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10. I;dx = 1sec

il _ 32 a a

’15+c (Valid for x > a > 0)

ax

11. Ieaxsinbx dx = —°
a’+b

(asinbx —bcosbx)+c =

e—sin{bx —tan! [EJ} +cC
a’ +b? a

ax

12. jeaxcosbx dx = >
a“+b

> (acosbx + bsinbx)+ ¢ =

ax

e—cos{bx —tan! 9} +cC
a’ +b? a

JEE Main/Boards

Example 1: Evaluate : de

1+ cosx

Sol: Here by using the formula
sinx = 2sin~cos> and 1+ cosx = 20s? =
2 2 2

we can solve the given problem.

J-X+SinX I _ Ix+2$inx/2cosx/2

dx
1+cosx 2coszx/2

= I%seczx/2+tan§dx = xtanx/2+c

Example 2: Evaluate : I x? +a?dx

Sol: By applying integration by parts and taking

[,2 2 . . H
X" +a as the first function we can solve the given

problem.

I X% +aldx =

VX2 +a’x— J'X +a) a \/x2+a2x—dex

VX2 +a?

XX + a’ +a2IL
Vx? +a?

2
Put x = atan 6

J'% - Isecede = log (sec6+tan9)
+a

2 2
X°+a° X
=log ———— +=2
a a

1 2 2
" Izi{xxlx2+a2+|og [—X e +§B+c
a

a

Example 3: Evaluate : _[tan‘l,/]l'_ﬂdx
+sinx

Sol: Here first write cos((n/ 2) —x) at the place of sin x

then by using the formula 1 - cosx = 2sin? X

And 1+ cosx = 2cos’ X we can solve it.

B - fl smx ~ 1 1—C05((1t/2)—x)
t= Jta 1+smx -Itan \/1+cos((¢c/2)—x)dX

- [tan? 2sin? ((n/ 4)-(x/ 2)) "
2cos’ ((n/ 4)-(x/2))

2
= J.tanfltan r X dx = j r X dx = Ex—X—+C
4 2 4 2 4 4

Example 4: Evaluate : IIog(Z +x2)dx

Sol: Here integrating by parts by taking log(2 + x?) as
the first function we can solve the given problem.
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1= [log2+x*)dx = [log(2+x*).1dx

Taking log(2+x?) as first function and integrating by
parts, we get

= [Iog(2+x2)} X. —dx
2+x?
= ong(2+x2)—2jwd
2+%°

2
= xlog(2 +x%) -2 {1— }dx
9 I X2 42

= xlog(x*+ 2)—2{x—\/5tan‘l [%]}r c

Example 5: Evaluate : Igdx
e™ t+e

Sol: Simply put e +e? =t = (e -e®)dx=—
and then solving we will get the result.

e2x_e—2x

[= | ——dx
e2x_l_e—2x
2% —2X 2X -2X dt

Pute” +e =t= (e -¢e )dx:?

1 _
I= 1 ﬂ=llog|t|+C = —Iog‘ezx+e Xy

2°t 2 2

Example 6: Evaluate : .[—dx
X® +X

Sol: By splitting the given integration as

We can solve the given problem.

Poto = X |

X(x° +1) X(x? +1)

X +X x(x° +1) X(x° +1)
2
B STV NS Sy
x> +1 X (x*+1)

d
J( x+1jd ‘[ X+‘[x +1
x—tan x—logx +logvx? +1 +c

Example 7: Evaluate:

dx
J.(1+x2)\/1—x2

Sol: By putting x=sin® = dx = cos 6 d6, we will
reduce the given integration as

jLede and then putt=tan® = dt = sec?0do

1+2tan’0

and solve it.

Put x=sin® = dx=cos 0 dO

dx 1
= 1= = do
j(1+x2)~/l—x2 '[1+sin29
=,[ sec’ 0
1+2tan’0

Again putt =tan® = dt= sec’6 do

EEE

—dt
1+ 2t

\F t +(1/\/_)

dapliiah

= —tan 1\2tan0)+c = ltan‘l{ x2 J+c
2 1 — %2
xdx
Example 8: Evaluate : I—
(x— 1)(x +4)

Sol: By partial fractions, we can reduce the given
fraction as a sum of two fractions which will be easier
to integrate.

X A

Bx+C
= +
x-1)(x°+4) x-1

x> +4

x=1= A=1/5
x=2i = B=-1/5C=4/5

1 4 -2x
- — d
‘ Is<x—1)+5(x2+4) '

1| 2x 8
log( —1)——{—— }
10[x*+4 x*+4

log(x® + 4
—og(x h )+ztan’1

1
— 2| 1) -
clog(x—1) 0

Ul
N | X
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sin 2 2 2 2y
Example 9: Evaluate: jidx _ X gt X_J‘ 1 X g Xt X+lj‘(1 X1y,
sin4x 2 12 2 2 2 L2

Sol: By using the formula sin2x = 2sinx.cosx, we can

L . . . _ 2
reduce the given fraction and then by putting sin x = t _ Xt x+ij ll—xzdx—ij 1 i
we can solve it. 2 2 27 12

J-sinx « :J- sinxdx _J- dx

- - = 2 2
sin4x 2c0s2xsin2x 4c0osxCOS2X X gty VX 1
2 4 4
=.[ cosxdx
) ) 2 _
4(1 —sin® x)(1 - 2sin? x) XSl X2
, 4 4
Putsinx =t
[ = _J‘— e (2-x%)dx
43 1 _i2y _ oe2 Example 2: Evaluate : | —————
(1-t)a-2t%) I(1—x)J§
= lj’[ 1 2 Jdt Sol: We can split the given fraction as
1)
1+x 1
Iex + x and this integration is
:l l|ogg_ilog \/2__1 +C {\/:‘_—X2 (1—X)\/1—X2}d
402 Tlt+1 2 Tt +1 _ ) ,
in the form of e*(f(x) + f (x))
|smx 1| |x/§smx+1| X 2 2
e”(2—x“)dx 1-x7)+1
|smx +1| 4[ |\/§smx _1| I= I = Jex dx

(1= x)W1-x2 (1= x)W1-x2

Example 10: Evaluate : _[

- «| 14X 1
= |e + X
000" ~1) / {\/1 X (L—xW1-x }d

Sol: Here we can write the given integration as
x5 Bu ti[ 1+X ] = L) —
dx and then by putting 1-x" =t d 3
'[(1 o and then by putting 1-x* x| {1y N (1—x2)A
= 4x7° = dt we can solve it. _ 1 (1+x)x
j dx ) I x5 " 1—x2 1 -x)(L+x)V1-x
0t =1 T @-xT) 1 X 1-x+X
= + =
Put 1-x4 =t = 4x° =dt 1-x2 (1-xW1-x2 (1 - x)V1—x2
dt 1 1 4 -
=>=|—==log|t|+c==log|1l-x"|+cC =
ar = g9t re=glog] | (L-xW1-x2
Hence, the integrand is of type e*(f(x) + f (x))
v l+Xx
JEE Advanced/Boards wl=e +C

V1-x°
cos® x + cos’ x

Example 3: Evaluate : J.44d
sin” x +sin® x

Example 1: Evaluate : _[xsin_1 xdx

Sol: Integrating by parts taking sin™ x as the first term
we can solve the given integration. Sol: Here by taking cos® x and sin? x common from the
jxsin’l «dx numerator and denominator respectively and then by
putting sin x =t we can solve the given problem.
Let u=sin'x, v =x
dx

- J-cos3 X(1 + cos® x)
sin? x(L + sin’ x)
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Since power of cos x is odd, put sin x =t;

Then, cos x dx = dt

J'(l t? 1+1- t)d J'(l t)(2 t)dt
t(1+t) t(1+t)
=J{1+£— 6 jdt =t—z—6tan’1t+c
2 1+t t

= sinx —2cosecx —6tan L (sinx) + ¢

Example 4: Evaluate : Imd

4e7*

Sol: By partial fractions we can reduce the given fraction
as a sum of two fractions and then by integrating them
we will get the result.
X —X

[= J~4e +6e i

9e* —4e™*
Let 4e* +6e7* = A(9eX - 4e‘x)+ B(i(%x —4e7* )]

dx

By comparing the coefficients of e* ande™, we get
Aol 538
36 36
X _ —X X —X

1= J-A(9e 4e ") +B(%e” +4e )dx

9e* —4e™*

+4e7™™ X —x
= AJ‘dx+BJ.4dx = Ax+BIog‘9e —4e7|+c

47
= —Ex+—log‘9eX 47|+
36

Example 5: Evaluate : _[1+X ox forx >0

1-x"{1+3x% +x*

Sol: Dividing by x?in the numerator and denominator
and then putting x — 1/x = t we can solve the given
problem.

(@/x)+1)dx

I=Il+x2 dx

1-x2 \/1+3x2+x4 ((1/x)—x)\/(x—(1/X))2+5

Putx—-1/x=t; [l+i2jdx =dt
dt X

= tVt? +5

Put t? +5=2° = 2tdt=2zdz

7Z—

=>I= —j— -1 log —5+c
25 b 5

Z+

‘/x +(1/x)+3 f‘
‘/x +(1/x)+3 f‘

Example 6: Evaluate :

jcos eczx.log (cosx+ JJcos 2x)dx forsinx>0

Sol: By substituting cos? x —sin? x in place of .cos2x .

we can reduce the given integration as the sum of two
integrations and then by integrating them separately
we will obtain the result.

ICOS ec’x. Iog(cosx+ \/cos 2x)dx
= jcos ec2x|og(cosx +1/cos? x —sin x)dx
= Icosecleog(sinx(cotx ++/cot? x— 1))dx

= Icoseczx.logsinxdx +jcosec2x.|og[cotx +Vcot? x —1]dx
=1 +1,
[ = J'coseczx.logsinxdx
= (—cotx).logsinx—_[(—cotx).cotxdx
= —cotx.Iogsinx+j(cosec2x—1)dx
= —cotxlogsinx —cotx —x+C,
= jcos ec’xlog[cotx ++/cot® x —1]dx

Put cot x=t; —cosec’xdx = dt

L, = -[log[t +t? ~ 1]dt

(Integrate by parts)

(t/Nt°-1)

= —tlog (t+\/t2 )+It +—dt

t+yte -1

= —t.Iog(tJM/tZ _1j+ g
I\/tz -1

= —’c.Iog(’H\/t2 —1)+\/t2 -1+G,

= —cotxlog(cotx+\/cot2 x—1j+\/cot2 x-1+GC,

sinx
Example 7: Evaluate : j—sd
sin® x + cos” x



Sol: By taking cos®x common from the denominator
and then by putting tan x = t we can solve it.

Integrand contains odd powers in sin x and cos x. So,
put tan x = t.

1 sinx

=1 '[cos3x1+tan3x §

dex (put tan x = t)
1+tan®x

_ _ 1 1, t+1

B 1+t B -[1+t ItZ_t+1

= ~Zloglt+1]+ 2 j(Zt 1’:13

= ——Iog|t+1| Iog‘tz—t+1‘

1 dt

2(t-a/2) +3/4

= ——Iog|t+1| Iog‘tz—t+1‘

12 a(t=@a0Q/2)
———tan — 7 |+C
23 { J3/2 J

- ]
1IO |1 tanx + tan” x . itanl[Ztanx lj+c

6 g‘ (l+tanx)2 ‘ \/5 \/5

Example 8:If [ = J‘cosm x.cosnx dx, show that

(m+n)l = cos™ xsinnx +ml

m-1,n-1

Sol: By using integration by parts and by taking cos™ x
as the first term we can prove the given equation.

Integrating by parts,

sinnx
I =cos"x
' n
m R .
—J‘cosm L xsinxsinnxdx . ()
n

But cos(n-1)x=cos(nx-x)
= COSNX COS NX + Sin nx sin X
= sinx sin nx = cos(n-1)x — cosnx cosx (D)

From (i) and (ii):

1 .
I ==cos™xsinnx *
"N n

m _
—jcosm ! x[cos(n—1)x — cosnx cos x]dx
n
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1cosmxsinnx+mI m
n n m-1,n-1 n m,n

= (m+n)_ = =cos” xsinnx+mI

m-1,n-1

n
Example 9: Evaluate : 1= j(x+\/1+x2j dx

Sol: Simply putting x++/1+x? = t and integrating we
can solve the given problem.

Let x+V1+x> =t then

{1+Lde=dt b gx=dt
1+x? 1+x°
As V1+x? +x=t

V1+x% —x

1 1
t J14x% +x 1
2
= N1+x° :t+%:t :1

Thus 1= [t° [t :1}1

n+1l n-1
= ljt”-z(t2+1)dt = %j(t" H"2)dt = l[t Wt ]+c

2 2ln+l n-1

Where t = x + V1 + x?

Example 10: Evaluate:

2sin’(x / 2)dx

I= forcos x>0

(cos(x/ 2))\/cos3 X +3C0s’ X + COS X

Sol: Here we can reduce the given fraction by using the

formulasinx = 25in§cos§ and then by putting

cos x = t we can solve it.

(ZSin(x /2)cos(x/2))(25in2 (x/Z))dx

(2 cosz(x / 2))\/cos3 X +3C0S° X + COSX

(L-cosx)sinx dx

(L+cos x)\/cos3 X +3¢0s’ X + Cos X
[Put cos x = 1]

(t-1)dt
L+ tWE +3t2 +1

=I=
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iy (t2 —1)dt

L+t tt+3+(1/1)

t2(1—(1/t2))dt
t(t? + 2t+ Dyt +(1/1)+3

-]

(1-@/)dt
(t+(L/1)+2)(t+(1/1)+3

-]

Put t+%+3:z2 z2>0;

Then (1 —izj dt = 2zdz
t

__[ 2zdz _ dz _ Iog|Z_1|+ c
“1)z g e |z+1]

|\/cosx+secx+ 1|

|\/cosx+secx+3 +1|

= I=log

Example 11: Evaluate:

- (sinx —cosx) dx

(sinx+ cosx)\/sinxcosx +5sin’x cos? x

Sol: Here by putting sin x + cos x = t we can integrate
the given fraction using the appropriate formula.

Letsinx + cosx =t

= (cos x —sin x) dx =dt

= (sinx+ cosx)’ =1 + 2sinxcosx
t? -1

Also, t?

. SINXCOSX =

dt

t\/((tz ~1/ 2)(1 (G /2))

dt t dt
- _J 2 2 - _Zj—
t\/((t —1)(?+1)) /4 thtt -
Putt®-1=22:2>0

=>I=-

= —tanlz+c= —tan 'Vt  —1+ ¢
(1 +sin2x)>

= —tan "t +/sin? 2x+2sin2x + ¢

= —tan™t ~1l+c

dx

'[1+\/x2 +X+2

Sol: We can reduce the given fraction as
dx

1+\/(x+(1/2))2+(7/4)
1 ﬁ T

x+—:—tan9:——<9<£;
2 2 2 2

Example 12: Evaluate : [ =

and then by putting

and using appropriate

integration formula we can integrate the given fraction.

I:J' dX
1+\/(x+(1/2))2+(7/4)

Putx+i=ﬁtan9:—£<9<£; then

2 2 2 2
dx:gseczede

J7 sec?ode
== "

2 147 /2)sech
G

2 cose(cose+(x/7/2))

=J( 1 1 }19
cosO  cosO+(7/2)
o 7

;d=——
a-+cos0 2

= Iog|sece+tan6| —_[

I=Iog|sec9+tan9|—11 (D)

_[ do
a+coso
1-t2
1+t2

Where, 1 1=

Put tangzt;cose =

I.=

J‘ 2dt 1
1+t2a+((1—t2)/(1+t2))

dt
=2

al+t?)+1-t2

_ 2j dt
a-1"(@a+1)/(a-1))+t?

2
-1

()}

tan—
a2 -1 a+1l 2

2 tanl[ a-1 e}rc

From (i) and (ii), we get L.
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Exercise 1

Q1 J~ secx X
secx +tanx

2

Q2 f|1+

sin2x T
3 [tant| =" dx:ixe|-——,—
Q I (1+c052x]d ( 2 ZJ
QAI 1+tanx
x+|ogsecx
2cosx —3sinx

3cosx+2sinx

Q5 |

Q-6I 2x—-1

\/x -x-1
dx
.7
Q J.\/1—3x—\/5—3x

Q.8 J'x e cos(e” )dx

Q.9 jsec (2tan X)dx

1+x°
dx

(25|nx+3cosx)

Q1oj

Q11 Icos3/5x sin® xdx

Iogx

Q12j

Q.13 Ism 1/ dx a>0

2+sin2x
1+ cos2x
dx

x[6(logx)2 +7Iogx+2}

Q.14 j e

Q.15 j

2
Q16 | S Sk LR
(X + 3)(x —-1)

Q17 |

1- tanx

1
+5 +
1+x° \/l—x2 |x|\/x2 -1

QI8If f () =x-—~ and f(L) =, find f(x).
X2 2
Q.19 For any natural number evaluate m
1/
I(x3m +x2M xm)(2x2m +3x™ + 6) " dx, x)0

X +3x+2

20
¢ Ix +1) (x+1)

dx
sinx +secx

\Jcos2x

sinx

[ 2 2 _
X +1(Iog(x4+1) 2Iogde
X

Q.21 j

dx :cosx >0

Q22 |

Q23 |

Q24 | X ax

SINX —COSX

Q.25 jxsmlLl V2a- X}d

Q.26 jsec“ x cosec’xdx

Q.z7jLzza>b>o

(a + bcose)

Q.28 Evaluate I \/—

dx

sin’® xsin(x+a)

Q.29 j

dx

j(1+\/;)m

Ccos8x —cos7x
1+ 2cos5x

Q.30

Q.31 j

Q.32 .[X_*ldx

x(x-1)
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dx ) )
QB = (©) 2lo [sec—+tan—]+c
IS oo ofsect +tan?
Q.34 Evaluate [———dx (D) log VT +sinx + ¢
R valuate | —
Ve -4

Sin2x .

log x Q5 f_4—dx is equal to
Q.35 Evaluate J dx sin” X+ cos™ x

1+x)>

(A) cot™ (cot’x)+ ¢ (B) —cot™ (tan’x) + ¢
f . .

Q.36 Evaluate I 3(X)1 dx, where f(x) is polynomial of (C) tan™ (tan’x)+ ¢ (D) —tan™ (cos2x)+ ¢

X —

the second degree in x such that f(0) = f(1) = 3f(2) = - : _[ 0
.6 The value of integral |——= —F7——— can be
Q vau e cos> 0+/sin20

Exercise 2 expressed as irrational function of tan© as
Single Correct Choice Type (A) ﬁ(«’tanz 0+ 5jtan9 +C
5
3/2
Q.1 J( j dx equals- (B) z(tan26+5)\/tan6 +c
1+x 5

> [ > [« ©) ﬁ(tan26+5)\/tan6+c

(A)gl otcC B) = -+iC 5
1
X X \/E 2 \tano

5 1 (D) —(tan e+5) +c
Q = +cC (D) None of these 5

> V1+x°

Q7 j ab#0and a/b > 0
a+bx?

cos® x —sin® x

Q.2 ﬁdx equals-
1-2sin“ xcos” x —tan x\/:+c (B) \[tan x\f+c

sin2x S|n2x
(A) === +c ) I
© tan Lx (D) Vabtan™ x|~ +c
a
© co;Zx i ) _coiZX
Q.8 I dx equals
Q.3 Identify the correct expression (1 X )
(A) X.['OngX = x?log —x* + ¢ (A) Iogx+§|og(1+x7)+c (B) logx —% log (1—x7)+c

_unX
B) XI|09|X|dX mxe e (@) Iogx—glog(l + x7)+ ¢ (D) logx +£|09(1 - X7)+ c
©) XJ.eXdX =xe* + cx ! !

(D)I :—tan {X}+c log | x d |
/ Ixm X equa

Q.4 Primitive of \/1+2tanx(secx+tanx) W.rt. x is A) % A+ log| x|(og | x| 2) + c

(A) log(secx +tanx)+ logcosx + ¢

2
(B) log(secx + tanx) + logsecx +c (B) §V1+ log| x|(log | x|+ 2) +c



Q) %1/1+ log| x |(log|x|-2)+ ¢
(D) 21+ log|x|(Blog|x|-2)+c¢

4
idx = Alog|x|+ B
x(x2 +l)2

Q.10 If |
1+x°

+C,

Where c is the constant of integration then:
(A) A=1; B=-1 (B) A=-1; B=1
(C) A=1; B=1 (D) A=-1; B=-1

Q.11 [4sin x cos g cos 32—de equals
1 1
(A) cos X—E cost+§cos 3x +C
1 1
(B) cos x—= cos2x—=cos 3x +cC
2 3
1 1
(C) cos x+§ c052x+§cos 3x +c¢

(D) cos x+% cost—%cos 3x +C

Q.12 | sin x. cos x. cos 2x. cos 4x. cos 8x. cos16x dx
equals

sin16x Cc0oSs32x
(A) (B)-
1024 1024
Ccos32x Ccos32x
(@] (D) -
1096 1096

Q.13 If [f(x) dx = F(x), then [x®f(x?)dx is equal to
1 2 2 1/, 9 2 2
15 (FO07 =~ [0 dx) ®) 2 (¥Foc)- () doc))

© % (F(x)—%f (F(x?) dxj (D) None of these

X —X
Q141 [ 2+ 4y Ax+ Blog (9e* —4)+C then
9¢e* —4e7*
A, B and C are
(A) A :é, B= E C =§Iog 3 +constant
2 35 2
(B) A =§, B= E C =_—3Iog 3 +constant
2 36 2
C A= —E, B= 3—5 C :Ellog 3 +constant
2 36 2

(D) None of these
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Q15 I,/cotx —\Jtanx

dx equals
x/E(cosx+sinx)

(A) sec™t (sin x + cos x)+C
(B) sec™ (sin x — cos x)+ ¢
(Q) log [(sinx+cosx)+ Jsin2x]+ ¢
(D) log [(sinx—cosx)+ M]+C

Previous Years' Questions

(x*—1)dx

C2xt 2% +1

2 1 2 1
(A) 2 2—-=—+—+c¢ B)22+=+—+c
\/ 2 A \ 2
1 2 1
(C) =, )2-—=+-—+c (D) None of these
2 x> xt

Q.1 The value of | (2006)

X —X
Q.2 If J4ex + e —dx = Ax +Blog (9e® —4)+ ¢, then
9¢” —4e”
A=....... ,B=......... and C=......... (1989)
Q.3 Integrate _SInx (1978)
1-cotx sinx—cosx
Q.4 Integrate the curve T (1978)
+X

Q.5 Integrate

sinx-sin2 x- sin3x+ sec? x - cos’ 2x + sin* x - cos* x.

(1979)
2
Q.6 Integrate (ar bx)2 (1979)
Q.7 Evaluate [(v/tanx + +/cotx)dx. (1988)
Q.8 Evaluate [—XFD gy (1996)
X(1 + xe*)?
Q.9 Integrate the following (1997)

J.(]_—\/;JUZ%
1+\/; X
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Q.10 The value of \Eﬂ is (2008)
sin(x—nj
4
(A) x+log cos(x—%) +c (B) x-log sin(x—%j +C

(C) x+log +c (D) x-log +C

. T . s
sSINf X—— -
( 4j SICOS[X 4]

Q.11 If dy =y+3>0and y(O) =2, then y(log2) is
equal to 9% (2011)

(A) 5 (B) 13 Q-2 (D)7

Q.12 If the integral

5t
I anx dx=x+alog|sinx—2cosx|+k
tanx -2
then a is equal to (2012)
(A) -1 (B) -2 1 (D)2

Q.13 If If(x)dx:\p(x),then IXSf(x3)dxis equal to
(2013)

A) %[x3w(x3)—jx2\y(x3)dx}+c
(B) %x3\y(x3)—jx2\u(x3)dx+c
(@) %x3w(x3)—jx2\y(x3)dx+c

(D) %[x3\y(x3 ) - szw(xs )dx} +C

1
X+=
17
Q.14 The integral (1+x__J dx is equal to (2014)
X
x+1
(B) -xe X +c

1
(D) xeX+X +C

1
(A) (x + 1)X+; +cC

1
(©) (x —1)X+§ tc

Q.15 The integral I equals (2015)
2

X (x4 +1)

) 1/4
(A){ J +c (B)(x4+1) +cC

3/4

X4

4

4 1/4
©) —(x4 +1)1/4+c (D) —(x +1J +c
X

2x*2 +5x°

Q.16 The integral j 3 dx is equal to (2016)

(x5 +x3 +1)

X10 X5

(A) ——5 ¢ (B) ——5 ¢
2(x5+x3+1) 2(x5+x3+1)

© iﬁc (D) _—st+c
2(x5+x3+1) 2(x5+x3+1)

Exercise 1

dx )
cot(x/ 2)-cot(9x/ 3)- cot(x/ 6)’

Q1) ]

(i) J-tan(log x) tan(log(x / 2))tan(logZ)OIX
X

dx
2/
Q (X —a)\J(x —a)(x = B)

log(log((L+x) / (1 - x)
Q.3J.og(og( + X X))dx

1-x°

X X e X
Q4 I[[E] +[;j ]Iogxdx
cos(x —a)
Qs | \j sin(x + a) ox
x> +3x* =% +8x% —x+8

Q6 | dx

x2+1

J(J§+1)a|x

7 |
? Ix@lx +1)



.1 X
.8 Jsin 1/—d
QSII a+x X

xInx

Qo iz

)3/2
6 H COSX
Q.10 IIog6\/((smx)6 )cosxdx

sinx

Q11 J_ X2 + 1[Iog(x2 +1) - 2Iogx} i

X4

sinx

sin® x + 4cos® x

[%J tan™! ((%}g(x)} +cis theng (x) is equal to

Q.121f f(x) = the antiderivative of

cotxdx

.13 |
Q (1-sinx)(secx+1)
3x +1
Q14I
1)3
Q15 | (ax? —b)dx
X c2 2 _(ax? +b)®
_1x
mtan
Q.16 Evaluate | ————dx
'[(1+x 2)3/2
Q.17 Evaluate J‘sin’lﬂfidx
a+x
Q.18
(e ‘F ‘F)cos( &+e"&+ j ( I ‘F)cos( I e’&+E]
) 4 4 dx
Jx
2
X° +X
Q.19 Iﬁdx
(e +x+1)
COSX
(xsm x+cosx)
Q.20 [ dx
sin x
5x4 + 4x°
Q.21 Iﬁdx
x> +x+1)
2.2 2 2
a“sin“ x+b” cos” x
Q22 ] dx
a*sin® x + b* cos® x
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cos® x
1-+tanx

Q23!
Q.24 [log x.sin"'x dx

+1)e*

Q.25 Evaluate j( dx

x+1)

ﬂnZ
(x cos> x —sin x)dx

Q.26 Evaluate I
cos’ x

Q.27 Evaluate j

dx
V1-2x—x°
dx
Secx+Ccosecx

Q.28 |

Q.29 Evaluate f 2x% +3x + 4dx

Q.30 Evaluate j

x(x" +1)
31 COSX —sinx
Q I7—9sin2x X
Q.32 I\/cotxf‘\/tanxdx
1+3sin2x
Q.33 j4x5 —7x* +8x% - 2x? +4x—7dx
X2 (x° + 1)
.34 |
Q cos® x —sin’ x
2
Q.35 | X dx

(xcosx —sinx)(xsinx + cosx)

Q.36 IcosZBInMde
cosO —sind

Q.37 Match the columns

Columnl Column Il

w XL ®) Iog[(xz+1)+ “X“l] re
Xxt +x2+1 X

2

B XL (q)C—lIog Vx +1-2Vx

V144 2 o -1)
2

© [ 1 gy ) 1

WLt (N c-tan? 1+><7_1




22.38 | Indefinite Integration

ColumnI Column I
1 4 2
D) f— = _dx X" +x+1
s) 22 T T+ ¢
(1+x4) N1+x*—x? ©) X

Exercise 2

Single Correct Choice Type

QlIf [

1

tan! x —cot™ x

- dx is equal to :

tan ~ x+cot " x

(A) ixtan‘1x+E log1 +x%)—x+ €
T Y

(B) Aitantx-2 log(L+x2)+x+C
T

T

© ixtan‘lx+g Iog(1+x2)+x+ c
T

T

(D) ixtan‘1 X _2 log(l + x?) —x +¢C
Y

T

2
x° -4
Q27— ———
XT +24x° +16
2
(A) tanl(X +4J+
4x

dx equals

2
Q3 f&dx equals

x*+2x° +1
3

X
A) X+
(A) 3

x> +1

© 3(x2 + 1)

x* —4

Q4|

Va+x2 +x*

X

(A)

+

X° +4x% +3x+3

N4+ %2 +x*

+ C

X +X +X+3

< ® 3(x2 +1)

(D) None of these

dx equals

(B) Va+x2 +x* + ¢

Va+x%+x* Va+x2 +x*
(C)fﬁ-c (D)2—+C
X

secx +tanx—1
5 [>—"""" —dxequals
Q tanx —secx+1 9

(A) log [(sec x + tan x)] + log sec x + ¢
(B) log [sec x-tan x] —log cos x + ¢
(C) log (sec x + tan x) — log sec x + ¢

D) —log (sec x + tan x) + log cos x + ¢

2
Q6 je X =3 gy
(x+3)°
x X X 6
(A) e"-——+ ¢ B) e"2———)+c¢
X+3 X+3
© eX(l—L)+c (D) e +C
X+3 X +
Q7] ,ﬂdx where 0 < o < x < 7, equals
cosa — COSX

(A) 2log (cos%—cosg}uc (B) 2Cosl[ cos(x/ 2) j+c

cos(a./ 2)

© Zﬁlog(cos% - cos%) +c (D) —2sint [ cos(x/ 2) J e

cos(a/ 2)
4
Q.8 Primitive of &w.r.t. XIis:
x4 +x+1)°
A 7 —+c (B ————c
X +x+1 X +x+1
(C) X—+1+c (D) _i_i_c
4 4
X +x+1 X" +x+1

Q.9 If [e** cos 4x dx = e®* (Asin4x + Bcos4x) + ¢

Then

(A) 4A=3b (B) 2A=3B
(C) 3A=4B (D) 4B+3A=1
p+29-1 _qxq—l

Q.10 The evaluation of [ .

v dx is
x2P+29 | xPHa 1]

xP x4

A a1 C B) a1
N P

Q - +c (D) +c

xPTa 41 xPT 41



Q.11 If [f(x)dx = g(x), then [ f10dx is equal to -
(A) g7 () (B) xf(x)—g(f*(x))

©) xfF 109t D) f1(x)

Q.12 Primitive of 3 — X wrixis—
(x* -1)*
i1+ L §+ —§1+ L 5+
W) e ® gt ) e

1
41, 1 3 4(1+ 1 j3+
© 3 W1 C (D) 3 W41 C

Q.13 If | €". Sin 2x dx can be found in terms of known
functions of x then u can be :

(A) x (B) sin x

(C) cos x (D) cos 2x

Previous Years’ Questions

C053 X+ COS5 X

Q.1 The value of the integral fﬁdx is
sin“ X +sin™ x

(1995)
(A) sinx —6tan t(sinx) +c
(B) sinx—2(sinx)™* + ¢

(©) sinx— 2(sinx)‘1 - 6tan"1(sinx) +C

(D) sinx — 2(sinx)™! +5tan~*(sinx) + ¢

Q.2 Let f(x) =

forn> 2 and

+ Xn)l/n

g(x)= fofo...of (x). Then, [x"g(x)dx equals (2007)
[ —

f occurs n times

1

1-=
1 1+nx") n+c

) n(in-1)

1
1-=
(B) L(1+nx”) ntc
n-1

1
1+=
@T+nx") "+c

©

nin+1)

1
1-=
(D) L(1+nx”) n4tc
n+1
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e* e
o dX, J =Im—dx

Q3letI=]
e +e+1 e e 41

Then, for an arbitrary constant ¢, the value of J-l equals

(2008)
4x _ 42x 2x X
(A) £|og e—e+1 +c  (B) l|og Le—i—l +C
2 Tle™ i 41 2 Tle¥ e 41
1 e —e¥+1 e 1e? 41
(©) =log|————|+c (D) —Io ———{+cC
2 ge2’<+e’(+1 ge X_e2¥+1
Q.4 f(x) is the integral of
2 SINZX 0 find im (). (1979)
X X
Q.5 Evaluate the following integrals (1980)
. . (1 . x?
() | [1+sin| =x |dx (ii) | dx
2 1-x
Q.6 Evaluate [(e'°9% +sinx)cos xdx. (1981)
Q.7 Evaluate f%dx. (1983)
X +
dx
Q.8 Evaluate | = —an (1984)
X2 (x* +1)
Q9 1 ? (1985)
+
-1 -1
Q.10 Evaluate | 3" Jx-cos ‘f (1986)
-1 -1
sin™" 4/x +cos \/_
1/2
Q.11 Evaluate f% X (1987)
Q.12 Find the indefinite integral
1 log( + §/x)
+ dx (1992)



22.40 | Indefinite Integration

X3 +3x+2 sec? x

Q.13 Integrate J.#dx (1999) Q.17 The integral j—gdx equals
T +1)7x+1) (secx+tanx)A
Q.14 Evaluate jsinl[ %42 de' (2000) (for some arbitrary constant K) (2012)
V4x? +8x+13 1 11
(A) — m {H—7(secx+tanx)z}+K
Q.15 For any natural number m, evaluate (2002) (secx +tanx) A
3m 2m m 2m m my1/m
JO™ 4+ x2™ 4 X™M)(2x™ + 3x™ + 6x™)Y™dx, x > 0. ®) 1 _ i—£(secx+tanx)2 K
o o (secx +tanx) 17
Q.16 Let 1= j—dx,J = j—dx .
oM L o2 e re ™41 ©) - 1 {—+l(secx+tanx)2}+K
Then, for an arbitrary constant C, the value of J-I (secx+tanx)l% 117
equals (2008)
1 1 2
1 oM o211 1 2 e 1 (D) 1y {H+7(secx+tanx) }+K
(A) =log| ————— [+c¢ (B) =log| ——— [+c¢ secx +tanx) /2
29 e e 41 29 e —e*+1 ( )

e —e*+1

X A% _ 4x 2X
(C) 1|Og Ll +C (D) l|og w +C
2 (e +e*+1 2 o

MASTERJEE Essential Questions

JEE Main/Boards JEE Advanced/Boards
Exercise 1 Exercise 1
Q14 Q19 Q23 Q25 Q3 Q11 Q18 Q20
Q29 Q32 Q35 Q38 Q30 Q37 Q38
Exercise 2 Exercise 2
Q4 Q10 Q13 Q15 Q1 Q5 Q7 Q.10
Q12
Previous Years' Questions
Q.5 Q7 Q.9 Previous Years’' Questions
Q1 Q2 Q4 Q.10

Q12



Mathematics | 22.41

JEE Main/Boards

Exercise 1
Q.ltanx—-secx + A

X

Q.2 x+tantx—2sintx+5sect x+ 2
loga
2
.3 —+A
Q 2

Q.4 log |x + Iog(secx)| +A

Q.5 Iog|3cosx+25inx|+A

Q.6 20x% —x—-1+A
Q.7 %[(1 —3%32 45 —3x)3/2J +A

Q.8 %sin(ex3)+ A

Q.9 +C
1+ x?
1
Ql0 ——+A
2(2tanx +3)

Q.11 —%cosg/5 X + %cosm/5 X+ A

—Iogx_l_’_A
X X

Q.13 (tan‘1 \/g](a +X)— a\/Z +C
a a

Q.14 e*tanx+A

Q.12

Q.15 Iog|2|ogx+1| —Iog|3|ogx+2| +A

1
2(x-1)

+A

Q.16 %l09|x + 3| + %Iog|x _]4 _

+A

1 1

Q.17 EX —Elog|cosx - sinx| +A

2
Q18 fi=""+1_1
2 X

Q.19 ! (2™ 4+ 3x°™M 4 pxM)MHL/m
6(m+1)
1 2 1 3 1 X
.20 —lo +1)-=log(x+1)+=tan " x+
Q 2 g(x~+1) 3 g(x+1) > X I
1 \/§+p 1
.21 —=log +tan—(q)+c
QRS E By
\/5 1-tan’x

+
V2 —J1-tan?x
3

1 1 % 1) 2
Q23 —§(1+X—2J {Iog[1+x—2j—§}rc

Q.24 %x +%Iog|sinx - cosx| +C

2 ~ 2 2
Q.25 X sin- l,/ﬁ I YN SRASE Y | B S
2 2\ a 2 2a 2a 432

Q.26 %tan3 X+ 2tanx —cotx+ ¢

+C

Q.22 -log| cot x+cot? x -1 |+%Iog
2

Q27 %tan‘l{ %tan(e/z)}c1
a“—b

Q.28 J%de = %9+ c= %sec’l(x2)+ c

-2
sin o

Q.30 2[4/L- ! ]+c
1-x {1-x

Q.31 %I(cos 3x — cos 2x)dx =% sin 3x —%sin 2x+c¢

Q.29 \/cos o+cotx sina +c¢

1 1
.32 —log|x|+2log|x-1|+——- +c
Q x=1 (x-1y
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3 3 1
.33 2logt——log(2t-1)-=> +¢, where t= 2 _x+1
Q gt-3 g(2t-1) 22D X+VX2 =X+
Q.34 log(e* +ve™ —4)—log 2+ c =log(e* +e* —4)+¢'
Q.35 I=—l log x +llog - 1 +c
21 +x? 2 1+x 21+x)
2
Q.36 Iogw+i tant ﬂ+c
CEEI R
Exercise 2
Single Correct Choice Type
Q1A Q28 Q3C Q458 Q5C Q6C
Q7A Q8C Q9 A Q.10C Q118 Q128
Q138 Q14D Q15A
Previous Years’' Questions
QlcC Q.2 A:—i, B:§ and CeR Q.3 EIog(sinx—cosx)+5+c
2 36 2 2
1, . i i
Q4 “tan 1(x2)+c Q5 _cos4x B COS 2X N COSbX +sm2x+tanx—2x+3—x— sin4x N sin8x
2 16 8 24 128 128 1024
2 o [
Q.6 L a+bx —2alog(a+bx) - 4 ic Q.7 J2tan™ Ntanx —yeotx +C
b3 a+bx \/5
dt | xe* | 1 1
—_—= + +c -1 x - R =
Q38 Itz(t—l) Iog|1+xex 1+t Q.9 2[cos Jx log|1++v1-x | 2Iog|x|]+c
Q10C Q11D Q12D Q13C Q14D Q15D

Q16 A

JEE Advanced/Boards

Exercise 1

sec(logx)

sec| lo X
9,

—xtanlog|2]|+c

Q1 () 2|Og(sec§j— 3Iog£sec§j - 6Iog(5€cgj ++C (ii) log
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2 x-B Lo jog 14X | o 14X XV _[e)
Q.2 P — +C Q.3 Iog(ﬁjlog(l_x]log(l_xj+c Q4 (ej (x] +C

COSX . . [ . 2 .2
Q,S COS a.arc cos —sma.log SINX+ vSIN“ X—SsIn"a |+ C

Ccosa

4 1 4 2
Q.6 XT+X3—X2+5X+E|og(x2+1)+3tan’1x+c Q76 %—%+t+%|og(1+t2)—tan’lt +C  wheret=x"°
+ C where t =x¢
Q.8 (a+x)tant {ﬂ—\/&}c Q.9 sec‘lx—loi+c
a \/xz -1
1| log?(sinx) { X H 1{ 1}3/2[ 1) 2
10 | —— 5, +log|tan= +cos x| |+c¢ 11 ——|1+— log|1l+—=|-=|+cC
Q 6|: log36 2 Q11 ~5 1+, )73
dt 1 _1 Ssec x 1 x| 1, ,x X
.12 | f(x)dx = =-—tan +C .13 = log [tan—|{+—tan‘ = +tan=+C
Q I ) It2 +3 \/§ \/§ Q 2 g 2| 4 2 2
2
QuU-—* ¢ Q15 sint| X0 |y
(x? -1y X
m tanflx mtanflx
Q.16 1=2 > [m- ! = J+c:e (m+x)+c
m” +1 N NI (m2+1)\/x2+1

Q.17 a{tan‘l \/g(ﬂJ - 5} +c Q.18 \/E(cos (e‘&))(sin(e\/;) +cos (e‘/;)) +cC

a a

Q.19 -log X+1+1 - L +C Q.20 —e“**(x +cosecx) + ¢

e* (x+1 j

+1

eX
> 2
Q.21 C—Sx;l or c+X— Q.22 1 x+tant a” tanx ‘e

x> +x+1 X +x+1 a2 + b2 b2

Q.23 %Iog (cosx+sinx)+§+%(sin2x+c052x)+c Q.24 (xlogx —x)Sin ™ x +1-x? Iogx—log[

1—\/1—sz
——|+c
X

X X _1 R i
Q.25 € f(x)+c=e (—X ]+C Q.26 e*f(z) +c = €| sin 'z - +c=e""*(x—sec x)+cC
x+1 1_ 72
Q.27 sint (%}Lc Q.28 %{sinx—cosx—%log tan(§+gﬂ+Cc

J2x2 43¢+ 4
Q29 1= X3 oyt 13 4 4 2 _jog| B3 NI TR
8 162 | 4 NG
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n

1 z-1 1 X 1 (4 +3sinx +3cosx)
.30 — log|——|+c==lo +C .31 —lo
Q n I z n 9 X" +1 Q 24 g 4 —3sinx —3cosx)
Q.32 tanl{MJ+ c Q.33 4Iogx+z+6tan’1(x)+ +C
SiNX + cos X X 14x

Q.34 Ztan(sinx + cosx) + — log|\/§+smx+cosx|+c Q.35 log| XX TEOSX) 4 ¢

3 3\/5 |x/§—sinx—cosx| XCOSX —sinx

6 L(sin20) log| 250+sn0 ) 1, -2 37A 55 B—p.Co>qD

Q.3 5 [ og cos0—_sin0 | 2 0g(sec20) +C = p—T C Q. ->sBopCoqgD-r
Exercise 2
Q1D Q2A Q3D Q4 A Q5 A Q.6 C Q78
Q.88 Q9cC Q.10C Q118 Q128 Q13 A

Previous Years’' Questions
Q1cC Q2A Q3C Q41
Q.5 (i) 4sin§—4cos§+c (ii) —2{\/1—x —%(1—x)3/2 +%(1—x)5/2}+c

COS2X e x* + )4
+C +cC Q.8 —¥+c

(x+1)2 X
Q.9 —2V1-x +cos"1\/;+\/x(l—x) +C Q.10 z[\/x— 2 _@1-2x)sint \/;]—x+c
Y
\/§+\/1—tan2x|

V2 =1 —tan®

Q.6 xsinx+cosx—

+C

Q.11 —log| cotx++/cot? x -1 |+%Iog %

Q.12 %XZB _gxmz _gxl/z _%sz +%X1/3 _4xVA _ 7V _1oxV12 | (252 _ 3,113

-6x¢ +11)log(l + x¥¢) + 12log(1 + x*?)-3[log(1 + Y6)]* + ¢

X

x> +1

2x+2
Q13 —%Iog|x+1|+%log| X +1|+%tan’1x+ +c Ql4 (x+1)tan’t (%)—%Iog@xz +8x+13)+cC

1
6(m+1)

Q.15 (2™ 4+ 3x°M 4 px™) MM ¢ Q.16 C Q.17 C
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Exercise 1

dx

secx dx = J~ secx(secx —tanx)

secx +tanx 2 2

Sol 1: _[
sec” x—tan” x

= I(secz X —secxtanx)dx = tanx — secx + C

1 2 1
Sol 2: ||1+ - +5 +a* dx
I 1+x* (1% | x|Vx? -1 }d
de+j J 2dx +5_[ dx +Iaxdx
1+X \/ |X|\/X2—
X
=X + tan™x — 2sinx + 5sec’x + +cC
oga
Sol 3: ﬂztanx
1+ cos2x
af sin2x a
_[t dx = jtan tanxdx
1+c052x
2
= dex =X e
2
Sol 4: Iﬂdx
x +logsecx

Put x + logsecx =t

:>(1+ 1 secxtanxjdx =dt
secx

at = logt + ¢ = log(x + logsecx) + ¢

Sol 5: Put 3cosx + 2sinx = t

—3sinx + 2cosx = ﬂ
dx

sI= j% = logt = log(3cosx + 2sinx)

Sol 6: J.L dx

Vx%2 —x-1

Putx?—-x-1=1t

= (2x - 1)dx = dt

Id It 2dt —2\[+c= 2x2—x-1+c

Sol 7: .[

dx
V1 —-3x —+/5-3x
I\/1—3x +\/5—3xdx

-4)

= —%J'\/l — 3xdx —%I\IS —3xdx

= ixg(ﬁ)m +%x§( 5—3x)3/2

12 3
1 3/2 3/2
= E[(l—3x) +(5-3x) } c

Sol 8: sze cos(e® )dx
3 3
el =t > 3x%e¥ dx = dt

3
1jcostdt = 1sint+c = Esinex +c
3 3 3

sec’(2tan! x)

Sol 9: _[ >

dx
1+x

2tan'x =t =

2 2dx:dt
1+x

ljsec2 tdt = ltant+c = ltan(Ztan’1 X)+C
2 2 2

1 2tan(tan™x) X
= -~ 4c = +C
21 +tan’(tant x) 1+x°
2
Sol 10: | dx = [
(2sinx + 3cos x)? (2tanx +3)

Put 2tanx + 3 = t = 2sec?x dx = dt

dt 1 1 1
_[ =——4C=-—Sx—— 4+
2 t2 2t 2 (2tanx+3)

Sol 11: J‘cos‘g/5 xsin® xdx

= jcosa/5 x(1 - cos? x)sinxdx
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sinxdx

= J.(cosg’/5 x —cos'?/? x)

Put cosx = t; —sinxdx = dt

5
_ (13/5 S/S)dt _ t18/5 85 1 ¢
= i(cosx)m/5 —E(cosx)s/5 +C
18 8
Sol 12: j 109X 4y

logx jx—zdx - I[dlgfx jxizdxjdx

= (|ogx) [—EJ - le[—ljdx+c
X X X

= —llogx+ji2dx+c = —l(logx+1)+c
X X X

Sol 13: J.sin’widx ,a>0
a+x

X = atan?0 = dx = 2atan0sec’0d0

2

_[sin"l atan” 0 2a tan0 sec?0 do
asec 0

= 2a‘|‘(sin‘1 sin®)tan0sec’® do

tand = t = sec?0d0 = dt

= ZaIttan‘l tdt

= 2a {tan‘l tjtdt—lextzdt}
271448

2
_ ant o 1r
=2a {(tan 1) 5 Z[t tan t:|j|+C

= at’tanlt + [;tan t-= }Za +C

Jx

st=tanb = —
a

I—a tan \[ { tan™ \f \[}Za+c
= xtanl\ﬁ+ ltanl\/g—l\/g 2a+cC
a 2 a 2\a
= xtan a + atan a—a g+c

= {tan‘:L \/gj(a+x)—a\/g+c
a a

Sol 14: [e* 2+8in2x ) 4
1+ cos2x

1 + cos2x = 2cosx

2 + sin2x = 2 + 2sinx cosx

= Iex [Mj = J.e" (sec? x + tanx)dx
2cos® X
tanx = t = sec?xdx = dt
~.This is of form Iex (f(x) + f'(x)dx = ef(x)
sI=etanx + ¢
dx
x[6(log x)2 +7logx +2]

Sol 15: j
logx = t;idx =dt
X

J-zdt :I dt

(6t% +7t+2) (6% + 3t + 4t +2)

= I—dt = - I|: - 2 :|dt
(Bt+2)(2t+1) (Bt+2) (2t+1)

Y S Y
3t+2 2t+1

—3§Iog(3t +2) + % log(2t+1)+c

2(2t+1 2 2logx+1
== +c==log| m————= | + ¢
2\ 3t+2 2 3logx+2

=log|2logx +1|-log|3logx+2]|+c

Sol 16: [X—”dx

(x+3)(x— 1)

5 1 3 1
I_ng(X+3)dx+'[S(X—l)dx+§'[—(x_l)2

%Iog(X+3)+—log(x 1)- +c

2(x-1)

Put tanx = t = sec?xdx = dt

dt dt

ordx = = >
l+tan“x 1+t




2

1-t)(1+t?)

_ 1 1J‘t+l

dt+= dt
2J.(l—t) 27¢2 11

1 1 5o 1, 4
=— Zlog(1—-¢t) + = logl+t)+=tan "t+c
5 ga-t) 2 a( ) >

—ilo
2 9911

1 1
nxj+§|09\/1+tan2x +§+c

=lIog X1 X e
2 1-tanx ) 2

log | cosx —sinx | +c

N |-

X
2

Sol 18: f'(x) = x - i
2

2
f(x) = J‘f‘(x)dx:j(x—%de X2 1

X

I
|
+
|
+
(@]

f(1) = l+l+c:l =>c=-1
2 2

2
1
o f X 42
(x) = >+
Sol 19: j ™ + X2 4 x™)(2x7™ +3x™ + 6)Y™Mdx

Put x™ = t and integrate.

X2 +3X+2
(x +1) (x+1)
XC+3Xx+2=x3+X+2Xx+2

=x(x*+ 1)+ 2x+ 1)

Sol 20: j

_ J-x(xz +1)+2(x+1)dX
(x* +1)%(x +1)

X 1
= 2 d
J(x2 +1)(x+1)+ I(1+x2)2 X

C(x+1)-1 +2I[ ]
(x +1)(x+1) 1+%°

:2'[

Put x = tan6
dx = sec?0do

1
=] ]
(1+x) (x +1(x+1) 1+x%)

2
= ZISGC E,d9+tan X+—= I (x=1) —1
sec” 0 27 (1+x%) x+1

= %I(c0529+1)d9 + tanx

= %Btan‘l(l +x%)—tan" x - log (x + 1)} +c

1, o0 1. 4 1
= —tan (1+x°)—-=tan "x—-=lo
2 ( ) 5 5 g(x+1)+c
1

Sol 21: 1=j_—dx
SIN X+ SecC X

2 cos x (cos x +sin x) +(cos x —sin X)
P

2+ 2 sin x cos x 2+sin 2x

J-cosx+sinx J-cosx—sinx
2+2sinx 2+ 2 sin 2x

I

2+[1—(sin x+cos x)2]

o

2 +[(sin x +cos x)? —1]

=I5
—(sin x — cos x)

1
g

(1)* +(sin X+ cos x)2

x d(sin x — cos x)

x d(sin X + cos X)

x d(sin x — cos x)

2

x d(sin X + cos x)

1
=5 dp+I12+q dg

1fp
szp

Where p =sinx—cos x & q=sin x+cos x

= + tan‘l(q) +cC

Sol 22:

1o [0S 2X g, [COSTX SNy [ oot x 10

sin X sin? x

On putting
cot x=sec® & —cosec® dx =sec Otan0 do

Wegetl_jm sec 0 tan 0 46

—cosec’x
_ Isecetan 0
1+sec’0
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dx
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1-cos’0

_ J- sin? 6 :_J-

cos 0+cos> 0 cos 0(1 + cos’ 0)

(1+cos?0)—2 cos’ 0 cos 0
=—|sec 0dO+2| ——dO
cos (9(1+cos2 0) I '[1+cos 0
= —Jsec6d9+2jﬂ
1+cos’0
= —jsec 6d6+2.fM
2-sin’0

\/§+sin9 .
V2 —sino

= -—log|sec 6+tane|+2xilog

N

2
= —log|sec e+m|+ibg V2+41-cos? 0 e
V2 V2 -1-cos?o

\/5+\/1 tan? x

= —log|cot x++cot? x— |+—I
f—\/l tan’ x

Vx? +1 (Iog(x2 +1)- Iogxz)

Sol 23: " dx
{\/rlog(l+lﬁ

1+ xiz =t:—xi3dx:dt

__j\/—logtdt = ——{(Iogt) ;3//22 —j%x%dt}

1 2 3/2 2 1/2
= =[-Z(log)t”? + < [t¥2dt
2{ S0t + 2 }

Sol 24: J_S'de
SinX —cosx

dt

1Isinx—cosx+sinx+cosx

- (sinx — cosx) - _Ild

2

Put sinx — cosx = t

(cosx + sinx)dx = dt

:>lx+llo (sinx —cosx)+c
2 2 g

J'%dt = logt = log(sinx — cosx)

1 J2a- de

Sol 25: jxsm{

. _12\/23—X

1 2a—x dsin
it Y2 X g | 2 2
2 a dx

dex dx

X inl [l \/Za—x]
2

= —S
a

43°

_I xix 1 dx
1 (Za xj 2a 2\2a-x

=

ﬁsin‘l [1_2a —X J

2 2 a
2
X 1
— X dx
8""'[\/4a2 “2a+x V2a-x
1
Sol 26: | ——————dx
j 4x Sinz X
J-(sinz X + cos? x) i
sin® xcos” x

B I(sin4 x + cos* x + 2sin’x cos? X]dx

sin® xcos* x

[sinzx 1 2 J
:I + + dx
4 .2 2

COs X SsInN"X COs™ X

= Itan2 xsec? xdx + .[cos ec’xdx + ZJ.sec2 xdx

3
= tan_x — cotx + 2tanx + C
1
Sol 27: I:j—zde
(a+b cos 0)
let pe__ SN0
(a+b cos 0)
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ﬁ _ (a+b cos 0)cos 6 —sin 6(0 —b sin 6)

doe (a+b cos 0)
_acos 0 +b(cos’ 0 + sin’ 9) acos0+b
(a+b cos 0) (a+b cos 0)°

Let a+bcosO=Y = cose:%

Y-a
a| —— |+b s
dp _ b _aY+b“-a

do { v_a\T by?
a+b(]
b
dP a 1 b?2-a’ )1
= — + —
do b b |y2

dP a 1 b? —a° 1 ?
= —=— +
ddo bla+bcoso b a+bcosO

Integrating,

P:EI L +
b’a+bcos0 b

bz—azj- 1
(a+b cos 0)

—(b2—a2) .[ 1 do EJ' 1

=2[——=do-P
b (a+b cos 0)° b’a+bcos o

=

1 b a 1
= 0= = d6-P
J.(a+bcose)2 (aZ_bz){b-[a+bcose }

__ b ar _
a-b?|b!

Where I, = ﬁde
a+b cos

sin 0
—|+cC
(@a+b cos 9)}

=#tan‘1 a_btan(e/Z) +¢
a? —p2 a+b

Sol 28: [Here, \/x4 -1 = \/(Xz ) —1, whichis of the form,

\Jx% — a2 hence substitution x? = sec 6 may be tried]

Now, j N0

IxJ( 22 _

Let x* =sec 0, then 2x dx =sec 0 tan 0 do

dx = sec 0 tan ede: sec Otan ede

2x 2\/sec 0

Now, from (i)

I

sec O-tan 6

do
2\/sec 0

J‘[\/g\/sec 0- 1}

sec O tan 6
do
j [\/sec 0 -tan 6} 2\/sec 0

= jide = l9+c = 1sec‘l(x2)+c
2 2 2
Sol 29: 1= | dx
\/sin® xsin (x + o)

:j ! dx

\/sin3 x[sin x cosa +sin o cos x]

1
=I — - dx
sin” x(cosa. + cot x sin a)

1

sin aI\/cos a+cot x sina

d(cos o+ cot x sin a)

=— .[—dt ; where t=cos a+cotxsina
sin a

= \/cosa+cotx sina +c¢
sin o

Sol 30: I =

1
——dx
J.(1+\/;)\/x—x2
put x =sin® & dx =2sin6 cos 6 do

B 2sin 6 cos 6d0O > 1—sm(9de

(1 +sin O)Vsin? 8 —sin* 0 cos’ 0

= =2(tan 0—sec 0)+c _2{4/ X ! ]+c
1-x 1-x

cos 8x —cos 7x
1+ 2 cos 5x

Sol 31: 1=

2sin 5—Xcos 8x—2 sinS—Xcos 7X
_1 2 2 dx
2 5x 5x
sin =+ 2 cos 5x sin =
2 2
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( 21x 11x] ( 19x sin9x]
sin=— —sin —/— SIN—— —
—lj 2 2 2 2

2 . 15x
sin —
2

1 2sin 1ﬂcos 3x —2sin 1ﬂcos 2X

:E-.- 15 x dx

= 1J'(cos 3x —cos 2x)dx = l sin 3x —lsin 2X+¢C
2 3 2

x> +1
X(x — 1)3

Sol 32: [ = j dx

x+1 A B C D

x(x—1)} X X—1+(x—1)2 +(x—1)3

put x=1 = D=2
put x=0 = A=-1
put x=-1 & x=2 = B=2 & c=1

-1 2 1 2
I:Ide+J.X_1dx+J‘(X_1)2 dx+J~

x-1°
=—log|x|+2log|x— 1|+L— ! +C
x=1 (x-1)
Sol 33: 1= j;dx
X+Vx2 —x+1
put t=x+ X2 —x+1
2 2
X:t 1 and dxzwdt
2t-1 @t-17°
2_
= I:ZJt tJrldt
t(2t—1)
t?-t+1 A B C
let =t —

—_— == +
t2t-17 t 2t-1 (2t-1)
Solving by partial fraction method, we get

A=1] C:i and B=—E
2 2

I[=2log t—% log (2t—1)—§ !

+cC
2(t-1)
where t=x+Vx®> —x+1

Sol 34: [Here \e? —4 = —\/(ex)2

form /x> —a? , hence substitution e* = 2sec & may be

tried]

e e
Vou | o e =

Let € =2 sec 0, then e*dx =2sec 0 tan 6d0

dx =

Now from (i),

25ec9tan6 J-25ec 0tan 6

J——dx=
e -4

\/4 sec’0— 4 2tan 6
:_[secGdO:Iog|sece+tan6|+c
eX
e*=2sec S osecO=—
2x 2x
tan 0 = secze—lz\/e——lz\/e 4
4 2
X X 2x
From (ii), je4dX=loge—+e—4 +cC
’22X_4 2 2

2

X [ 2
:Iog[—e rve _4J+c [ e +Ve? -4 >0]

—22, which is of the

(1)

=log(e* +Ve* —4)—log 2 +c =log(e* + Ve —4)+c'

SoI35:I:(Iogx)-{— ! }-j[— ! de
2(1 + x)? 2(1 +x)%x

[Taking u = log x]

_ 1 logx __[
2 (1+x)? (1 + x)?
Now, 1 CLlex-x 1 1

x1+x)P?  x@+x? XA+X)  (1+x)?

_1+x—x_ 1 _1_ 1 B 1
XL+x) @1+x)? x Ll+x @1+x)?

d 1 1 1
[— ZZJ{;‘m‘ }dx

(1 + ) 1+ x)?
1 X 1
=log x—log(l +x)+ =lo +
9 9 ) 1+x g1+x 1+x

[Here x > 0 a log x occurs in the integrand]
1 log x 1

2 1 +x)?

. From (i), I=- +%Io X

+
9 1+x 21+x)

(i)
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Sol 36: Let f(x) = ax2 + bx + ¢ Exercise 2
f(0) = c = -3
fl)=a+b+c=-3
ora+b=0"a=1b=-1
fQ)=4a+2b+c=-1

Single Correct Choice Type

o P2
5] dx
+X

Sol 1: (A) j[l

orda+2b=2 X3/2 6
fx) =x2-x-3 .[ Nz dXZI Rk dx
15/2
X2 —x—-3 x(x—=1) " (1+X5J [l+X5j
Py f XD g |
x> -1 (x=1)(x* +x+1) Putl+ L =t
5
X
X
= [— 2 dx- d
J.(XZ +Xx+1) X '[(x3—1) X = —5x%dx = dt or X’GdX=—%dt
I | 1.dt 1
..I— —g —t3/2 __EX(_Z)T+C
lj' 2x+1 dX—j dx __[ 3 dx
217 (x* +x+1) 2 2 (3 -1)
(x+1j +(\/§J 1= 2
L 2 2 i 5 1 1+x
x+1
1 1 2 2
= —log(x® +x+1)— =x——tan! 2 (sin8x—c058x)
2 . B S A
’ \/§ ﬁ sl 2: (B) 1—25in2xcoszxdx
1 X+ 2
- - dx sin x — cos? x)(sin® x + cos® x)(sin* x + cos®* x
J‘(X 1 (X2 +X+1)] — _J.( )( )( )dX

1-2sin® xcos® x
.2 2
(sin® x —cos” X)| (sin® x + cos’ x)? — 2sin® xcos® x
L . K ) )y,

- % log(x? +x+1)—itan

+1
=1 -1
BN T ek d

+1 2x+1 3 dx i 2 o J‘( 2 1 ,
2 = - - = _|(~cos2x)dx = =
2° (% +x+1 (x2+x+1) j(sm X —cos” x)dx 5 sinax+ ¢

1-2sin® xcos® x

Sol 3: (C)
=log(x* + x + 1) - itan‘ﬂ— log(x — 1)

5 h

(A) leongX = X{(Iogx)x - Ixxldx} = x? logx — x% + x
X
3 1 2x+1
+ —3tan 1(Tj (8) X[ £1x|dx =X log| x| -x? + cx
(@) XJ-ede = x[ex +c] = Xe* + X

(D)jJ—

x = atan0, dx = asec’0d0

2
=1I= jw_Jsecede
asecO
X Vx? +a?
= log|secH + tanb| + ¢ = log|~+——|+cC
a a
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Sol 4: (B) \/1+2tanx(secx+tanx)dx X
J Sol 7: (A) | I

a a

= j\/1+2tanxsecx+2tan2x dx b(b+X2] b x E b

= I\/tanzx+sec2x+2tanxsecxdx 1 b
= ——_tan!| x|= |+c
\a

= j(tanx+secx)dx = jtanxdx+jsecxdx

= —log|cosx| + log|secx + tanx| + ¢ 7oy’
glcosx| + log| | Sol 8: (C) I = j—l“‘ fx dx
= log|secx| + log|secx + tanx| + ¢ X(L+x7)
1 2 2x®
; 2 = |—- dx = logx - dx
Sol 5: (C) 1= _[ 2sinxcosx dx = IZtanxsec X « jx 14y '[1+x7
sin* x + cos? x tan* x +1
Let tan’x =t letl + X’ = t = 7xbdx = dt

- 1= 2tanx sec® dx = dt

S 1= j 21 dt 5
t°+1 :Iogx—7€n(1+x7) +cC

21 2
I=logx— =|=dt = logx—- =/nt+c
- 33 %3

o I=tan™(t) + ¢ = tan*(tan’x) + ¢

1
1 Sol 9: (A) Let log|x| =t = ;dx =dt

tan7(tan?x) = tan‘l( j = cot(cot?x)

cot® x
t 1
sz | —dt = |J1+t-—=dt
tan7(tan’x) = g — cot}(tan’x) + ¢ J.«/1+t j J1+t
3/2
= —cot — (tan’x) + ¢, - (t+1) x2—(t+ 12 x2+c
1 t+1 2
Sol 6: (C) do = 12 | =1 |+c = S(t+1)"?(t-2)+c
J.cos3 0+/2sin0cosO 2t+1) 3 3( e )
2
= | 1 40 = £ (g [ + 112 (logq - 2) + c
\/Ecos”2 0sin'/2 0
Dividing and multiplying by cos*6 Sol 10: (C)
4
sec” 0 4 2 2 2 2 2
I:'[— X7 +2x°+1-2x (x“ +1)° =2x
1/2 I= dx = dx
x/ztan 0 .[ x(x2+1)2 x(x2 +1)2
let tan'?0 =t
1 = JE— 22X 2dx = Iog|x|—J' 22X 2dx
\/7><sec2 0do = dt X (x*+1) (x*+1)
2ytan® let x> + 1 =t= 2xdx = dt
1= Ix/Esecz odt 1
~I=loglx| - j—zdt
J t
:_[\/5(1+t4)dt = 2% t+t— +C 1
5 =Iog|x|+¥+c=log|x|+ S +c

+ X
\/E(Sx/tane +tan? ex\/tane) re A=1B=1

"5
Sol 11: (B) I = | 2sinx(cos2x + cosx)dx
I= g(tanzew)\/tane +c @)1=

= j25inx(2cosz x —1+ cosx)dx
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Let cosx = t = —sinxdx = dt 2sinxcosx = (cosx+sinx)? —
3
1= J'2(1—t—2t2)dt =Jt—t2— A fC And d(cosx + sinx) = (-sinx + cosx)dx
3

4cos® x e o let cosx + sinx =t

1
—dt
J\/t2 -1 (b

o1 =sec(t) + ¢ = sec’}(cosx+sinx) + ¢

= 2COSX — COS?X —

1=
4cos® x —3cosx
= COSX— | ——M————

—COoS’X + C
3

1 , 1
= COSX — gcos3x — COSXX — 5 +C

Previous Years’ Questions

1 COS2x
= COSX — 3 CcOS3x — +C

2 J—
. Sol1:(C) Let 1= | : x - 1)0"2‘
Sol12: (B)I = IE sin2xcos2xcos4xcos18xcos16xdx XTNV2xT —2x" +1

and denominator by x°

, dividing numerator

= 1 Jsin32xdx = —COS32X +C
32 1024 [1_1jdx
=J- XX
Sol 13: (B) 1 = [x*f(x?)dx 2_32+L4
let x = t X
4 4
1 Put 2_£+i:t 3(_ —jdx—dt
I= = [tf(tdt N NERE
t 1 1
:Ejf(t)dt—JE(If(t)dt)dt qlpdt e
AR
- 1[x2F(x2)— | f(xz)d(xz)} 2
2
1 2 1
=5 2——2+—4+c
6 X° X
Sol 14: (D) I = jid
4 +6e7 | o
e + 6 = a(9e — 4) + bx 18 x e Sol 2: Given, j—4€(dx = Ax + Blog (9e*-4) + ¢
=9 +18b =4 2x
LHS = j4e L
~4a =6 9e¥ _4
sas= —g Let 4> + 6 = A (9e* - 4) + B(18e%)
=9A +18B =4
18b=4+ 2L p=2
36 and 4A =6
3
'.Izj——d 35_18e” dx :>A=—§adB—35
36 9e2x_ 36
2x 2x
3x _ (A9e” —4)+B(18e™)
BPRET log(9e? —4) +c I 962 _4 dx
A= 3 and B = 35 =AJ'1dx+BJ.%dt,wheret=9e2"—4

= 2X,
COSX —SinX =Ax + B log (9e*-4) + ¢

Sol 15: (A) I = dx

J\/zsinxcosx(c05x+sinx) =—§x+—5Iog(9e2X—4) ‘e
2
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3,3

and C = any real number

Sol 3: Let 1= IL dx
SINX — COSX

Again, let sin x = A (cos x + sin x) + B (sin x — cos X),

thenA+B=1andA-B=0

2A = l’ B = l
2 2
1 . 1 .
E(cosx+smx)+§(smx—cosx)

.'.I:j - dx
(sinx —cosx)

cosx+smx 1
= —_" +—J'1dx+c
SinX — cosx 2

= lIo (sinx—cosx)+lx+c
29 2

Sol 4: Let I:j xdx
1+x*
_ lj‘ 2X
271 4 (x%)?

Putx? = u= 2xdx = du

g

1
tan Lu)+c = —tan*(x*) +c
1+u? 2

Sol 5: Let I, = Jsinx sin2x sin3x dx
1, . . .

= —I(sm4x + sin2x — sin6x)dx
4

_cos4x 3 COS2x N Ccos6x
16 8 24

I, = [sec’x-cos® 2xdx = [sec’x(2cos” x—1)*dx

= .[(4 cos’x + sec?® x — 4)dx = _[(2 cos2x + sec® x — 2)dx

= sin2x + tanx — 2x

dx

. IA(9e2X —4)+B(18e*)
9% -4

= AJ‘ldx+BJ‘£dt, where t = 9e** - 4
t
= Ax + Blog (9e*-4) + ¢

3 35 2x
=-=x+ —log (9e”" —-4) +
2X 36 9 Jre

3, 3

and C = any real number

and I3 = J'sin“x cos*x dx

_[(3 4cos4x + cos8x)dx = 3x _sindx
~ 128 128 128
SI=L+ L+

cos4x Ccos2x Ccosbx .
== - + +5sin2x + tanx — 2x

16 8 24
3x  sindx sin8x

= +
128 128 1024

2

Sol 6: Let I:X—
(a+bx)?

Puta+bx=t

= bdx = dt

1

. 2at+a
21=] T baj{ Jdt
2 2
= LJ‘ 1_2_a+a_ dt = L t—2a|ogt—a— +C
b3 t 2 b3 t

2
[a+bx—2a|og (a+bx)- a +c]
a+bx

Sol 7: Let I—J(\/tanx ++/cotx)dx = J'tzj/rﬁl
tanx

Put tanx = t?= sec’ dx = 2t dt
2t

dt
1+t

= dx =

I_J-t2+1 2t dt _ZJ-t +1

t2 t*+1 tt +l
1+l2 1+l2
= 2 v gt= 2 t dt
2 1 2 2 1 2 2
t et (t—} +(«/§)
t

Put t - l: u= 1+idt=du
t t,

= 2J.u +(\/_)




- x/Etan’l (\/tanx —\/cotx}_c

2
Sol 8: Jﬂdx
x(1 + xe*)?
1
This can be rewritten as j&
2e*(1 + xe*)?

let 1+xe* =t = e*(1+x)dx=dt

Now integration becomes_[ dt
t(t-1)
= 5 1 _A +BtJ2rc (using partial fraction)
t*(t-1) t-1 ¢

= 1=t*(A+B)+(C-B)t-C
Comparing, wegetC=-1,B=-1 andA=1

Now our integration becomes

t+1 1 1
jtz(t . _jt - —j h dt—j 1dt—.[¥dt—_[t2dt

t—2+l
=log (t-1) -log(t) -
0g (t-1)~log(t) - ——

t-1 1
+C =log——+=+ ¢
t t

Putting t =1+ xe*, we get

dt e* 1
.[tZ(t—l):b : |+ e

|1+xe" 1+ xe*

1
1-+x |2, dx
1+\/; X

Put x = cos?0 = dx = -2cos0 sin® dO

Sol 9: Let 1=j[

1
1= I(l—cosejg —2c0s0-sin®

do
1+cosO cos2 0
sing 2sin0 2$in9-25in9-cos9
2 —2sin d9=—j 2 ; 2 2 4o
cosg cosb cos— - cosO
2 2
. -0
2sin® ~
= _2J' 2 4o-= _zjﬂde
cos0 cosO

= ZI(l—sece)de = 2[0-log|secO+tanb|]+c

=I= ZI:COS_I\/;—|09 ]+c

_EE_ + EE._,I

x o Ix

=2{cos‘1«/;—log‘1+\/1—x‘—%Iog|x|}+c

. { T nj
sin| x ——+— |dx
sinxdx \/7_[ 4 4

2] )

= \/Ej[cos%+ cot{x —%)sing]dx
= jdx+jcot(x —Ejdx =X+/n sin[x—ﬁj
4 4

Sol 10: (C) 2 22X

+C

Sol 11: (D) —y+3
:>—dy =dx
y+3

Iog(y+3)=x+c
x=0=>y=2

= log5=0+c

¢ = log5

log (y+3)=x+log5

y + 3 =ex109 =y + 3 glog2+logs

y+3=10=>y=7

Sol 12: (D)

J- 5sinx «

sinx—2cosx

_ J{Z(cosx+2.sinx)+(sinx—2cosx)]dx
sinx —2cosx

I[cosx+2$|nx

]dx+jdx+k
sinx —2cos

= 2Iog|smx—2cosx|+x+k

a=2

Sol 13: (C) jf(x)dx = \y(x)

I= J'xsf(x3)dx

Put X’ =t = x2dx— :—Itf

= %[tw(t)dt]
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- %[x3w(x3)—3jx2w(x3)dx}+c =%x3w(x3)dx+c

1 1
X+= bl
Sol 14: (D) 1= [ e( X] +){1_ije”x dx
X2
x-¢—l

=Xe *X+c

As j(xf'(x)+f(x))dx = xf(x)+c

dx

Sol 15: (D)
'[xz (x4 +1)3/4

[

3/4 4
X
x> (1 + 14}
X

4y = 4t
X5

dx

X3

=t3dt

Let l+i+i=t
X X5
da_-2_ 5
dx_x3 NG
—-dt 1 1 x*0
_3:¥+C: 2+C: ; X >
t
2(1+1+1j 2(X + X "rl)
X2 X5

+C

JEE Advanced/Boards
Exercise 1
Sol 1: (i) jtanitanitanidx

2 3 6

(tan§+tan2j
= jtan% l1-~— 7 |dx

tan>
2

= j tani—tani—tani X
2 3 6

= jtanidx—jtanidx—jtanidx
2 3 6

X X X
= 2logsec = - 3logsec— - 6logsec— + ¢
gsecy T logsecy T hlogsecy

tan(Iogx)tan(Iog;)tan(logZ)
(ii) j
X

Putlogx =t = de =dt
X

dx

jtanttan(t - log2)tan(log2)dt
= f[tant —tan(t - log2) - tan(logZ)]dt

= logsect — logsec(t — log2) — xtan(log2) + c
sec(logx)
sec| logX
92

Sol 2: Put x = asec26 — Btan26

=log —xtanlog|2]|+c

2(o — B)sec® Htanodo
(e —PB) tan’ 0\/((1 -B) tan’ 0(a—P) sec’ 0

=
_ L secH do

a—PB* tan’ 0

2sec’ 0tan0

> do
tan“ Ox (o +B)tanBsecO

Put tan® = t sec?0d0 = dt
dt

V1+t?

Or sec0d0O =




. 2 f dt 2 f t3dt
T (a-P) 241 + 12 ~ (o-P) V2 +1

Sl +t?2=u = -2t3dt = du

Or t3dt = - 1du

1 —du -1
= — = X 2
2" (o — B)I  (a-P) Yo

= -2 l+i
@-p\
_ sec’ 0
(o — B V tan 0 tan’ 0
_ 2 (0. —B)sec?® O _ 2 [(x=B)
a-B\(a-p)tan’e o-P\V(x-a)
Kn(ﬂn[lﬂ(ndx
SoI3:J 1-x
1-%x°

Put Iog(lH(j =t
X

N 1-x X1—x+1+x dx = dt
1+x 1-x)?

Or[ de—dt
1-x?

1= Jlog(t) &

=%j1.|og(t)$

Integration by parts,
1 d
= E{log(t) [1dt- { | a(Iog(t)) | ldt}dt}

= %[t(logt —1)} +C

bz o

Sol 4: d(ij :[ij [logx] and d(gj :[Ej [-logx]
e e X X
g I(EJ logxdx + J{;] logxdx = [2] —[Sj +c

cos(x — a)OIX

Sol 5: -[ sin(x + a)

cosxcosa-—sinxsina
j dx

sinxcosa+ cosxsina
1-tanxtana
= ——— — dx = |+/cot(a+x) dx
I\/ tanx +tana I ( )

5 4 3 2
Sol 6: JX +3x" —x” +8x X+8dx
(x2 +1)

dx

J-(x +3x% = 2%+ 5)(x? +1) -, X+3
¢ +1) X2 +1

XTJF X3 — X2 +5x+%log(x2 +4) + 3tanx + ¢

J‘ (Wx +1) J' "% +1
Sol 7: \/;(3\/;+1) ( 1/3 )

Put x/6 = t = dx = 6t>dt

 + 1)t
(% +1)

j(t3—t+1)(t 1), t-1 |
t? +1) (2+1)

AU L _q’ﬂdt

t +1)

6

t* ¢
6 __?th + 3log(1l + t3) — 6tan™'t + ¢

4

Where t = x/¢

Sol 8: [sin™! /de, a>0
a+ X

X = atan?0

dx = 2atan0sec?0d0

. 4 |atan’@
jsm ! 2a tan0 sec?0 do

asec’0
2a.[(sin‘1 sin®)tanfsec’® do

tand = t = sec?0d0 = dt
2ajttan‘1tdt

2a {tan tjtdt - —j

X tzdt:|
1+t
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2
- Al 1M iant
-Za{(tan t)2 Z[t tan tﬂ+c

= at’tan't + ltan‘lt—lt 2a +C
2 2

Vx
7

1= aX tan \/7 { ‘1\/2—3\/2}2a+c
a 2\a
= xtan~ \f { tan™ \ﬁ——\f}a+c
NN
=xtan™4|, +atan™4y, —a,|— +C
a a a
= (tanl\/gJ(a+x)—a\/g+c
a a
=\/;{x/;tan‘l\/g—\/;}+atan‘l\/g+c
a a

t=1tan6 =

xlogx
Sol 9: .[ 1)3/2
cffxogx T L gy
”J‘[(xz—l)?’/2 X\/xz—ljd IXVX2—1

logx
J{—d 9 ] +secx +c= _ logx. +secx + ¢
x2 -1 Vx? -1

|Og6 [(Sinx)6COSX]1/6

sinx

cosX
dx

Sol 10: _[

l H COSX
e [Ioge(smx) +log, 6 Jcos de

sinx

1I .
5 og(sinx) 1 cosx

+_
(log6)sinx 6 sinx

cosx |dx

1 1 cosx . 1 cos® x
= j —————log(sinx) + =— dx
6 log6 sinx 6 sinx

2 .
= 1M+ lJ.(cosecx —sinx)dx
6 log36 6

1 Iog2 (sinx)
6

X
+/ntan—+cosx |+ ¢C
log36 2 }

Vx? +1(Iog(x2 +1)—Iogx2)

Sol 11: j X dx
X

(o2

.f 3 dx

X

1+ £ :t:>—£dx=dt
X X3

82 1 32
__jflogtdt ——{(log )m_hxa/zdt}

1| 2 32 20,12
= —|-=(logt)t — | t+4dt
2{ Slogtt’ +2 [

sinx tanxsecx
Sol 12: f(x) = — > = >
sinXx + 4cos” x tan“x+ 4
B tanxsecx
sec’x + 3

Putting sec x = t, dx sec x tan x = dt so

dt 1 _1 Sec X
J‘f(X)dX:Im:Etan \/g +

cos® x _.[ (1 +sinx)
sinx(1 —sinx)(1 + cosx) sinx(1+ cosx)

. X X g X :
(sm2+coszj 1 [tan2+lj
| dx = S22 dx

25in5cosix2cos25 4 tanlcos25
2 2 2 2 2

Sol13: j

Let tang =t = seczgdx =2dt

_—j (t+1) j(t+2+1jdt

t2
+t+ Io t|+c
= glt|



2
Sol 14: | %dx
X —

3(x*-1)+4 (Bx% +1)(x* -1)
[t o o

33 (x2 1)+ (x* -1) 3xt—2x? -1
- dx= [Z2—22 ——4d
.[|: (X2 _ 1)4 X J. (X2 _ 1)4 X

x* +1-2x% — 4x* + 42
J._ 2 1\ dx
(x*-1)

2 2 2,2
) J_l:(x ~1)? =225 (x —1)}')(

(x* -1)*
X X
= |-d =— +c
J ((x2 —1>2] (x* ~1)?
Sol 15: J (ax” —b)dx
xAJC2x? — (ax® +b)?
.[ (ax’ —b) N acx? —bc dx
2 2 2 4 py?
x? cx?
2 2
_ J~ 2acx —(acx2 + bc2) dx
2 I (ax +b)
(CX ) 1 —W
2.2
_ J-2acx (a>2< +b)c N 1 : dx
(x) 1 ax® +b
cx
Put ax? +b _t = (2ax)cx — c(ax® +b) dx
cX (cx)?

ax’ +b i
— cin-1l — c1n-1
=sint + ¢ = sin ox

1-t2

Sol 16: Put z = tan™'x, then dz = dx andx =tanz

1+x
emz
Now, = | ———dz = J.emZ cos z dz
V1+tan®z
mz emz
= cos z —I (=sin z)dz
m m
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mz

1 .
cos Z+—J‘emZ sin z dz
m

m
emz 1 emz . emz
= coSs Z+— smz—j cos z dz
m m| m m
mz mz 1
= Cos Z+ sin z ——21
m m m

1 emz
Or, (1+—2j1: > (m cos z+sin z)
m m

e™(m cos z+sin z)
= +c

sol=
m? +1
Or,
em tan_lx[ 1 X ] emtan_lx(m+x)
1= > m- + +C= +C
m +1 0 241 W+l M2 + VX2 +1

Sol 17: [Here ,}L occurs, .. put x=a tan’ 0]
a+x

Put x =a tan’ 0, then dx = 2a tan 0 sec’ 0d0

Now,

I= Isin‘l(sin 0)2a tan 0 sec® 0d0 = 2aj9-(tan 0sec’ 0)doO

2 2
=2a esec O_J-lsec ede +C
2 2
[.[tan 0 sec?0do = jzdz, where z = sec 0]

=a[esec29—tan6]+c
=a tanl\/g arxi_ X lec
al a a

dsin[e& + e*& + Z]

dx

Vx Vx
= cos(e‘& + e“& +£j £__&_
4)| 2dx  2Vx

Also disin[e‘& —e“& +£]

Sol 18:

X 4

= cos(e‘/; —e‘*/; +£] e—+—2e
4) 20x 2k
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dsm[e‘/— f ]
4

+d sm(ef f ]
4

= Z{Sin(e&+e_\& I +sm(e*/— */— ﬂ
4 4

= 25in(e& +%jcos(e"‘/;)

n1=2f

oo )

X% +x
Sol 19: Igdx

e +x+17°

J~ x(e" +x+1)—xe dx
e +x+1)°

_J x  xe dx
& +x+1 (€ +x+1)

eX

1 X 1 (XJ
== o o ||
1+(X+1J e (1+x+1j e

i e

Putﬂ+l =t :_—de =dt
e* e*

I(—$+ijdt - logt - 1 +C
t 2 t

x+1 1
=—Iog[ - +1J— 1 +c
e [X—i— +l]

X

e

COS X

(xsm x+cosx)
Sol 20: [°
sin’ x
CosXx
Jecosx( - +xsmxjdx
sin® x

J. e“***(cotxcosecx + xsinx)dx

=- I e“*(1 - costxcosecx — xsinx — 1)dx

- _J'[ e“°**(1 - cosecxcotx) + (x + cosecx)e“* (- smx)}dx

= —jdec°sx(x + cosecx) = —e“%(x + cosecx) + ¢

5x* + 4x°

Sol 21: I—dx
(x +x+1)
5%° +5x* +x+1-x> —-x-1
_J. dx
(x° +x+1)?
_ I_(xs+x+1)+(5x4+1)(x+1)dx
(x5+x+1)2
( x+1 ] x+1 X
= J'_d =- +c or +c
X +x+1 X +x+1 X +x+1

2
Sol 22: IM dx
a*tan’ x +b*

dx

1 b?(a® +b?) +a’(b? + a%)tan’ x
= 2 2.[
(@ +b%)

2.2 2y
1 a‘b (1 +tan
) 2.[ 4.2 4+1 X
a“+b a“tan“x+b

212 b 212, 4 2
a‘b® +b™ +(ab” +a”)tan X]dx

a*tan’ x + b*

a2+sz a*tan® x +b*

+1 |dx

2
21 2.[ a_z seCZXX;
+b b [a“ 2 J
—tan“x+1
b4

X

2
(aj sec’ x
b2 .[ 5 2 d
1 +[atanx]
b2
2 2

a a
Put <—tanx =t = —sec® xdx = dt
b? b?

a +b2

1 1 dt
X+ I
a’ +b? a’+b?° 1+t

1 -1 az
Or 5 > X + tan —Ztanx +C
a‘+b b
2 3
COS* X cos’ X
Sol 23: | dx = [ dx
1+tanx SiNX + cosX
3cosx cos3x
e e
SinX + cosXx SinX + cosx



ljcosxc052x—sinxsin2x J- COSX
(sinx + cosx) smx+cosx

_ %J{(COSZX_Sinzx)+(sm2xcosx—costsmxﬂdX

SinX + cosx

J‘ COSsX
smx+cosx

1 . 1
= Zj(c052x—5|n2x)dx+—jdx

I cosxdx j cosxdx
SinX + cosx sinX + cosx
cosxdx

= l(sin2x+c052x)+£+£.['—
8 4 27 sinx+cosx

= l(sin2x+c052x)+£
8 4

J‘COSX+SII’1X+COSX sinx dx
COSX +sInXx

COSX +sinX

:l(sin2x+c052x)+1+lj 14| SOXZSINX iy
8 4 4

= %(sian+cost)+§+%Iog(cosx+sinx)+c

Sol 24:
xlog x

dx + X dx
\/1—x2 J.\/1—><2

[Integrating by parts taking sin"lx as u]

I=(xlog x—x)sin‘lx—j

Now in order to evaluate I\/—

Put x =sin 0, then dx = cos 6d0
J-xlog X

dx = J'sin 6 log sin 6 do
=—cos 0 log sin 9—j—cose cot 6d6

COS

=—cos 0log sin e+j

— 1 2
=—cos 0 log sin 9+j1_5—”;6d6
sin

=—cos 0 log sin 6+J.(cosec 0 —sin 0)do

=—cos 0 log sin 6 +log | cosec 6 —cot 6| +cos 0

= 1-%°log x+|og{#}+\/l—x2

Mathematics | 22.61

1-x?

X
Again, dx =—
J.\/1—x2

. from (i),

2
I=(xlog x—x)sin* x+v1-x° |09X—|09[1_ - J“LC
X

x° +1)e )+2
'[ (x+1)°

—J. X —1 —J‘ o X— 1 dx
(X+1) (x +1)? X+l X+1)
- jex[f(x)+f'(x)]dx, where f(x)=>——

x+1
=eX f(x)+c=ex(x—_1J+c
X

+1

Sol 26: [Here €@ occurs, where f(x) = sin x
. Putz = f(x) = sin X]
Put z = sin x, then dz = cos x dx

sin x

Now, I= (x cos® x —sin x)dz

COs™ X

= .[es"‘ X(x —tan x sec® x)dz

:Ie sintz— 1 } [ sinx=z]

_22 1 Z

=.er sintz+

V1- \/1 22 (1 2)3/2} ’

:.[eZ [sin‘lz— 1 J+{ L 2232} dz
| V1-22 V-2 -2

1

1-2°

= Iez [f(z) +f'(2)ldz, where f(z)=sintz-

:ezf(z)+c:ez[sin‘1z— ]+c— e¥"X(x —sec x) + ¢

1- 72
dx

SoI27:1:j - :j -
J1-02+2%) 202 +2x+1)

3 dx 3 dx )
_IJZ—(1+x)2 -l Jo? —a+x? -

Let z=1 + x, then dz = dx
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From (i),
I= j =sin? +c sin” (H—XJ+C
J(f) -2 V2
Sol 28: J- dx :J-[ .smxcosx jdx
Secx + cosecx SinX + cosx
[1+25mxcosx l]
= _I dx
SiNX + CcosX
. 2
_ i (sm>'(+cosx) _1dx
2 (sinx + cosx)
1

dx

1¢ .
= EI(Slnx+cosx)dx—

2\/5 \/1§(sinx+cosx)

1 .
= —[sinx —cosx]—
2

ffs.n[H ]

= %[sinx—cosx] 2 8 dx
2tan{x nj
6
= l[smx cosx]—Llogtan( j
2 22

1 . 1 X 7
= —|sinx—cosx——=logtan| —+— |+¢
2 2 8

V2

SoI29I=.[ 2%° +3x+ 4 dx_j [x +§x+2)d

= x/EJ.Q/xz +%x+2dx

N ESENEYREY RN

=a

Let, z=x+i, then dz =dx. Let ézﬁ
4 16 4

[e)]

Then from (i), 1= \/EJ' 7’ +a’dz

Now,

(1)

.[\/22 +a’dz =§\/zz +a’ +%Iog (z+\/z2 +a2j+c

2 4 16

23 3 3 23
+ —log|x+=+,[|x+=| +—=|+cC
32 4 4

I= 4X+3\/2x2 +3x+4
8
23 {4x+3 \[2x2 +3x+4}
+ +C

+

16\f 4 2

Sol 30: Let z =x"+1, then dz = nx"*dx

d d
. :J. n-1 -

Now I:'[x(x” +1) nx"" -x(xn +1)

‘_I (x +1)‘ j(z 1)z

let — - A, B
z2(z-1) z z-1

_A(z-1)+Bz
B z(z-1)

~ Aiz-D+Bz=1

PuttingZ =0weget, -A=1
L A=-1
PuttingZ =1, wegetB=1

1 1 1
F —— [R— R
rom 1 J.z(z 1) nj( erz—l)dZ

“[-log|z|+log|z-1]+c

n

Iog +c

—llog z
n x"+1

Sol31:f COSX_Si_nX dx
16 —9(1 +sin2x)

dx

J- (cosx —sinx)

16 — 9(sinx + cosx)?

Let 3(sinx + cosx) = t

(1)

(i)

(i)



= (3cosx — 3sinx)dx = dt

4+t
4—t

LLO
2439

J.16 2 24 4 —3cosx—3sinx

Jeotx —+/tanx «

Sol 32:
J 1+3sin2x

\/E COsX —sInX dx

(M)(uasinzx)

\/’J‘ (cos2xcosx + sin? Xsinx) + (cos2xsinx —sin2x cos x)

(M)(l+3sm2x)

€o0s2x(ssinx + cosx) — sin2x(cosx — sinx)
2_[ X
\/25in2x(1 +3sin2x)

= | L
(sinx+cosx)2 +25sin2x

(sinx + cosx)?

. .2 .
><J‘{(smx+cosx)2.cos2x 2sin” x(cosx smx)}dX

(sinx + cosx)*v2sin2x

1 2sin2x
:>I - - dx
1+ 2sin2x SiNX + cosx

(sinx + cos x)2

1[ \/EsinZX J
=tan | ——— |+cC

SinX + cosx

4% = 7x* +8x° —2x% +4x -7
X2 (x% +1)°

dx

Sol 33: |

4 —TxY 8% = 2x% +4x -7

x2(x2+1)2
_é E Cx+D+Ex2+Fx+G
X x2 x+1 (x2+1)2

—2y2 _
2x° +4x 7)dX
X2 (x% +1)

Ji+(—l]+ 6 +
=X ) x*+1

W2
= 4logx + 7. 6tan™x + 6J ——— |dx
X (1+x)

Put x = tan6

J~(4x5 —7x% +8%3

6(1-x?%)
d
(1+x2)2j "

=( 1 lo 4+3cosx+35inxj

= dx = sec’0d0
2
1-tan“0 do

7
=4logx + — +6tanx + 6 |————
9 X J‘(1+tan2 0)

= 4logx + 7. 6tanix + 6Ic0526d6
X

= 4logx + L 6tanix + 6%sin29
X

-5in20 = 2tan® _ 2x
1+tan’0 1+x°
~I=4logx + 7 + 6tan™x + bx +C
X 1+x?
Sol 34: j dx
cos® x —sin® x
j dx
(cosx —sinx)(1 + cosxsinx)
_ J-(cosx—sinx)2+2sinxcosx «
(cosx —sinx)(1 + cosxsinx)
sinxcosx

jwdeJ

(L +cosxsinx) (cosx —sinx)(1 +cosxsinx)

(cosx —sinx) dx

=_J- COSX —sinX dx+£J‘

1+( smx+cosx) 2—(sinx+cosx)2

|\/§+SII’1X+COSX|

|\/_ sinx — COSX|

2 .
= gtan’l(smx +COSsX) +

X2

(xcosx —sinx)(xsinX + cosx)

dx

Sol 35: [

(xCosX —sinx)? + (xsinx + cosx)zdx
(xcosx —sinx)(xsinx + cosx)

XCOSX — SsinX XSiNX + COS X

j h dx+J ——dx

XSinX + cosx X COSX —Sinx
-1

+I dx

(xcosx —sinx)(xsinX + cosx)

XCOSX + Sinx —sinx XSiNX + sinx — cosx
=j - dx+_[ . dx
XSinX + cosx XCOSX —Sinx

dx

. J~ cos® x+sin’x—1
(xsinx + cosX)(Xcosx —sinx)

XSiNX + COS X
" Tl+c

= log -
X COSX —Sinx
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Sol 36: [ cos 29Iog[

=lo w jcosZGde
9 cosO—sin®

cose+s!n6 do
cosO-sind

[cose+sine
O -

j.[cosZGde do

_J~ cosO—sin®
do
—5|n29l cosG+s!ne _j 2 ><S|n26 0
cosO-sin® cos20 2
—S|n29log M —jtanZOdG
cosO—sind
—ﬂnZOIg cosO+sinb) 1, (sec20)do
cosO-sin6 ) 2
B 2
_ 1 tan0 || (1 -tanOxsec e—(1+tan6)sec26
1+tan6 (1-tan0)?
_ (1-tan®) 2sec’® _ 2(l+tan’6) _ 2
(1-tanB) (1-tan0)® (1-tan’0)  COs20

Sol37: A»s;B—>p;,Co>qgD—r

(A) J’de

1.dt 2
—|—==vVt+c = X +—=+1+cC
2 \/E X
X2 -1
(B) | —=——==dXx
'[X\/1+x4
-2
_[ X1 dx:j d-x7) dx
1

1
Putx+ — =t

X
=(1 - x?)dx = dt

o
Ve -2

Putt = \/5 secH

J- 25ec9tan9d9 - log|sect + tand|

ftan@
=Iog|X +1 \/x +1 |
Vx|

|x2 +1 Wx* +1|

Or log + +c
| x ]

2
©f (L+x) dx
X (—xj\/xz +=
X X
2
i (1+x72) N

x—l =t= (1 + x?dx = dt
X
J' dt
tVt? +2
t= \/Etane

dt = \/Esecze do

2 sec2 0do

thanex/isece

= iIog|cos ec - cot 9| +C

NG

1
=-—logl——————

V2

- ijcosecde

x*+1
(x° —1)

(D)J- \/1+x +x°
1+x*




Exercise 2

Single Correct Choice Type

1y
Sol 1: (D) Jtan Lx—cot™ I

tan ! x +cot™
T
* tanx + cotix = =

2tan”t x_T

I= j 2 2 dx = %J.tan’lxdx—'[dx

T
2

- %Itanlxjdx—J[[{dtan X]Idx}dx} X+
= 4 ytan x——j(

= ixtan‘:L x—zlog\(1+x2) X+ C
T T

jdx—x+c
1+x

2

Sol 2: (A) j—_4dx = X -4
x* +24x% +16 xz[x2+24+1
X
4 4
2 )
‘f X X = j—zdx
2 16 4 2
X +—2+8 +16 X+— | +(4)
X X
Put x i:t
X

J. dt _ 1 LI
t?(4? 4
4
1 X+ —
I= Ztan‘1 X |+c

2 2 1.
Sol 3: (D) | (x=1) dx = [~ Lo2x+2 o
xt+2x2 41 (x? +1)?
2_ —
[ o [P e [ 2
2( 1] (x*+1) (1+x°)
X X+=
X
Put x?2 + 1 = t and Put x = tan@
dx = sec’0do
(l_lj 2 9do
== dX+I 2
[ 1} sec’ 0
X+ =
X
Putx+1=u
X
= d;]+ 1 +2_[cos 0do
u x> +1
- - 11 + 21 +§j(c0526+1)d9
(”J (2 +1)
X
= (- X)+ sin20+0+c
X2 +1
- (1_X)+£2XX +tantx+c
1+x° 21+%°
:(1_X)+ X _ itanlx+c= rtantx+c
1+x° 1+x 1+x

Sol 4: (A) [— S SEL B

XX +x2 + 4

J‘ X4 -4 dx

/ 4
XXX X2 +1+ —
X2
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X X

%j%z%.ZﬁJm = {x2+1+xi2 +C

e

=~ 7 +cC
X

Put x2 + iz +1=t = (2x—%jdx=dt

Sol 5: (A) j[dex

tanx —secx+1

_ Jsecx+tanx—(sec2 x —tan’ x)
(tanx —secx +1)

dx

a J~(secx+tanx)[1—secx+tanx]
[tanx —secx +1]

dx

= J(secx+tanx)dx

= log|secx + tanx| + logsecx + ¢

S=1+2x+ 3%+ 4 + .

S, =X+ 2+ 3¢ +

SA=-X)=1+X+xX+X+ oo

s(l - x)—i.'.s: L
1-x (1-x)°

B RN
(1-x)? -1x-1

+c=(1-xt+c

2
Sol 6: (€) [e* > ;
(x+3) (x+3)

< X=3 6
= Je —+ dx
(X+3 (x+3>2J

= jex (f)+'00)dx = ef(x) +

- e X3 .
(x+3)

Sol 7: (B) I = | _1-cosx 4,
COSOo —COSX

2
_3)dx _ jex (x —9+6)dx

Let 3=t.-.I=j—
o
COS—
2

= 2cos™}(t) + ¢ = 2cos™

4
Sol 8: (B) 1= [ -1

_ J~4x4+x—(x4+x+1)
(x* +x+1)

x* +x+1)2

1-t°

dx

_ I x(4x*-1) 1
(x4+x+1)2 (x4+x

Let ——I
'[x +x+1 !

dx
+1)

4%3 +1

el [ e

x4 +x+1)?

x* +x+1)

4 -1 4 -1
. (X" +x+1) _J-(x +Xx+1)

-1

-1

X
= ——— +c+ [ -1

x* +x+1)

Sol 9: (C) _[egx cos4xdx

Let 3x =t

dx

-1

I

1

1



I= E_"et cosﬂdt
3

= lJ'etcos dt_E et cosﬂ—is nﬂ dt
3 3 3 3

3
+ i et smﬂ dt
9 3

=lj etcosﬁ +ijet sin4t+4co 4t dt
3 3 9 3 3 3

e COS—

25 1 4t 4 , . 4t
—I==e" cos—+—e sin—+c
9 3 3 9 3

I—— 3ﬁ+4smﬂ +C
250 3 3

~3A=4B

Sol 10: (C)

Xp+2q—l + qXp+2q—l _ q(Xq—l + Xp+2q—l) dx

= P+
(xP*9 + 1)

J(p I - gx TP 1
(xP9 1 1)2

It is of the form 2¥— 4

u
.. Where u = xP*9 + 1 and v = —xd
v —x4
sI=—+c = +C
u xPHa 41

Sol 11: (B) Let f(x) = t
~ (X)) = x
~f(t) = x
J‘ffl(x)dx
jtdx = jtf'(t)dt
= tf() - [f(t)dt = tf() - gt
= f1(x) (x = g)(F(x))
1/3

Sol12: (B) | ————— | dx
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1/3

=.[ 1 4/3xisd
)
let 14 =t - tdx—dt
X X
- It41/3 X%dt - t_lf resmgthre
3

Sol 13: (A) [ = [e"sin2xdx
When u = x

I= Iexsin2xdx = Iex(sin2x+2c052x—2c052x)dx
= jex(sin2x+2c052x)—2jex €Os2X

= _[e"(sian +2c0s2x)
—ZJeX (cos2x —2sin2x + 2sin2x)dx
51 = jex (sin2x + 2 cos 2x)dx
—ZIeX(COSZX — 2sin2x)dx
= e*sin2x — 2e*cos2x + ¢
When u = sinx
I= IZeSi”X cosxsinxdx

Put sinx = t ... cosxdx = dt

sI= ZItetdt which is solvable

Previous Years' Questions

3 5
Sol 1: (C) Let 1= jwdx
sin x +sin® x

B J- (cos’x + cos*)-cos xdx
(sinzx +sin*x)

Put sinx = t = cosx dx = dt
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2y
4

J‘[l t

. 1-t?2+1-2t2 +t*
=1 £ +*

t? +t*

dt

—JZ 3t% + t?

Using partlal fraction for,

2_

M=1+A+i(wherey:t2)
y(y+1) y y+1

=A=2B=-6

.y2—3y+2_1 2 6
yly+1)

y y+1

Eqg. (i) reduces to,

jdt = t—%—Gtan‘l(t)+c

. 2 .
=sin Xx— —— — 6 tan7}(sinx) + ¢
sinx

Sol 2: (A) Given,f(x) = forn>2
(L+xMY"
T L
[L+fOO" ™ @+ 2xMM"
and fff(x) = — >~
(1 +3x")n
X
~g(x) = fofo..of (x) = —————
? n times 1 +nx" )1/n
- 2,n-1
LetI:an_zg(x)dX:I& - iJ’M
(1 +nxML/n 22 @ nxmt/n
1 dd 1 +nx")
) 22 @+ nxmm
1L
~I= @L+nx") n+c
n(n-1)
X
Sol 3: (C) Since, I = —dx
(© '[ e re? +1
3x
e
J= | ————dx
J.1 +eX 4™
3x X
~J=1= (e —e) dx

2

1+e” +e

Pute*=u = e*dx = du

2
PP o i Cult VP
1+u?+u?
P )
—j u du =I—udu
1+ 42 1Y
+ [ 1
u u
Putu+ — =t
u
[1—32}1 _dt = [0
u e -1
t-1 1 u—u+1l
= —log|——|+c==lo +C
2 T|t+1l 2 T|uf+u+l
1 e’ —e” +1
= —log
2 Tle®4+e*+1

3

Sol 4: Given, f(x) = J‘(Mde
X

On differentiating w.r.t. x, we get

. 2sinx—sin2x  2sinx( 1-cosx
f'(x) = =
x> X x°
. 2sin? X
Ilmf (x)=lim2 (ﬂ] 2
—0 x—0 X X2

sin? X

=4-1-lim =1

0 2) |
x> 4{"]
2
Sol 5: (i) LetI = N1+sin5dx
) 2

=1= .[\/COSZ£+sin2£+25in£cosidx
4 Ty

=1I= .[ cos£+sin£ dx
4 4

= 4sin£—4cos£+ C
4 4



2
X
(i) LetI = dx
jv1—x
Putl-x=1t"= —dx = 2t dt

2,2
o AR
t

28
= —2j(1 22 4+t%)dt = -2/ t-2- v B 4c
3 5

= _2{\/1_x —%(1—x)3/2 +%(1—x)5/2}

Sol 6: Let I = I(e'°9X+ sinx)cos x dx
= J(x+sinx)cosx dx

~ 1= jxcosx dx+%j(sin2x) dx

COos 2X

= (x-sinx—jl-sinx dx) —

. COs2x
= XSiNX + COSX — +C

(x=1)e¥ d
(x+1)3

Xx+1-2
I= *d
- J{(x+1)3 }e "

Sol 7: Let Izj

o fe

Applying integration by parts,

1 -2
— LaX X, d
{(x +1)2 ¢ je (x +1)3 X}

(x+1) (x+1)

e
-2|e* = +c
I (x+1)>3 (x+1)°
dx dx
Sol 8: Let I= =
J‘XZ(X +1)3/4 I 5 3( 1]3/4
X x| 1+—
W4

Putl+x*=t= —isdxzdt
X

—_ . +
B4 4 1/4

1/4
'.I=—1J‘ dt 1 t
4
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1/4 4 1/4
= _(14—%) +C= _&4_(:

1-x
1+\/_

Put x = cos?0 = dx =-2sinbcos6d6

1= /1 00 | 26in0cos0)de
1+cos0

—than— sinbcos0 do = —2.[25|n g cos0 do

Sol 9: Let Izj

= —2I(1—cose) cos6do = —ZI(cose—cosze) do

- —zjcose de+j(1+cosze) de

= -2sin0+0+ sin26 +cC

= —24J1-x+costx +4/X(A=x) +cC

sint x—cos‘lx/;d
sintv/x +cos™

sin”? x—(n—sin‘1 x/;j
2
= .[ dx

T

2
= zJ(Zsin‘l X—E]dx
T 2

= iISin_l\/;dX—X+C (i)
T

Sol 10: Let 1= j X

Now,.fsin_lx/; dx
Put x= sin?0 = dx = sin20
= je-sinze do

= 9C0529+J cos26 do

= —9c0526 + lsin29
2 4

- _%6(1—251n2 6)+%sin6 1-sin’0

= —%sin‘lx/;(l—ZxH%x/;\/l—x (i)

From Egs. (i) and (ii), we get
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T

= z[\/x—x2 —(1—2x)sin’1«/;}—x+c
T
\Cos 2X

sinx

Izi{—%(l—Zx)sin‘1 x+%\/x—x2}—x+c

Sol 11: Let 1= j dx

_ J-\/coszxz—sinzx i :Im »

sin‘x

Put cot x = sec® = —cosec?xdx = secOtan0d0

sl= J‘\lsecze—l . sech-tanb do

—(1+sec29)
a2
_ _J~ secO tazn Ode
1+sec 0
sin’ 0

= - |————do
'[cose+cos36

2
_ _,[ 1-cos 62 do
cosO(1 + cos“0)

2 2
B _I(1+cos 0) —2cos Ode

cosO(1+ cosze)

= —Isece de+2]ﬂ do

1+cos’0

= —log|secO+tan0 | +2Jﬂd9

2-sin’0

> where sin@ =t

1 |\/§+sin9|

=-log|secO+tan0|+2- I

2z 2 —sine|
cotx + Vcot? x —1‘

1 \/§+wl1—tan2x
+ —logl—————+cC
PR N

:—Iog|sec9+tan9|+j dt
2—

=-log

1 —tan’x

6
Sol 12: LetI:j[ 1 +In(1+\/;)de

A1=1 41,
1 In(1+9/;)
where Il = j(m]dx B IZ = jm

dx

Now, I, =

j[—l ]dx
Put x = t? = dx = 12t''dt

11 8
1 :12jt—dt= 12jﬂ
! 13 t+1

=12j(t7—t6 -ttt +t—1)dt+12j£
t+1

8 47 46 5 44 3 .2
:12t (AR S A A A ¢
8 7 6 5 4 3 2

———+———+———+——1J+12Iog (t+1)

In 1+ ¥x)
And 12 = J’{W}dx

Put x = u® = dx = 6u° du

12 = IMGUS du = J'M . 6u5 du

u +ud u2(1+u)

w-1+1
u-+

log(1l + u)du= 6[[ Jlog(l + u)du

6-[ (u+1)

GI[UZ —u+l—u—J1r1J log(1 + u)du

log(l+ u)
6l -u+1 _ef 22T
I(u uH+ )log (1‘||' u)du 6_[ wiD du

6 e oou?
=03 75 "Ullog( + u)

203 —3u? +6u 1
[ 72 "M qu—6= 2
1 u > [log(1 + u)]

= (2u3-3u? + 6u) log (1 + u)

—J.(Zuz —5u+£}du—3 [log(1 + u)J?
u+l

= (2u?-3u? + 6u) log (1 + u)

208 5,
=- T_Eu +11lu-11log(u+1) |-3 [log(l + u)]?

= %Xz/s _%sz +oxl/2 _BXS/M £33 _gytlh

- 6xY6 - 12x*? + 12 log (x**2+1)
+ (2X1/2 — 3x¥3 + 6X1/61111/1) IOg(1+ X1/6)

_[gx”z —gxmllxl/6 —11llog (1+x1/6)



-3 log 1 + x9)]> + ¢

3,23 12 912 A ap 12 5pp
2 7 3 5
+%X1/3 _ Ayl _ 7516 _ 19y 1/12

+(22 =3x13 —6x"® +11)log(1 + xM®)

+ 12log(1 + x*?) — 3[log(1 + x¥9)]% + ¢

Sol 13: X3 +3x 42 :x3+2x+x+2
T +1DA(x+1) (X +DA(x+1)
x(x +1)+2(x+1) X 2
o +1°%(x+1) (¥ +1)(x+1) (x2 +1)°
. Ax+B C
Again, = +
* +1)(x+1) (¥ +1) (x+1)

=Xx=Ax+B)(x+1)+C(x*+1)
Putting x = -1,we get-1 =2C = C=-1/2
Equation coefficient of x?, we get
0=A+C=> A=-C=1/2

Putting x = O,we obtain

0=B+C=B=-C=1/2

X 43x+2 x4l 1 2
o +1)°(x+1) 2(x*+1) 2x+1) (x*+1)
3

'.Izj X* +3x+2

x* +1)%(x +1)

x+1

- 2

j><+1 2 x2+1 I(><2+1)2

—1= —%Iog [x+1| + %Iog [x2+1] + %tan‘lx + 21 ...(1)

dx
where Il = jm

Putx = tan® = dx = se29d@

L J- sec’ 0do

) 1
= |cos*0d0 ==|(1+ cos20)do
(tan® 0 + 1) j 2'[

tano
T+ tan? 0)

1 9+£sin26 =le+1~
2 2 2 2

1 -1 1 X
—tan " x+—- 2
2 2 (1+x3)
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. From Eq. (i)

1 1 3
I=-=log [x+1] + =log |[x*+1| + =tanx + +C
5 g [x+1 2 g [x* +1f >

x“+1

Sol 14: Let 1= .[sin‘l [ X +2 J dx

V4x? +8x+13

2X+2 }dx

ISIn [\/(2x+2) +9

Put 2x + 2 = 3 tan® = 2dx = 3sec?0do

3tan0 J 3

.'.I:jsin‘l(— -2sec’0do
\V9tan’0+9
= J'sin'l 3tan6 éseczede

3secO) 2

= J'sin‘:L _sinb -Eseczede
cosO-secd) 2

3¢. 1, . 2

= EJ'sm (sin0)-sec”0 do
3 5 3

- —je-sec 0do =—[e-tane—j1-tane do]
2 2

= g[etanﬁ—log secO]+c

3| g (2x+2) (2x+2 2x+2Y
==|tan . —log,|1+ +G
2 3 3 3
2
:(x+1)tan1(2X;2J_§Iog{l+[zx3+2] ]+c1

=(x+1)tan! (%) —Elog(4x2 +8x+13)+c

N

4

(Iet%log?: +¢ = c]

Sol 15: For any natural number m, the given integral
can be written as,
I= j(x3m +x2m

+XM)2x3™ 4 3x2™ + 6x™Y™ dx

=1= J'(Zx3m +3x°M 4 x™)L/M(x3ML 4 x2mL 4 ™1y dy

Put 2x3™ + 3x?™ + 6x™ =t
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= (6mx™ + 6mx?™ ! + 6mx™)dx = dt . [ 1 tzJ
i EA I
;,I:J'tl/mizi.tm— 1 {
6m 6m (1 -
[+1j (secx+tanx)11/2
m
1 (m+1)

= S@23M 3™+ 6xM) ™ 4 ¢

6(m+1)
Sol 16: (C)

dx =
el J.z4+z+1

dz where z=¢"

e +e +1
sec’ x
Sol 17: (€) 1= [—————~dx
(secx +tanx)A

Let secx+tanx =t
=secx—tanx=1/t

secx(secx+tanx)dx =dt S

secxdx:ﬂ,l t+l = secx
t 2 t

3

t+-

Izlj( 9t at =1j(t%+t%}it
2° % ot 2

_t*%ﬂ t*1%+1

_2+1_E2+1
L 2

/2 N (7

1
11

1
+_
7

(secx+tanx)z}+k.



