1. TRIGONOMETRIC
RATIOS, IDENTITIES
AND EQUATIONS

1. INTRODUCTION

The equations involving trigonometric functions of unknown angles are known as Trigonometric equations e.g.
cos0 =0,cos’ 6 —4cos0 =1,sin* 0 +5sin0 =2cos’ 0 —4sinb=1.

2. TRIGONOMETRIC FUNCTIONS (CIRCULAR FUNCTIONS)

Function Domain Range

sin A R [-1,1]

cos A R [-1,1]

tan A R-[(2n+1)n/2nel] R = (o0, )
cosec A R-[nmnel] (=0, -1]u[1,%0)
sec A R-{(2n+1)n/2nel) (moo-1]u[1,0)
cot A R— [nn,n e IJ (—00,00)

We find, |sinA| < 1,|cosA| <1l,secA>1orsecA<-1 and cosecA>1lorcosecA<-1

2.1 Some Basic Formulae of Trigonometric Functions Y
£ 2 2
(@ sin®A+cos®A=1. Il quadrant | Iquadrant
(b) sec2 A— tan2 A=1 only sin 6} are + ve | All t-ratios are + ve

cosec 0
() cosec?A—cot’A=1

X < > X
(d) sinAcosecA =tanAcotA =cosAsecA=1 Il quadrant | IV quadrant
. . . only tan 6 only cos 6
A system of rectangular coordinate axes divide a plane into four cot e} arexve sec e} arerve
quadrants. An angle 6 lies in one and only one of these quadrants.
The signs of the trigonometric ratios in the four quadrants are shown in v

Fig 7.1. Figure 7.1
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A crude way to remember the sign is "Add Sugar to Coffee”. This implies the 1< letter of each word gives

you the trigonometric functions with a +ve sign.

Eg. Add-1t word = 1t quadrant 1% letter=A = All are positive to-3 word = 3“quadrant 1% letter-t

= tan 0 (cot 0) are positive.

Ravi Vooda (JEE 2009, AIR 71)

Sine, cosine and tangent of some angles less than 90°:

Trigonometric | 0° 15° 18° 30° 36°
ratios
- ° V6 -2 V5-1 1 J10-245
2 2 2 —a
o8 1 V6 ++2 J10+ 245 V3 J5+1
4 4 2 4
tan 0
2-3 V25-1045 1 5-245
5 V3
37° 45° 53¢ 60° 90°
. 1 1
sin ~3/5 — ~4/5 3
5 &
2
cos ~4/5 1 ~3/5 1 0
V2 2
tan ~3/4 1 ~4/3 \/5 Not defined

lllustration 1: Prove the following identities:

1
tan’ AJ - sin® A —sin* A

(i) (1 +tan? A) + (l +

1+tan’0 3 (1—tan9j2

(ii) =
1+cot’® \l-coto

Sol: (i) Simply by using Pythagorean and product identities, we can solve these problems.

(i) LH.S. = (1 + tan? A) + (1+ Jz sec’ A + (1 + cot? A)

tan” A
1 1 sin®A+cos’A

=sec? A + cosec’ A = St = > >
cos“A sin“A  sin“A.cos® A

[ sin 0+ cos? 0 = 1}

(JEE MAIN)



) 1 1
sin’ A(l —sin’ A) sin A—sin* A

= R.H.S.[': cos’ 0 =1—sin? 9}

Hence proved.

l+tan’0  sec’®  sin’O
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(i) LH.S. = — = —=———~=tan’0 . (0)
l+cot“® cosec® cos“6
2 2
1 21 1 i
Now, RHS. = [1=tan0) _ji-tand | 1-tanb ) 1 1-tan® . ol _tan?e . (i)
1-cot 1 tan0-1 ~(1-tano)
tan0 tano6
From (i) and (ii), clearly, LH.S. = RH.S. Proved.
lllustration 2: Prove the following identities: (JEE MAIN)
-2 2
(i) sin” A + 298 A_ L —2=sec? Acosec’A-2
cos’ A sin’A  sin? Acos® A
(iiy sec* A (1—sin*A) -2 tan’ A = 1
Sol: Use algebra and appropriate identities to solve these problems.
.2 2 .4 4 sin® A 2+ cos® A 2+25in2Ac052A—Zsin2Acos2A
(i sin“A cosA sin"A+cos” A :
cos’ A sin’A sin Acos® A sin Acos® A
2
(sin2A+cos2 A) —2sin’ Acos® A 1—2sin2 Acos A
B sin® Acos® A ~ sinAcos? A
1 2sin’ Acos® A
= - sw; COSZ =sec? Acosec? A-2 =RHS. Proved.
sin“Acos“ A sin“ Acos” A
.4
.. . A
(i) LHS. = sect A (1 —sin* A)— 2 tan? A =sec* A—20  _otan? A = sec* A—tan® A—2tan? A
cos” A
2
= (1+tan2 A) —tan*A-2tan’A=1+2tan?A + tan* A—tan* A-2tan? A = 1 = RH.S. Proved.
lllustration 3: Prove the following identities:
L1 o [L+si
(i) ([ 22% _coseca+cotar (i) | ® = seca +tana (JEE MAIN)
1-cosa 1-sina
Sol: By rationalizing L.H.S. we will get required result.
2
() LHS. = \/1+cosoc _\/1+cosaxl+cosoc (1 +cosa)
S 1-cosa Vl-cosa 1+cosa 1—cos? o
(1+C050€)2 l+cosoa 1  cosa
= = = + = coseca + cota =RHS. Proved.

sin o sina sina sina

i LHS. = [L+sina (1+sina)(1+sina) _\/(1+sinoc)2 _\/(1+sinoc)2
WEAS = 1 sina = (1-sina)(1+sina) \ 1-sifa | cos’a
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1+sina 1 sino
= = + =seco +tana =RHS. Proved.
coso coso.  cosa

lllustration 4: In each of the following identities, show that:

cot A +tanB sin® A —sin’B

(i) ————=" = cotA.tanB (i) tan’ A —tan’B = (JEE ADVANCED)
cotB+tanA cos’ Acos’B
Sol: Apply tangent and cotangent identity.
cosA+sinB cosAcosB +sinAsinB
() LH.S. = cotA+tanB _ sinA  cosB _ sinAcosB
"7 cotB+tanA cosB  sinA  cosAcosB+sinAsinB
sinB  cosA sinBcosA
= s!nBcosA: C?SA sinB =cotAtanB =RHS. Proved.
sinAcosB sinA J{ cosB
2 ) .2 2n 2 A ein?
(i) LH.S. = tan? A — tan?B — S|n2A B ssz _sin Acos 2B coz Asin“B
cos“A cos°B cos”“ Acos“B
.2 ) .2 )
_sin A(l—sm B)—(l—sm A)sm B_sin2A—sin2AsinzB—sinZB+sin2AsinZB_ sinzA—sinzB_RHS Proved
cos® Acos’B cos® Acos’B cos?Acos’B )
1 1 1 1

lllustration 5: Prove the following identities: (JEE ADVANCED)

cosecO—cot0 sin® sin® cosecO+cotd

1 2
+ =
cosecO—cotd cosecO+cotO sinO

Sol: By rearranging terms we will get , and then using Pythagorean identity

we can solve this problem.
1 1 1 1
cosecO—cotO sin® sin® cosecO+cotH

1 N 1 1 N 1 N 1 . 1 2
cosecO—cotd cosecO+cotO sinO sin® cosecO—cotd cosecO+cotd sind

We have,

1 N 1 _ cosecO+cot0+cosecd—-coto

Now, L.H.S. = =
cosecd—cot® cosecd+cotd (cosece—cote)(cosec6+cot6)

2cosecH [
(cos ec?0 — cot? 9)

-+ cosec’0—cot? 0 = 1}

_ 2cosec _ .2 _RHS.  Cosech .1 Proved.
1 sin® sind
Alternative Method
cosec O —cot 6
RH.S = .1 - 1 = cosec 9—( )
sin® cosec 6+cot O cosec? 9—cot? 0

= cosec O — cosec 0+ cot O

= cot©O Proved.



Mathematics | 7.5

lllustration 6: Prove that:

. (1+cotA+tanA)(sinA—cosA) 5 5
() 3 3 =sin® A.cos” A
sec” A—cosec’A

sinA . cosA 3
secA+tanA—-1 cosecA+cotA-1

(i) (JEE ADVANCED)

Sol: Using algebra and appropriate identities, we can prove this.

(1 +COtA+ tanA)(sinA - cosA)

(i) LHS. = 3 3
sec” A—cosec’A

(1+ CosA  sinA J(sinA—cosA)

_ sinA  cosA [ 2 _b? :(a—b)(a2 +ab+b2)}
(secA - cosecA)(sec2 A +secA cosecA + coseczA)

(sinAcosA +cos® A +sin’ A)(sinA - cosA)

(sinAcosA+1)[ sinA CosA j

- sinAcosA B sinAcosA  sinAcosA

1 1 1) N 2
(secA—cosecA)( s oAt ] (secA - cosecA) sin A +sinAcosA +cos® A
cos” A COSAsSIN sin® A sin2 Acos? A

= EsmicosA i 1,2\<)161CA _ CAOSGCQ; xsin Acos® A [ sin” 0 +cos’ 0 = l} =sin? Acos® A =RHS. Proved.
secA—cosecA)(1+sinAcos

SinA cosA
secA+tanA-1 cosec A+cotA-1

(i) LH.S. =

sinAcosecA +sinAcotA —sinA +cosAsecA +cosAtanA —cosA
(secA+tanA—1)(cosecA+cotA—l)

1+cosA—-sinA+1+sinA—cosA
( 1 +sinA _1]( 1 +cosA_1j [1+sinA—cosAj(1+C05A—5inA)

cosA cosA sinA  sinA cosA sinA

2sinAcosA 2sinAcosA

[l + (sinA - cosA)][l - (sinA - cosA)J 1— (sinA - COSA)z

_ 2sinAcosA [ (a+b)(a—b)=a2—b2]
1—(sin2 A+ cos’ A—25inAcosA)

- 25|nAcosA - 25|nAcosA [ sin0+cos’0 = 1} = —25!nAcosA —1=RHS. Proved.
1—(1—25|nAcosA) 1-1+2sinAcosA 2sinAcosA

lllustration 7: Prove that:

.2 2

( ! + ! jsinz 0.cos? 0 = L= SN 0.cos” 6 (JEE ADVANCED)

sec’0—cos’0 cosec’0—sin’ 0 2 +5sin”0.cos’ 0

Sol: Write L.H.S. in terms of cosine and sine functions.
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LHS. = 5 ! >+ 5 1 5 sin® 0.cos’ 0
sec“0—-cos“06 cosec”—0Osec” 0
2 .2
= ! + 1 sinzecoszﬁz{ cos(z + sm.g }sinzecosze
—cos20 _sin20 l1-cos"® 1-sin"6
| cos“ 0 sin“ 0
cos’ 0 sin’ 0

; a2 2 (4
_(1+C0529)(1—c0526)+(1—sin26)(1+sin29) sin20cos2 0 [ a’—b (a b)(a+b)}
= _ c0s"0 + Sif 0 sin’ 6cos’ 0
(1 +cos® e)sin2 0 cos? 9(1 +sin? 9)

cos? 0 sin® 0 :cos4 9(1 +sin? e) +sin? G(l +cos® 6):

) 1+cos20 1+sin20 (1+cos2 9)(1+sin2 6)

. 4 4 ) 2 2 )
B cos* 0+ sin2 0cos? 0+ sin? 0 + sin? eCosze_sm 0+ cos” 0 +sin“ 6cos e(cos 0+ sin 6)

(1+cos2 6)(1+sin2 6) - (1+cos;2 6)(1+sin2 6)

(sin2 9)2 + (cos2 6)2 +2sin? 0cos? 6 —sin® 0.cos® O

(1 +cos® 9)(1 +sin? 9)

.2 2 . 2 2
(sm 0+ cos 6)—sm 0cos 6 ~ 1—sin20cos2 0 _1—sin26c0529

=RHS. Proved.

1+sin’0+cos’0+sin0cos’0 1+1+sin°0cos’0®  2+sin’cos’ O

3. TRANSFORMATIONS

3.1 Compound, Multiple and Sub-Multiple Angles

Circular functions of the algebraic sum of two angles can be expressed as circular functions of separate angles.

sin (A = B) = sin A cos B + cos A sin B; cos (A +B)=cosAcosB F sinAsinB

cotAcotBF1l

+
tan(AiB) _ tanA ttanB
cotB+cotA

= cot(AiB):
1xtanA.tanB

Circular functions of multiples of an angle can be expressed as circular functions of the angle.

sin2A = 2sinAcosA = m
1+tan’ A
2
. - A .
cosZA:coszA—smzAz—1 tan2 =2cos’A-1=1-2sin?A
l+tan“A
tan2A:2ta—n'2A ; sin3A = 3sinA—4sin’> A
1-tan“ A

3tanA—tan> A

cos3A = 4cos> A—3cosA ; tan3A = >
1-3tan“ A
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Circular functions of half of an angle can be expressed as circular functions of the complete angle.
A 1-cosA A 1+cosA A 1-cosA 1-cosA sinA
sm—:J—;cos—:,/—; tan—:4/ = =
2 2 2 2 2 1+cosA sinA 1+cosA

3.2 Complementary and Supplementary Angles

sin(-0) = —sin® cos(gwj:_sme
cos(-0) = cos0 tan(§+ ej — —cot@
tan(-6) = —tan® sin(n—0) =sin®
sin §—6j=cose cos(n—0) = —cos0
cos g—e}sine tan(n - 0) = ~tan@
tan g—6j=cot6 sin(x +0) = —sin®
sin g+eJ=cose cos(n+6) = —cos6

tan(n+9) =tano

3.3 Product to Sum and Sum to Product

sinC +sinD :2$inC+D.cosC;D; sinC —sinD =2cosC+D.sinC;D
cosC+cosD = 2cos¥.cos%; cosC—cosD = 25in¥.sin%

. C+X-D c-"4D
Note: sinC+cosD:sinC+sin(E—D]:25in é .Cos 3

sinC  sinD _ sin(C+D)

tanC +tanD = = ;
cosC cosD cosC.cosD

sinA.cosB=%{sin(A+B)+sin(A—B)}
sinA.sinB =%{cos(A—B)—cos(A+B)} ; cosA.cosB =%{cos(A—B)+cos(A+B)}
sin(A + B).sin(A —B) =sin’ A—sin’B ; cos(A +B).cos(A —B) =cos’ A—sin’B

3.4 Power Reduction

sin® A Ii(l—COSZA) cos’ A :l(1+c052A)
2 2

1-cos2A Gimd A 3sinA—sin3A oS A = 3cosA+cos3A

tan’ A = ;
1+ cos2A 4 4
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sin2" A

2"sinA
1 if A =2nx
-1 if A=2n+1)n

e COSA.cos2A.cos2’.Acos23A.....cos2" 1A = if A #nn

. sin(A1 +A, ot An) = COSA, COSA,...COSA_ (Sl -S;+S, =S, + )

J cos(A:l 1F A HF e FF An) = COSA, COsA,...cosA_ (1 =85, 48, = 56....)

S; =53 +5; -5, +...
1-S,+S, -S; +...

o tan(A1 +A, +....+An) =

Where,

S,=tan A, +tan A, + ... + tanA = The sum of the tangents of the separate angles.

S,=tan A tan A, + tan A, tan A, + ... = The sum of the tangents taken two at a time.
S,=tan A tan A, tan A, + tan A, tan A, tan A, + ..... = Sum of tangents three at a time, and so on.
IfA =A =..=A =AthenS =ntanA S, ="C tan?A. S, = "C, tan* A, .....

Vaibhav Gupta (JEE 2009, AIR 54)

4. TRIGONOMETRIC IDENTITY

A trigonometric equation is said to be an identity if it is true for all values of the angle or angles involved. A given
identity may be established by (i) Reducing either side to the other one, or (ii) Reducing each side to the same
expression, or (iii) Any convenient, modification of the methods given in (i) and (ii).

4.1 Conditional Identity

When the angles, A, B and C satisfy a given relation, we can establish many interesting identities connecting the
trigonometric functions of these angles. To prove these identities, we require the properties of complementary and
supplementary angles. For example, if A + B + C = =, then

1. sin(B+C) =sinA,cosB = —cos(C+A) 2. cos(A+B) =—-cosC,sinC = sin(A+B)
3. tan(C+A) = —tanB,cotA = —cot(B+C) 4. cosAJrB = sing,cos% = sinA;rB
5. sin = Cos—,sin :cosBjLC 6. tanBJrC :co’fé,tanE:cothrA
2 2 2 2 2
Some Important Identities: If A+B+C=n, then
1. tanA +tanB +tanC = tanA tanB tanC 2. cotBcotC+cotCcotA +cotAcotB=1
B C C A A B A B C A B C

3. tan—tan—+tan—tan— + tan—tan—=1 4. cot—+ cot—+ cot— = cot—cot—cot—
2 2 2 2 2 2 2 2
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5. sin2A +sin2B +sin2C = 4sinA sinB sinC 6. c0S2A +cos2B +cos2C =-1—-4cosAcosBcosC

2 2 2 . . . A B C
7. cos“ A+cos“B+cos“C=1-2cosAcosBcosC 8. smA+smB+smC=4c053cos§c055

9. cosA+cosB+cosC=1+ 4sin%sin%sin%

lllustration 8: Show that:
"o . 1
1) sin(40°+0)cos(10°+0)—cos(40°+0)sin(10°+0) ==
(i) sin(40°-+0)cos(10°+6) - cos(40°-+6)sin(10°+0) =
Y T . Y . T .
ii) cos| ——0|cos| ——¢ |—sin| ——0O |sin| —— ¢ | =sIin(O + JEE MAIN
0 co{ -0 - - 30 on{ 3-4) =m0 oz A
Sol: Use sum and difference formulae of sine and cosine functions.
() LHS. = sm(40°+6)cos 10°+9) cos(40°+9)sm(10°+9)

= sin{(40°+6 10°+6 }

[~

s ol oo
[
e

sm A B =sinAcosB - cosAsmB] = sin30°:%:R.H.S. Proved.

=cos{(——9] (——4)}} cos A+B =cosAcosB - smAsmB] cos{g—(9+¢)}

= sin(6+¢) =RHS. - sind Proved

Nl:l

Illustration 9: Find the value of tan (o +B), given that cota —% ae {n 32 ]and secp = —g Be (g nj

(JEE MAIN)

tana + tanf

Sol: As we know, tan(a + B) = m
—tano.tan

, therefore by using product and Pythagorean identities we can obtain

the values of tana and tanf.

. 1
Given, cota :5 = tano =2

Also, secP = —g. Then tanp =/sec?p—1 = iJ%—l = ig

But Be|—,m| = tanp= 4 [ tanpis —ve in I quadrant |
2 3
N 4 .
Substituting tana. =2 and tanB:—§ in (1), we get tan(a+B =

Illustration 10: Prove that: tan3Atan2AtanA =tan3A —tan2A —tanA (JEE MAIN)

tana +tanf
1-tanatanf

Sol: Here we can write tan3A as tan(2A+A), and then by using tan(a+[3): we can solve this

problem.
tan2A +tanA

We have: 3A =2A + A = tan3A = tan(2A+A) —tan3A=—"""°<""
1-tan2AtanA
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= tan3A(1—tan2AtanA) =tan2A +tanA = tan3A —tan3Atan2AtanA =tan2A +tanA

= tan3A —tan2A —tanA = tan3Atan2AtanA

lllustration 11: Prove that: \/2 +4v2++2+2c0s80 =2cosO

Sol: Use 1+cos260 =2cos’ 0, to solve this problem.

LHS. = \/2+\/2+\/2+2cos86 =\/2+\/2+4/2(1+c0589)
= \/2+\/2+\/2(2c052 40)
= \/2+\/2+2cos49 =\/2+J2(1+cos49) = \/2+ 2(2cos2 26) =+/2+2c0s20

140520 = 2cos’ 0
[ J

= 2+ cos20) =v2.2cos20 = \/4cos? o = 2cos0 = RHS.

llustration 12: If tan A = —'_and tan B = ; prove that A—B = kil
-1 2m-1 4
. . A —tanB .
Sol: Simply using tan (A - B) = M, we can prove above equation.
1+tanA.tanB
We have, tan A = and tan B = o
m-1 2m-1
tanA —tanB

Now, tan (A-B) = ——M———
1+tanA.tanB

Substituting the values of tan A and tan B in (i), we get

m 1
m-1 2m-1  _ 2m’-m-m+1 (m-1)2m-1) _

) ey e

tan (A-B) =

:tan(A—B)ztan% { tangzl} :>A—B:%

. nsin
lllustration 13: If tanp :sa—cozsoc; prove that tan(o.—B) = (1-n)tana
1-nsin“a
tana —tanp N
Sol: Same as above problem tan(a —B) =————— therefore by substituting
1+tanatanf
nsina.coso . .
tanf = ——, —,Wecan prove given equation.
1-nsin“a
tana —tanf
LHS. = tanfo-B)=——"—
( B) 1+tanatanp
sina. _ nsina.cosa
oL nsina.coso . . —nsin?
Substituting tanp = 2 *9% i iy we get LH.S. = —€9%% 1-nsin“a .. {500 =
1-nsin? o 1, Sina nsinacosa

cosa 1-nsin’ o

Proved.

(JEE MAIN)

Proved.

(JEE ADVANCED)

Proved.

(JEE ADVANCED)

N0

sina
cosa.
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3 2

. .2 . 2 .
smcx(l—nsm oc)—nsmozcos a o —nsino.cos a.

sino. —nsin

cosa(l—nsin2 (x)+nsin2 0L.COS L COs o —Nsin’ o.cosa. + Nsin® o.cosa.

. . -2 2
sma—nsma(sm o+ COS OL) B sino.—nsino

cosa cosa
1-n)sina
[ sin® o+ cos® o = 1} = L = (1 —n)tana =RHS. Proved.
cosa
lllustration 14: If 0+ = a and sind = ksing, prove that tand = —<>"% _ tans——S"% _ (JEE ADVANCED)
1+kcosa k +cosa

Sol: Here ¢ =a—6 , substitute this in sin® =ksing and then use compound angle formula to obtain required
result.

We have, 0+¢p=0a = ¢=a-06 0
and sinB =ksind .. (i)
= sind = ksin(oc - 9) [Using (i)] = k[sinacose—cosasine]

= sin® =ksina.cos® —kcosasin® ... (iii)
Dividing both sides of (iii) by cos6, we get tanf =ksino —kcoso.tan0

ksina

= tan0+kcosa.tan0 =ksina = tan6(1+kcosa) =ksina =>tanb=—— Proved.
l+kcosa

Again,  sind=ksin¢ = sin(o - ¢) =ksing [0+¢=a=0=0-¢]

= sinacosd —cosasing =ksing o (iv)
Dividing both side of (iv) by cos¢, we get

= sina—cosatang =ktan¢ = (k+cosa)tang =sino = tan¢ = _sno Proved.

k +cosa
. ) o+p B+y Y+
lllustration 15: Prove that: cosa+cos[3+c05y+cos(cx+[3+y) =4cos > cos 5 cos (JEE ADVANCED)

Sol: Use cosa +cosf = 2COS[OL;-B]COS£OL;BJ, to solve this problem.

LH.S = cosa +cosB+cosy+cos(o+B+7) = (cosa+cosB)+[c05y+cos(a+B+y)]

= ZCOS[QT—‘FBJCOS[QT_B]J'—ZCOS(WJ.COS(Q+B;y_yj
[ Jcos(a—_ﬁj+2cos(a+B+2y)cos(a+l3j

2 2 2
= 2COS[Q+BJ{COS[Q__BJ+(:0$(MJ}
2 2 2

oc—[3+oc+[3+2y at+B+2y a-B

2cos 2 2 cos 2 2

2 2
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= ZCOS(Q—WHZCOS[&—HJCOS[B”]} = 4C05[a+BJCOS[B+YJCOSEV+GJ = R.H.S. Proved.
2 2 2 2 2 2

lllustration 16: If xcosO = ycos(e +2?nj = ZCOS(9+?J, then show that xy + yz + zx = 0. (JEE ADVANCED)

Sol: Consider xcos6 = ycos(6+2—nj = zcos£6+ﬂ] =k, obtain the value of x , y and z in terms of k, and solve
L.H.S. of given equation. 3 3

Let xcos@=ycos[9+2§j=zcos[6+%)=k .. (i)
cos 6)+2j cos 6+ﬁ
1 cosO 1 3)1 3
- — = ,— = ,— =
X k 'y k z k
Now, LH.S. = xy + yz + zx = ﬂ+ﬂ+ﬂ:xyz[l+l+lj
Z X y Z Xy

Y T

cos(6+3] 0 cos(6+3] 4 )

Xyz +COS + [Using (i)] 0z cos 9+—7T +COos 6+—Tt +cos0
k k k k 3 3

Xz 2COSMCOS£+COSO -0z 2cos(n+6)cos£+cose = 921 5cos6l L |4 coso
k 3 k 3 k 2

2
=)qk/—z[—cose+cos(9] =%[0] =0 =xy+zy+zx=0 Proved.
sin(Z“G)
lllustration 17: Prove that: cos0cos20cos40.....cos2"tg=— 2 (JEE ADVANCED)
2" (sino)

Sol: Multiply and divide L.H.S. by 2sin®and apply sin(29) =2sinBcosH.
Here, we observe that each angle in L.H.S. is double of the preceding angle.
LH.S. = cosfcos20cos40.....cos2" 1o
= l (25in9.cose)c0529.cos49 ..... c0s2"1p =1 (25in26.c0526)(cos46 ...... cos2"t 6)

2sin6 2?sin6
= (25in46.c0546)| cos80c05160.....c0s2" 10 | [~ sin 2n0 =2 sinnd cos no]

2%sing

1 sin(2"0)

= (2 sin89.cos89)[c05169 ...... cos2™! OJ = —[2 sin2" 0 cos2" ! 9] =———~=RHS. Proved.

2%sin6 2"sin0 2"sin0
llustration 18: If cos0 = 2% 0 1o that tan2 = 272 tan? (JEE ADVANCED)

+bcosod 2 atb 2
l—tanZQ 1—tan2$ acosd+b
Sol: Substitute cos6=——2 and cos¢ = 2 given equation i.e.cos6 = i bcost
1+tan’ = 1+tan’ > a+bcos¢

2
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1—tan29

. ? 742) +b
1-tan® = 1+tan’ >

Now,  cosp=2S05¢+b 2 _ [Using ()]

a+bcos¢ 50 5

1+tan®— 1—tan®2

2 a4p 2

1+tan2$

2

1-tan?? a[l—tanzﬂ+b[l+tan2ﬂ a—atan’ ® +b+btan?
= 2 = = 2 2
1+tan 2 a[l+tan2(|2)}+b{l—tan2ﬂ a+atan2§+b—btanzg

2

Applying componendo and dividendo, we get

2tan29 2atan?| ¥ |- 2btan?| ¢ (a—b)tanzg
2 2 2 -b
= = = tan—=,[——tan— Proved
2 2a+2b a+b 2 a+b 2

5. SOLUTION OF TRIGONOMETRIC EQUATION

A solution of a trigonometric equation is the value of the unknown angle that satisfies the equation.

Eg.: if sine:i =0= Eg—ng—nlﬂ ......
NG 4'4"'4" 4

Thus, the trigonometric equation may have infinite number of solutions (because of their periodic nature). These
solutions can be classified as:

(i) Principal solution (i) General solution

5.1 Principal Solution

The solutions of a trigonometric equation which lie in the interval [—n, n) are called principal solutions.

Methods for Finding Principal Value

Suppose we have to find the principal value of 6 satisfying the equation sin6 = —%. Since sin® is negative, 0

will be in 3" or 4" quadrant. We can approach the 3™ and the 4" quadrant from two directions. Following the
anticlockwise direction, the numerical value of the angle will be greater thann. The clockwise approach would
result in the angles being numerically less than =. To find the principal value, we have to take the angle which is
numerically smallest.

Figure 7.2
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For Principal Value

(a) Ifthe angle is in the 1%t or 2" quadrant, we must select the anticlockwise direction and if the angles are in the
3 or 4t quadrant, we must select the clockwise direction.

(b) Principal value is never numerically greater than .

(c) Principal value always lies in the first circle (i.e. in first rotation)

o . T S5n v . T .
On the above criteria, 6 will be —gor r Among these two a3 has the least numerical value. Hence o is the
principal value of 0 satisfying the equation sin6 = —%

From the above discussion, the method for finding principal value can be summed up as follows:
(a) First identify the quadrants in which the angle lies.

(b) Select the anticlockwise direction for the 15t and 2" quadrants and select clockwise direction for the 3 and
4t quadrants.

(c) Find the angle in the first rotation.
(d) Select the numerically least value among these two values. The angle thus found will be the principal value.

(e) Incase, two angles, one with a positive sign and the other with a negative sign have the same numerical value,
then it is the convention to select the angle with the positive sign as the principal value.

5.2 General Solution
The expression which gives all solutions of a trigonometric equation is called a General Solution.

General Solution of Trigonometric Equations

In this section we shall obtain the general solutions of
trigonometric equations

sin@ =0,cos0 =0,tan® =0and coto = 0. /\ /_\

General Solution of sinf=0 o _3I,[/2 -n\\_nl/z/o 75/2 “\\3:,:/2/2“
By Graphical approach:

The graph clearly shows that sin6 =0 at
0=0,m 27, ....., = TT,—2T..... Figure 7.3

+1

So the general solution of sin6=0is 6=nn:nel wheren =0, £ 1, £+ 2 ..cccceoverncnns

Note: Trigonometric functions are periodic functions. Therefore, solutions of trigonometric equations can be
generalized with the help of periodicity of trigonometric functions.

MASTERJEE CONCEPTS

A trigonometric identity is satisfied by any value of an unknown angle while a trigonometric equation is
satisfied by certain values of the unknown.

Vaibhav Krishnan (JEE 2009, AIR 22)

Method for Finding Principal Value
(a) First note the quadrants in which the angle lies.

(b) For the 1t and 2" quadrants, consider the anticlockwise direction. For the 3 and 4" quadrants, consider the
clockwise direction.



(c) Find the angles in the 1<t rotation.
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(d) Select the numerically least value among these two values. The angle found will be the principal value.

lllustration 19: Principal value of tan6=-11is

Sol: Solve it by using above mentioned method.
-~ tan® is negative
- 0 will lie in 2" or 4t quadrant

Forthe 2" quadrant, we will choose the anticlockwise direction and for the 4" quadrant,
we will select the clockwise direction.

) . 3 .
In the first circle, two values —gand TT[ are obtained.
Among these two, —% is numerically least angle.

Hence, the principal value is —%

lllustration 20: Principal value of cos 6 =% is:

Sol: Here cos0 is (+)ve hence 6 will lie in 1+t or 4" quadrant.

- cos0is (+)ve .. 6 will lie in the 1=t or the 4 quadrant.

For the 1t quadrant, we will select the anticlockwise direction and for the 4™ quadrant,

we will select the clockwise direction.
As a result, in the first circle, two values gand_?n are found.

Both gand —g have the same numerical value.

In such a case, g will be selected as the principal value, as it has a positive sign.

lllustration 21: Find the general solutions of the following equations:

(i) sin20=0 (i) cos(%(%]:O (iii) tan’20=0

N

(JEE MAIN)

X

T
4

A
YI

Figure 7.4

(JEE MAIN)

X'

Sol: By using above mentioned method of finding general solution we can solve these equation.

(

We have, sin26=0=20=nn :e:”?” where, n=0,+1,+2,+3......

Hence, the general solution of sin20 =0 is6 = nz—n,n e”Z

(i) We know that, the general solution of the equation cos® =0 is 6 = (2n+1)g,n eZ

30

Therefore, cos(;} =0 30

(2n+1)E = 9=(2n+1)£, wheren =0, + 1,
2 3

S . 30
Which is the general solution of cos > = 0

(iii) We know that the general solution of the equation tan6=0 is 6 =nxt, neZ

Therefore, tan°20=0 =tan20=0 =20=nnt= 0 :nz_rc’ where n = 0,

Which is the required solution.

I+

I+

(JEE MAIN)
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6. PERIODIC FUNCTION

A function f (x) is said to be periodic if there exists T > 0 such that f (x + T) = f (x) for all x in the domain of definition
of f (x). If T is the smallest positive real number such that f (x + T) = f (x), then it is called the period of f (x).

We know that, sin(2nn+x) = sinx,cos(2nn+x) =COSX, tan(nn+x) =tanx forallne Z

Therefore, sinx, cosx and tanx are periodic functions. The period of sinx and cosx is 2x and the period of tanxism.

Function Period
sin(ax+b),cos(ax+b),sec(ax+b),cosec(ax+b) 2n/a
tan(ax+b),cot(ax+b) n/a
[sin(ax-+b)|,|cos(ax-+b)| [sec(ax +b)| [cosec(ax +b) n/a
[tan(ax +b)| [cot (ax+b)| n/2a

(a) Trigonometric equations can be solved by different methods. The form of solutions obtained in different
methods may be different. From these different forms of solutions, it is wrong to assume that the answer
obtained by one method is wrong and those obtained by another method are correct. The solutions obtained
by different methods may be shown to be equivalent by some supplementary transformations.

To test the equivalence of two solutions obtained from two different methods, the simplest way is to put
valuesof n = ........... -2,-1,01,2,3, ... etc. and then to find the angles in [0, 2mt]. If all the angles in both
the solutions are same, the solutions are equivalent.

(b) While manipulating the trigonometric equation, avoid the danger of losing roots. Generally, some roots are
lost by cancelling a common factor from the two sides of an equation. For example, suppose we have the
equation tan x = 2 sin x. Here by dividing both sides by sin x, we get cos x = 1/2.

(c) While equating one of the factors to zero, we must take care to see that the other factor does not become
infinite. For example, if we have the equation sin x = 0, which can be written as cos x tan x = 0. Here we cannot
put cos x = 0, since for cos x = 0, tan x = sin x / cos x is infinite.

(d) Avoid squaring: When we square both sides of an equation, some extraneous roots appear. Hence it is
necessary to check all the solutions found by substituting them in the given equation and omit the solutions
that do not satisfy the given equation.

For example: Consider the equation, sin®+cos® =1 o (i)
Squaring, we get 1+sin20=1 or sin20=0 (D)
This gives 6 =0,t/2,7,3n/2.........

Verification shows that ® and 3n/2 do not satisfy the equation as sinm+cost=-1,#1and
sin3n/2+cos3n/2=-1=1.

The reason for this is simple.

The equation (ii) is not equivalent to (i) and (ii) contains two equations: sin6+cos6=1and sin6+cos6 =-1.
Therefore, we get extra solutions.

Thus if squaring is a must, verify each of the solutions.

Some Necessary Restriction: If the equation involves tan x, sec x, take cos x # 0. If cot x or cosec x appear, take
sin x # 0. If log appears in the equation, then number > 0 and base of log > 0, # 1.

Also note that [f(e)] is always positive. For example, /sin0 = |sin9|, not + sin 0.

Verification: Students are advised to check whether all the roots obtained by them satisfy the equation and lie in
the domain of the variable of the given equation.
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7. SOME TRIGONOMETRIC EQUATIONS WITH THEIR GENERAL SOLUTIONS

Trigonometric equation General solution
If sin0=0 0=nn
If cosO =0 9=(nn+n/2)=(2n+1)n/2
If tan0=0 0=nn
If sin6=1 O=2nm+7/2=(4n+1)n/2
If cosf=1 0=2nn
If sin@ =sina G:nn+(—1)nawhere ae[—n/Z,n/Z]
If cosO = cosa. 0=2nmn+o where a e [O,n}
If tan® = tana 0 =nn+a where ae[—n/Z,n/Z]
If sin @ =sin’a O=nrto
If cos®0 =cos’ a O=nnta
If tan? 0 = tan’ o f=nrto
If sin® =sina b=2nm+a

cosH =cosa
If sin®=sina 0=2nn+a

tan6 =tana
If tan0=tana 0=2nnt+a

cosH =cosa

Note: Everywhere in this chapter, “"n” is taken as an integer.

Illustration 22: Solve: sinm6 +sinn® =0

Sol: By using sino +sinp = 25in(a;B]cos(a;Bj, we can solve this problem.

nJG:O or cos(mz_njezo

We have, sinm0+sinnd =0

= sin(ern]O.cos(?je =0 > sin[er

Now, sin(m;n]e =0 = [m;n}e =rnre’l

(JEE MAIN)

. (i)
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And cos(m_nJe:O :cos(m‘”jezcosg
2
:(m;nj9=(2p+l)g, peZ :>9=(isj:jn, ... (i)
From (i) and (ii), we have 0 :2i or 0= (2p+1jn where, mne”Z
m+n m-1
llustration 23: Solve: 4sinxcosx +2sinx+2cosx+1=0 (JEE ADVANCED)

Sol: Simply using algebra and method of finding general equation, we can solve above equation.
We have, 4sinxcosx+2sinx+2cosx+1=0

= 25inx(2cosx+1)+1(2cosx+1) =0 = (25inx+1)(2cosx+1) =0

= 2sinx+1=0 or 2cosx+1=0 = sinx:—% or cosx:—%

sinx = —% = sinx = sin[—%] = X= —g The general solution of this is

x=nn+(—1)n[—gj=nn+(—1)n+1 (Ej e afne U 0

6 6
1 T 2n 2n
and cosx=-= = COSX =CO0S| T—— |=Cos— = X=—
2 3 3 3
. .. 2n . 1 ..
The general solution of this is x = 2nni? ie.x = 2n ni§ .. (i)

1 n+l
From (1) and (2), we have & n+% and ZR(ni%j are the required solutions

8. METHODS OF SOLVING TRIGONOMETRIC EQUATIONS

8.1 Factorization

Trigonometric equations can be solved by use of factorization.

lllustration 24: Solve: (2 sinx — cos x)(l +cos x) =sin® x (JEE MAIN)
Sol: Use factorization method to solve this illustration.
(25inx—cosx)(l+cosx) =sin’x = (Zsinx—cosx)(l+cosx)—sin2 x=0

(ZSinx—cosx)(l+cosx)—(1—cosx)(1+cosx) =0 ; (1+cosx)(25inx—1) =0

T+cosx=0 or 2sinx-1=0
. 1
cosx =—1 or sinx= =
2
COSX =COS T or sinx=sinmn/6
= x=(2n+1)n,neI or x:nn+(—1)nn/6,nel

* The solution of given equation is (2n+1)mnel or nm+(-1)"n/6,nel
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8.2 Sum to Product

Trigonometric equations can be solved by transforming a sum or difference of trigonometric ratios into their
product.

lllustration 25: If sin 5x + sin 3x + sinx =0and 0<x<m/2, then x is equal to. (JEE MAIN)

Sol: By using sum to product formula i.e. sina.+sinp = ZSIn[a;Bjcos(a;B].

sin 5x + sinx = —sin 3x = 2sin3xcos2x+sin3x=0 = sin3x(2c052x+l) =0

=sin3x=0,cos2x=-1/2 = x=nn,x:nni(n/3)

lllustration 26: Solve cos3x +sin2x —sindx =0 (JEE MAIN)

Sol: Same as above illustration, by using formula

sino—sinp = 2cos£a;Bjsin(a;Bj We can solve this illustration.

cos 3x + sin2x—sin4x =0 = cos3x+2cos3x.sin(—x) =0
= c0S3x—2cos3x.sinx =0 = cos3x(1—2$inx):0

. b . 1
= cos3x=0 or1-2sinx=0 :>3x:(2n+1)5,ne1 or sinx = >

:>x:(2n+1)g,nel or x:nn+(—l)ng,nel

. Solution of given equation is (2n+1)g,n el or nn+(—l)n%,n el

8.3 Product to Sum
Trigonometric equations can also be solved by transforming product into a sum or difference of trigonometric

ratios.

lllustration 27: The number of solutions of the equation sin5xcos3x =sin6xcos2x, in the interval [O,n] is:

(JEE MAIN)
Sol: Simply by using product to sum method.

The given equation can be written as %(sin8x +5sin2x) = %(sinsx +5sin4x)

= sin2x-sin4x =0 = =2sinxcos3x=0
Hence sin x = 0 or cos 3x = 0. That is, x = mc(nel), or3x = kn+g(k = I).

Therefore, since x e [O,n], the given equation is satisfied if x = 0, n,g,gor%ﬂ.

Hence, no. of solutions is 5.
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8.4 Parametric Methods
General solution of trigonometric equation acos6+bsin6 =c

. . . / 1 b
To solve the equationacos 6 +bsin® = ¢, put a=rcosd,b =rsin¢ such that r =va’ +b?,¢ =tan™* =
a

Substituting these values in the equation, we have, rcos¢cos6+rsingsin6 =c
<
Va? +b?

If |c| >+va® +b? , then the equation acos® +bsin® = ¢ has no solution.

cos(6—¢):§ = cos(0-¢)=

If |c| <+a? +b? , then put L = cosa, 5o that cos(6-¢) =cosa

Va® +b?

:>(9—¢)=2nnia =0=2ntta+¢

lllustration 28: Solve: sinx++/3 cosx =2 (JEE MAIN)
Sol: Solve by using above mentioned parametric method.

Given, v/3cosx +sinx =~/2, dividing both sides by va? +b?

= £C05X+ESMX=£:L — COs X—E = COs r
2 2 2 2 6 4

:X—£=2nni£ :>x=2n7rir£+E :x=2nn+5—n,2nn—£ where nel
6 4 4 6 12 12

Note: Trigonometric equations of the form a sin x + b cos x = ¢ can also be solved by changing sin x and cos x into
their corresponding tangent of half the angle. i.e t=tan x/2. The following example gives you insight.

IHlustration 29: Solve: 3 cosx + 4sinx =5 (JEE MAIN)
1—’can25 2tan5
Sol: As we know, cosx =— 2 and sinx=—2 Therefore by substituting these values and solving we
1+tan25 1+tan25
will be get the result. 2 2
3cosx+4sinx=5 ()
l—tan25 2tan5
© COSX = 2 & sinx= -2 .. Equation (i) becomes
1+’can25 1+tan25
2 2
1—tan25 2’can5
-3 2|14 2 |5 ... (i)
1+tan25 1+tan25
2 2
Let tang =t .. Equation (ii) becomes

1-t2 2t 5 2
3 S| +4 > |=5 =4t —4t+1:0:>(2t—1) =0=>t=1/2 ~t=tanx/2
1+t 1+t
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(1
=> -=NnN+0 = X=2nn+2a Where,a=tan1[§j,n61

N

:>tan5=l:tan£=tanoc,where tana = X
2 2 2 2

8.5 Functions of sin x and cos x

Trigonometric equations of the form P (sin x + cos x, sin x cos x) = 0, where P (y, z) is a polynomial, can be solved
by using the substitution sin x + cos x = C.

Hlustration 30: Solve: sin x + cos x = 1 + sin X. cOs X (JEE MAIN)

Sol: Consider sin x + cos x = t, and solve it by using parametric method.

o sinx + cosx =1+ sinx. cos x ()
Letsinx + cosx =t
t? -
= sin® X + cos® X + 2sinx.cosx = t° = SINX.COSX =
2 2 4

Now, put sin x + cos x = t and sin x. cos x = in (i), wegett=1+

=t2-2t+1=0 =>t=1 " t=sinx+ cosx =sinx+cosx=1 ... (i)

Dividing both sides of equation (ii) by J2, we get:

. 1 1 1 i i i T
= SINX—=+COSX.—— =—— = COS| X—— |=COS— => X——=2Nnn+—
4 4 4 4

2 V22

If we take the positive sign, we get x = 2n=x +g, nel

If we take the negative sign, we get x = 2nm, nel

8.6 Using Boundaries of sin x and cos x

Trigonometric equations can be solved by the use of boundness of the trigonometric ratios sinx and cos x.

MASTERJEE CONCEPTS

(i) The answer should not contain such values of angles which make any of the terms undefined or

infinite.

(ii) Never cancel terms containing unknown terms on the two sides, which are in product. It may cause

loss of the general solution.

Suppose the equation is sin x = (tan x)/2. Now, cancelling sinx on both the sides, we get only
1 . .

cos X :E' sin x = 0 is not counted.

(iii) Check that the denominator is not zero at any stage while solving equations.

(iv) While solving a trigonometric equation, squaring the equation at any step must be avoided if
possible. If squaring is necessary, check the solution for extraneous values.

Suppose the equation is sin x = — sin x. We know that the only solution of this is sin x = 0 but on squaring,
we get (sin x)2=(sin x)> which is always true.

(v) Domain should not change, it if changes, necessary corrections must be made.
Shivam Agarwal (JEE 2009, AIR 27)
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lllustration 31: Solve: sin 3x + cos 2x = -2 (JEE ADVANCED)

Sol: By using boundary condition of sin x and cos x.
Since sin3x > -1 and cos2x > -1, we have, sin3x +cos2x > -2

Thus, the equality holds true if and only if sin3x = -1 and cos2x = -1

:>3x=nn+(—1)n(—gl and 2x =2nntm ie. x:n?n+(—1)n(—g) andx:nnig, nel

. Solution set is, {X | x = n?n + (—1)n (_gj} a {X [x=nm (gj}

Note: Here, unlike all other problems, the solution set consists of the intersection of two solution sets and not the
union of the solution sets.
lllustration 32: sinx(cos%— 25inxj + (1 + sin%— 2cos xj(cos x) =0. Find the general solution. (JEE ADVANCED)

Sol: Open all brackets of given equation and then by using sum to product formula and method of finding general
solution we will get the result.

. X . . X
smxcosz—Zsmzx+cosx+smzcosx—2coszx =0

sin(x+£]+cosx=2 = sin%x+cosx:2 = sin%le and cos x = 1
sinS_X:1:>5—X:2nn+g :>x:2(4n+1)§’.cosx:1:x:2mn
—=x = 21,107,181  ....... AP = x=2n+(m-1)8n

=X = 2n(4m—3) mel

lllustration 33: Find the general solution of 25in(3x +%) = \/1 +8sin2xcos? 2x (JEE ADVANCED)

Sol: First square on both side and then using sum and difference formula we can solve this illustration.

RS

+4sin3xcos3x = 1 + 8sin2xcos’ 2x

2 . 2
sin3x  cos3x .
4sin2(3x+gj =1+8sin2xcos?2x = 4( J = 1+8sin2xcos’ 2x

4sin’ 3x N 4cos’ 3x
2

= 2sin?3x +2cos’ 3x + 2sin6x = 1 + 8sin2x cos? 2x

1 + 2 sin 6x = 8 sin 2x cos? 2x = 1+ 25sin 6x = 4 sin 4x cos 2x

J

= 1+ 2sin6x =2 (sin 6x + sin 2x) = 1=2sin2x= sin2x =%
sin*x cos*x 1
+—==

2 3 5

nel

X = — 42nn X =
12

9. SIMULTANEOUS EQUATIONS

Two equations are given and we have to find the value of variable 8 which may satisfy both the given equations,
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like cos6 =cosa and sin® =sina

So, the common solutionis O =2nt+a,nel
Similarly, sin® =sina.and tan0 =tana

So, the common solutionis 6 =2nt+a, nel

lllustration 34: The most general value of 0 satisfying the equations cos0 = and tan®=-1 is: (JEE MAIN)

1
N

Sol: As above mentioned method we can find out the general value of 6.

cos0 = i = cos(zj
NG 4

:>9=2n1rir£; neIPutn=16=9—n,7—Tt
4 4 4
-7 3 n
tan9:—1:tanT =0=nt-n/4, nel Putn:lO:T;Putn=2,6=T

The common value which satisfies both these equation is (741_“}

. 7
Hence, the general value is 2nn +Tn.

lllustration 35: The most general value of 6 satisfying equations sin6 = —% and tan6 = 1/\/5 are: (JEE MAIN)

Sol: Similar to above illustration.
We shall first consider values of 8 between 0 and 2n
sinez—l:—zzsin n+2 | or sin(2n—n/6)

2 6 6

£0=71/611n/6;  tan®=1/+3=tan(n/6)=tan(n+n/6)
.. 0=n/6,7n/6
Thus, the value of 6 between 0 and 2r which satisfies both the equationsis 7n/6.

Hence, the general value of 0is 2nt+7n/6 where nel

PROBLEM SOLVING TACTICS

. A . . _ nm+(-1)"A
(a) Any formula that gives the value of smE in terms of sin A shall also give the value of sin ————~—.

+
(b) Any formula that gives the value of cos% in terms of cos A shall also give the value of cos 2n1r2_ A .

() Any formula that gives the value of tan% in terms of tan A shall also give the value of tan n
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(d)

of 6 will be 2nt+ o . For example, sin® =sina. and cos6 = cosa, then,
(i) sin(mt + 9) = (—1)” sinG, nel

(i) cos(nn + 6) = (—1)n cosO, nel

(iii) sin(nn - 9) = (—1)"71 sinf, nel

FORMULAE SHEET

If o is the least positive value of 6 which satisfies two given trigonometric equations, then the general value

0=2nt+a,nel

Tangent and cotangent

sin®
Identities

cos0

cos0
sind

tan0 = and cot6 =

Product Identities sinOxcosecf=1: cosOxsecO=1,

tanOxcotf =1

Pythagorean Identities

sinf0+cos20=1. tan’0+1=sec’0,

1+cot’0=csc’0

sin(—e)z—sine, cos(—G):cose,

Even/Odd Formulas

—coto,

cot(—e) = sec(—e) =secH,

tan(—e) =—tan®,

cosec(—e) = —cosecH

Periodic F 1 . .
eriodic Formulas sm(2nn+9):sm9:

(If n'is an integer) cot(nm+6) = cotO. sec(Znn + 9) =sech.

cos(2n1r+9) =cos0.,

tan(nn+0) =tano0,

cosec(2 nm+ 6) = cosec

sin(29)=2$in9cose, sin30 = 3sind —

Double and Triple Angle

4sin* 0

cos(ZG) =cos’0-sin’0 cos30 =4cos’0—3cos0

Formulas
a3
tan(ze):ﬂ’ tan?’e:?fcane—tazrﬂa
1-tan’@ 1-3tan’0
.n+e_ 0 n+ . n+ B
Complementary angles SN 570 |=cosh. cos| 520 J=Fsind, tan| 5 +0 | =Fcotd,
COt(g_e]:tane, sec(ﬁ—ej—cosece, cosec(g—ej:sece

1¥tanatanp’

. 1 1 1-cos(26
Half Angle sin? 0 = 5[1 —cos(ZG)J, cos’ 0 = E[l + cos(ZG)J, tan? 6 = WSEZG;
sin(a*B) = sinacosp + cosasinp,
Sum and Difference . .
cos(ocJ_rB) =cosacosPFsinasinf,
tan ociB)z tana = tanf
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Product to Sum

sinasinP = %[cos(a—ﬁ)—cos(a+[3)],

sino.cosp = %[sin(a+[3)+sin(oc—l3)],

CosoL.Ccosp = %[cos(a - B) + cos(oc + B)] ,

Sum to Product

p

sina +sinp = 25in(a;rﬁjcos[a;

)
)

coso +CosP = 2COS(Q;—BJCOS[Q_BJ

cosa —CosP = —25in(a+ﬁjsin[a_BJ
2 2

cosasinf = %[sin(oc +B)—sin(a —[3)]
sina —sinp = 2cos(°‘T+Bjsin[0c—l3




