tdx T
IO x’+a’ 2a IO 1+x  sin(pn)’ <P
/2 . 5 2 o m n/2 p>0
3. sin“x dx = cos“x dx =— i
h k 4 4. [3 g o p-o
X “7/2p<0

5 wsinsz_np
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7. Io sin ax“dx _Io cos(ax?)dx = 2\ 2
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Advanced formulas

1.jnsin(mx) sin(mdx = 0 m,n integers and m = n
0 n/2

m,n integers and m=n

5 J:cos(mx) . cos(nx)dx = {O m,n integers and m #n

/2 m,n integers and m=n

™. 0 m,n integers and m+n odd
3. Io sin(mx).cos(nx)dx =

2m/(m2 —n2) m,n integers and m+n even

135..2m-1n

4. J.n/z sin™x dx = In/z cos’™ x dx =
0 0 246..2m 2

Definite integrals of exponential functions

©_-ax _ a O _ax . _ b
1.Ioe COSbXdX_a2+b2 Z.Ioe sin bx dx_a2+b2
o .2 1 |n © 0 o_ax .,  L(N+1)

_%.joeax dX:E 3 4.Joxe dx_—an+1
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2
2 F[m;—l) J-;o xdx _n

o0 X
5.J xTe™™ dy=— = 7 e¥-1 6

0 2a(m+l)/2

- n-1 w X dX 2
7.I X dx =T(n) l+l+i+ ..... 8.J -
0e¥-1 1" 2n 3N 041 12

n-1
9. X gx=rm)| ot
0 eX+1 " 2n 3"

—ax —bx 2 2
10.J‘widx:lln b +p
0 x sec (px) 2 |a?+p?

_ abx
1._[ idx=arctan9—arctani
0 xcsc(px) p p

©e (1 -cosx)

12. fox—z

dx = arccota—gln(a2 +1)

JEE Main/Boards

Example 1: Evaluate:

(i) dx — ] 22 dx
0J(a2 / 4)-(x-(a/2) S AT
Sol: (i) As we knowj X =sin' 2, therefore by
22— 2 a’

using this formula we can solve the given problem.

(i) Put x = acos 0:0 € [0, p] and solve it using the
appropriate formula.

0 dx :

0J(a2 /4)-(x-(a/2)
- (sin1 —x—(a/Z)Ja_ = (sin1 2x—aja

@2 ), a )

= [sin™ 1=sin”'(=1)] = 2 sin”'(1) = 2 x g: 7. (ii)
Then dx = —a sin 0 d6. Hence,
a 0
j,/ﬂdx = | 1-cosO . cino)de
o Va+x ~V1+cos6

j 2sin”(0/2) 25|n cos— de
0\jzcos 6/2) 2 2

- ajzsin2 940 = aj(l —cos0)do
0 2 0

= a(0-sin)] = a(n) = am.

Example 2: Evaluate dx

2 .
”j sinx
0 sinX + cosx

a a
Sol: Let j f(x)dx = j f(a—x)dx
0 0

/2 .
sinx
By using this we can write _[ —————dx

0 SINX + COSX

/2 sin[(n /2) —x:|
s
5 sin[(n/2)—x]+cos[(n/2)—x]

dx and by adding

we can get the result.

/2 sin[(n/2)-x]
o sm[(n/Z) xJ+cos[(n/2) x]

/2

COsX

!; COSX +sinx

n/2 _. n/2

SPYY J L FN V
o SiNX+cosx 0 2
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