20. INVERSE
TRIGONOMETRIC
FUNCTIONS

1. INTRODUCTION TO INVERSE TRIGONOMETRY

The inverse trigonometric functions are the inverse functions of the trigonometric functions. They are sometimes
referred to as cyclometric functions.

2. IMPORTANT DEFINITIONS

Given two non-empty sets X and Y, let f:X — Y be a function, such that y = f(x). The set X is called as the domain
of f while the set Y is called as the co-domain of f. The set {f(x): x € X} is called as range of fA map f: A>B is
said to be one-one or injective, if and only if, distinct elements of A have distinct images in B, i.e. if, and only if,
X, # X, = f(x;) # f(x,), forall x;,x, €A

Onto map or Surjective map: A map f: A— B is said to be an onto map or Surjective map if, and only if, each
element of B is the image of some element of A, i.e. if, and only if, Range of f = co-domain of f.

Objective map: A map f: A— B is an objective map if, and only if, it is both one — one and onto.

3. INVERSE FUNCTIONS

If f: X—> Y is one-to-one and onto (i.e. f is objective), then, we can define a unique function g : Y > X, such that
g(y) = x, where x e X is such that y = f (x). Thus, the domain of g = range of f and range of g = domain of f. The
function is called the inverse of f and is denoted by f2.

(a) Trigonometric functions are many-one functions but these become one-one, onto, if we restrict the domain of
trigonometric functions. Similarly, co-domain is equated to range to make it an onto function. We can say that
the inverse of trigonometric functions are defined within restricted domains of corresponding trigonometric
functions.

(b) Inverse of sin (sine functions) is denoted by sin™ (arc sine function). We also write it as sin™ x. Similarly, other
inverse trigonometric functions are given by cos® x, tan x, sec! x, cotx and cosec™ x.

(c) Note that sinx = L and (sin"1x)2# sin2x, Also sin! x # (sinx)*
SinXx

(d) Domain and Range of Inverse Trigonometric Functions:

Function Domain Range (Principal value branch)

v y=sin" x ~1<x<1
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Function Domain Range (Principal value branch)
(i) -1

y=cos "X -1<x<1 0<y<n
(i 1 —0<X< 0 T

y=tan ~x ——<y<—-

2

(iv) .

y=cosec x x2lorx<-1 —ESys y#0
v)

y=sec 'x x=lorx<-1 O<y<my=—
(vi) -1

y:cot X —00<X< 0 0<y<TE

(e) The principal value of an inverse trigonometric function is the value of that inverse trigonometric function

which lies in the range of principal branch.

MASTERJEE CONCEPTS

If no branch of an inverse trigonometric function is mentioned, then it can be implied that the principal
value branch of that function.

You can remember range as set of angles that have the smallest absolute values satisfying for all the

values of domain.

4. TRANSFORMATION OF TRIGONOMETRIC FUNCTIONS TO INVERSE

TRIGONOMETRIC FUNCTIONS

4.1 sin x to sin'! x

The graph of an inverse trigonometric function can be obtained from the graph of the original by interchanging x

and y axes.

Note: It can be shown that the graph of an inverse function can be obtained from the corresponding graph of

original function as the mirror image in the line y = x.

(@) y=sinx x e Rand |y|£1 ; yzsin*l x,|x|£1, yel-n/2,n/2]

Vaibhav Gupta (JEE 2009 AIR 54)

Flgure 20.1
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4.2 cos x to cos ! x

(b) y=cosx,xeRand|y|<1 y=cos™x,xe[-1,1]andye[0, ]

y-sin x and y—sin'l(x)

Figure 20.2

Figure 20.3
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4.3 tan x to tan! x

(o) y:tanx,xeR—{x X = (2n+1)g,nez} and yeR y:tan‘1 x,xeR and ye[—g,ﬁj

.0
) 24 |1
] P19 / io
NP E *2
- O T
> -1
i -2
Y’
y=tan x

Figure 20.4

4.4 cot x to cot! x

(d) y:cotx,xeR—{x:x:nn, neZ} and yeR y=cot™' x,xeR and y<(0,7)

Y
2 U
] 1/ 5
X b i 2
-7 O b1
W -1
-2
Y’
y=tan x

Figure 20.5

4.5 sec x to sec! x

() y= SeCX,XER—{X X =02n+ l)g,n € z}andyeR—(—l,l) y=s.ec‘1 x,XER—(—l,l)andye[O,n]{g}



Mathematics | 20.5

T

I
2

JEOREREERSERRRSRR, WP NS | SRS ua

RS R, ~ " NSRS

XI
€ 0--0--0--0--9--§--0--0--0--->
1

I-n

sec X

sec X

y=

Figure 20.6

4.6 cosec x to cosec! x

T
5} —{0}
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cosect X,XER—(—l,l)ahdy€|:—

nn,neZ} andyeR-(-1,1) y=
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Figure 20.7
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Illustration 1: Find the domain of definition of the function f(x) = \/3cos™(4x) - . (JEE MAIN)

Sol: Use the condition that the expression inside the square root is > zero.

For domain of f(x) = 3cos‘1(4 X) — 1, we must have
4x>cos| | = 4le :le ..... (i)
3 2 8

Also -1<4x<1 = _—1£xsl .....
4 4

. From (i) and (i), we get xe[_ a

IR

MASTERJEE CONCEPTS

In case of confusion, try solving problems by replacing inverse functions with angles and applying
trigonometric identities.

Shrikant Nagori (JEE 2009 AIR 30)

Hlustration 2: If0 < cos * x < 1and 1+ sin(cos x) + sin?(cos x) +sin>(cos 1) + .....o0 = 2, then find the value of x.

(JEE MAIN)
Sol: Use summation of infinite GP series.
We have 1+sin(cos™x) + sin®(costx) + ......... 0 =2
= ;1 =2= l =1-sin(cos 'x)= sin(cos’lx):E —costix=2 =X = é
1—sin(cos™x) 2 2 6 2

Illustration 3: Let f(x) :g(sin_1 [X] + tan"1[x] + cot}[x]), where [x] denotes the greatest integer less than or equal to
T

x. If A and B denote the domain and range of f(x) respectively, find the number of integers in AUB.
(JEE ADVANCED)

Sol: Use tan™*[x] + cot™[x] =g and proceed.

For domain of f(x), we must have -1 <[x]<1=-1<x<2, sosetA =[-12)

f(x) = z(sinl ] + EJ (As tan L [x] + cot 1[x] = E,VXEA]
T 2 2

So, set B = {0, 1, 2} = Range of f(x). Now, AuB=[-1,2)u{0,1,2}=[-1,2]

Hence, number of integers in (AUB)=4
5.PROPERTIES/IDENTITIES OF INVERSE TRIGONOMETRIC FUNCTIONS
5.1 Complementary Angles

(@ sintx+costx= g,VX e[-1,1]



(b)

(c)

tant x+cot ™ x :g,VX eR

sec ! x+cosecix = g,VXe(—oo,—l] U[1,0)

5.2 Negative Arguments

(a)
(b)
(@
(d)
(e)
)

sint(=x) = —sin"t x, Vxe[-1,1]
cos(=x) =t —cos ' x, Vxe[-1,1]
tan (—x) = —tan"! x, VxeR

cot™ (-x)=n- cot™t x,VxeR

sect (-x)=mn-— sect X,V Xe(—o0,—1] U[1,0)

cosect (-x)= —cosect xvx e (=00,—1) U[L,00)

5.3 Reciprocal Arguments

(a)

(b)

(c)

.11 . . .
cosec'x =sin! |x| >1 (Both the functions are identical)

—
X

and sin"! x = cosec™ |x| <1,x =0 (Both the functions are not identical)

1
XI

sectx=cos™ |x| >1 (Both the functions are identical)

1
XI

and cos!x =sec™ 1;|x| <1 (Both the functions are not identical)

X

tan! x = cot™* (lj xe(0,00) =— n+cot™ [Ej xe(—0,0),
X X

andcot™ x = tan™! (Ej x €(0,0) = n+tan™t (1) X €(—o0,0)
X X

5.4 Forward Inverse Identities

(a)

y =sin(sin ') = x,x e [-1,1],y e [-1,1], Y is
aperiodic

AY

Mathematics | 20.7

(b) y=cos(cos'x)=xxe[-1,1]y e[-1,1], y is

aperiodic
AY
1
Xy
-1 45°
(0]
-1

Figure 20.8
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(c) y=tan (tan"tx)=x, x € R, y € R,y is aperiodic d) y= cot(cot‘lx) =X X € R,y € R, yis aperiodic

A y A y
X X
45° 45°
» X > X
@) O
Figure 20.9

(e) y = cosec (cosecx)=x, |X| 2 1,|y| >1yis aperiodic (f) y = sec(secx) = x, |x| > 1,|y| >1, vy is aperiodic

4y %//+ 4y A//+ o
y| y| I 5
-1 > X -1 > X
o 1 o 1
ﬁ;\‘ --------- -1 ﬁ/;\‘ --------- -1
Figure 20.10
Also,
cos(sin™'x) =vV1—x° sin(cos™'x) = V1 -x°
1 2
cos(tan x| = 4 1-x
tan(cos X)) = ———
( ) V1+x° ( ) X
X X
sin(tant x] = tan(sin™! x) =
)2 )
5.5 Inverse Forward Identities
(@) y=sin?(sinx) = x,(x c R—‘,ye {—%%J , Periodic with period 2 =
/24 y
//+ : N 5
Vi y
45°! & 3n2 R
O =n/2 @ 2n > X
-1t/2

Figure 20.11
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(b) y=cos(cosx) =x,xeR,ye[0,n], Periodic with period 2 =

AY
T :
f'llé‘ ,}\ //+ E }\
X g 17/2 ) \e
{/ -+ i /2\+
2r T 72 0 w2 2
Figure 20.12

() y=tan?(tanx) =x,xeR— {(2 n— l)gn € I},ye(—g,g], Periodic with period n

i i A
a EN
i | 2 s b,
-3 -T ' O =i
2 : 2}
- /2
Figure 20.13

(d) y=cot?(cotx) =x,xeR—{nn}, y € (0,n), periodic with =

Figure 20.14
(e) y= cosec t(cosecx) =xeR—{nm,nel}, ye {—%,Oj U(O,§:| y is periodic with period 2n

/21

-1t/2
Figure 20.15
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U]

y =sec l(secx) = x, y is periodic,

A
y
T
20 N\& >/ 1\
//+ E \+ i %\
3 : : : : : PNt
-27 -3n ¢ n O = T 3n 2n
Figure 20.16

x € R— {(Zn— 1)§n e I},ye{o,gj u(g,n} with period 2

(i) tant (cotx):%n —x forxe[0,n]
. . 1
(ii) sin (cosecx)=§7c—x forxe[0, ]

(iii) sec™ (cosx):%n —X forxe{o,%n} .

5.6 Sum of Angles

(a)

(b)

(c)

(d)

(e)

U]

()]

sin’l(x\/l—y2 +y\/1—x2j if x>0;y >0and x* +y* <1
sintx+sinty =

Tc—sin’l(x\/l—y2 +y\/1—x2) if x>0;y >0and x* +y? >1

sintx—sinty =sin’! (x\/l—y2 —y\/l—xz) x>0;y>0
costx+costy =costxy TV1l-x>1-y?] ifx,y >0and x* + y? <1

costx+costy =n—cos[xy FVl-x3\1-y?] ifx, y > 0 and x®+y?<1

tan’lli x>0y >0andxy <1=>0<tan'x+tanty <g
tan‘lx+tan‘ly = -
n—tan‘lﬂx>0y >0andxy >1= g <tan'x+tanty <=
x>0&y>0then tan'x—tanty=tan" 1 -y (with no other restriction)
+ Xy

+y+z- -
tantx+tanty+tantz=tant| Y TETZ gl panly - tant| XY
1-xy-yz—2zx 1+xy
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The above results can be generalized as follows:

8 =8, 58, s

tan™* Xq + tan™t Xy + .+ tan! X, = tan™* {

where S, denotes the sum of products of x,,x,,...,X, taken k at a time

Mathematics | 20.11

Rohit Kumar (JEE 2012 AIR 78)

Illustration 4: Evaluate: sin [tan‘1 Ej

8

115 .
Sol: Convert tan 1? to sint.

We know that sin (sin"t x)=x, for all x e [-1, 1], So, will convert each expression in the
form sin (sin* x) by using

’19 = sin’lE
h h

1P =sin* E,cot’l P

b h b

- . 1b
cos , tan =sint = etc.

Where b, p and h denote the base, perpendicular and hypotenuse of a right triangle.
sin tan"ll—5 =sin sin‘IE :E
8 17 ) 17

Illustration 5: Evaluate: cos [cosec:L 1—3j (JEE MAIN)

Sol: Write cosec™ in terms of cos™.

13 ,5) 5 13 45
Ccos| coseC " — |=COS|COS "— |=— | cCcoseCc "—=C0S " —
12 13) 13 12 13

Illustration 6: Find the principal value of cot? (- \/§)
Sol: The principal value of cot™ x lies in between O ton.
Letcot™ (—«@)=e

Then cotf=—/3 =—cot%

(JEE MAIN)

h=17 p=15

b=8
Figure 20.17

b=5

Figure 20.18

(JEE MAIN)

Since principal value branch of cot! x is 0 < 0 < n. Therefore, we want to find the value of 8 such that 0 <6 < x.

Now, cot0 = —cotZ = cot| n— = | = cot5—7T
6 6 6

Therefore, principal value of cot_l(—\/g) = 5%[
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a1 1
Hlustration 7: sin™* (sm%) = % (JEE MAIN)
Sol: Write ]'OTnas n+37nand expand.
. 1 . 10%m .1 . [ 3m N 3n 3n
=sin"| sin——= |=sin""| —sin| = | |=sin"" | sin| —— | | = —=
7 7 7 7
Illustration 8: cos™ (sin[—gn (JEE MAIN)
Sol: = cos | cos| Z+ & | | = cos | cos| 22| | = 117
2 9 18 18
. .1 137[
Illustration 9: sin [cosﬁj (JEE MAIN)

Sol: Similar to previous example.
. 13n . 4 3n 1 . [5n 2m . LW N T T
=sin"" cos——=sin"" | —cos— | =sin"" | =sin| =——=—|| =sin"" | =sin— [=sin | sin| -— | [=—=
10 10 10 10 5 5 5

Hlustration 10: Find the principal value of sin™ [ij (JEE MAIN)

V2

a0 1 . 1 .01
Sol: Letsin'| == |=y. Thensin y=— = y=sin 1[—]
(ﬁj V2 V2

We know that, the range of the principal value branch of sin™ is (—ggj and sin[%] =

i+

Therefore, principal value of sin™ [LJ is —.

2) 4

Illustration 11: Find the integral solution of the inequality 3x° +8x < 25in71(sin4) —cosfl(cos4).

(JEE ADVANCED)
Sol: Use inverse forward identities to simplify the equation.
3x° + 8x<—4 = 3x°+8x+4<0
= 32 46x+2x+4<0 = 3x(x+2)+2(x+2)<0 :
(x+2)B3x+2)<0 x=-1 -2 -1 -2/3
Figure 20.19

Illustration 12: Find the largest integral value of k, for which (k-2)x*> + 8x + k + 4 > sin"(sin12) +cos™(cos 12), for
allx e R. (JEE ADVANCED)

Sol: Use inverse forward identities.

sin" (sin 12)=sin"* (sin(12 - 4n)) =12 — 4n
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cos™t (cos12) =cost (cos(4n—-12)) =4n—-12 < +—
o (k=2)x*+8x+k+4>0, VxeR -6 0 4

If k = 2, then 8x+4>0, (not possible) T
and if k #2,thenk-2>0 = k>2 2

and 64 -4(k-2)(k+4)<0 = 16<k’+2k-8 Figure 20.20

= kK +2%k-24>0 =  (k+6)k-4)>0

K=5

Illustration 13: Find domain of f(x) = ! (JEE MAIN)

Sol: Find the range of x for which |n(cot_1x) >0 = cotix>1 = x<cotl = xe (~o0,cotl)

Illustration 14: Evaluate the following: (JEE MAIN)

TN " 1 T 1 n . 1 ﬁ n
(i) sin (smgj (i) tan [tanZJ (iii) cos (cos?] (iv) cos{cos [ > J+ 6}

T

5 ,cos *(cos0) =0, if0<0<nand

Sol: Recall that, sin"!(sin0)=0, if —g <0<

tant(tan0) = 0, if —% <B< g Therefore,
@) sin | sinZ =X (i) tant| tanZ |= 2
3) 3 4) 4
(iii) cos™ (cos7—6n] # 7_6n because % does not lie between 0 and .

Now, cos (COSLGT[J =cos! [cos(Zn —%)] { Ir _ T —%} =cos! (cos%} [-cos(2m—0) = cosf] = %ﬂ

o) ] enl5) ()]

Illustration 15: Evaluate the following:

0) sin(cos_l gj (ii)sin[g—sin‘l [—%B (iii) sin(cot™ x) (JEE MAIN)

Sol: (i) Let cos™*

Ul w

=0. Then, cosezg = sin9=i

" sin cos’li —sino=2
5 5
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0) sin[% —sin’t (-%D - sin(g - (-%H = sinz?n - g

(iii) Let cot™* x=6, Then, x=cot9

= sin(cot x)=sin® =

1 1
V1+x° V1 + %

Now, cot0=x = sin0=

Illustration 16: Evaluate the following:
(i) sin*(sin5) (i) cos™(cos10) (JEE MAIN)

Sol: Notice that the angle is in radians.
(i) Here, 6=5 radians. Clearly, it does not lie between —g and g But

2n—5 and 5-2xn both lie between —g and g such that

sin (5-2mn) =sin(—(2n —5)) = —sin(2x —5) =— (-sin5) = sin5
:>sin‘1(sin 5):sin‘1 (sin(5 —2m))=5-2m.

(i) We know that cos‘l(cose)ze, if 0<0<n. Here, 8 =10 radians. Clearly, it does not lie between 0 and = such
that, (4n—10)=cos10 = cos*(cos 10) = cos*(cos(4n—10)) = 4n—10

Illustration 17: Evaluate the following:
(i) sint(2sint0.8) (ii) tan{Ztanlé—%] (JEE MAIN)

Sol: Write the term inside the brackets in (i) and (ii) as sin’ and tan™ respectively.
(i) We know that: 2sin™! x =sin™ (2xV1-x?)

. 2sint 0.8 =sin1(2x0.8x~/1-0.64)
= sin"t(2sin! 0.8) = sin{sin"*(0.96)} = 0.96

(i) tan 2tan’11—E
5 4

_tanftan 2T From (i) we have, 2tan L _tant >
12 5 12

_tan| tan = —tan'1] |- tanix— tanty =tan| 2= |if xy > ~1| =tan|tan™ il | e
12 1+xy 17 17

Illustration 18: Write the following in their simplest forms:

(i) tan™t /TCA (ii) sin [cot ™ {cos(tan"x)}] (JEE ADVANCED)
+ COSX

Sol: (i) Use the formula 1 -cosx = 2sin’x /2 and 1+cosx =2cos’x /2
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(i) Write the term inside the square bracket in terms of sin™™.

_ in? X
O tant [ 170K o [ 2sintx/2 i
1+ cosx 2(:052)(/2
1

(ii) sin[cot‘l{cos(tan‘1 X)

tan5
2

2

1
V1 +x2

J . — \]1+X2 li -1 .1
=sIns{sin o cot " x=sIn
V2 + %2

=sin| cot™ cos[cos:L ! J :sin[cot1 1
V1 + % V1+x°
14
2+x%°
T T

Hlustration 19: Express tan™* [lcosix J -3 <X < 5 in the simplest form. (JEE ADVANCED)
—sinx

Sol: Convert the term inside the bracket in terms of tan g and proceed.

cos? X sin’ X

We write, = tan™* coij =tan! 2 2
1-sinx 2X . oX . X X
Cos® = +sin“ = —2sin-cos—
2 2 2 2

X . X X . X X . X X
cos§+sm§ COSE_SmE cos X +sin® 1 +tanX . .
= =tan! 2 2 =tan? — 2| —tan'!tan| 2+ 2 ||= 242
X % X . X 1 tan” 4 4 2
(cosz—sinzj cos5 —siny —tang

Alternatively,

. [m=2x
sin
1 2
- =tan | ———~<—|=tan
1-sinx

1-cos| = —x 1-cos m-2X
2 2

. [ T—2x T —2X
2sin 2 cos 4 5 5
—tan!| cot| 22X || = tan?| tan| E-T2<X
. z[n—Zx] 4 2 4
2sin 2

Illustration 20: If sin[sin‘1 % +cost xj =1, find the value of x. (JEE MAIN)

. T
sin| ——x
tan‘l( CosX ] ] (2 j

=tan!

RERCEEE

Sol: From the question, we have {sin*L %+ cost xj =g and proceed.

We have sin(sin1%+cos1 ]=1
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.11 _ . .11 R T
:>sm1§+coslx=sm1 1 = sm1§+coslx=5

-1 s 1 1 -1 -1 1 1
= COS " X=—-—SsIn " — — COS "X=CO0S "— = X=—
2 5 5 5

Ilustration 21: Find the value of cos (sec*x+ cosec‘lx),|x| >1. (JEE MAIN)
Sol: Use sec!x + cosect x =§

— — T
We have cos(sec ! X + cosec 1 X) = COS(EJ =0

2 2
Illustration 22: Find maximum & minimum values of (sec‘1 x) +(cosec‘1x) . (JEE ADVANCED)

Sol: Apply the identity sec™ x + cosec™ x :g and then use suitable substitution to form a quadratic.

y:(sec‘lx)2 + (cosec 1x)?

1 1

=(sec "x+co sec‘lx)2 —2sectx cosecx

_ _ _ s
ut t:seclx ’ sec1x+cosec 1X=—
2

2 2
y=22t| ot |=2t? —mt+
4 2 4

2 2 2 2 2 2 2
yzz{tz_gu%}: 2 (t—ﬁj + :“_+2(t—%J nyo =t ymaxzs% att=n

Ilustration 23: Find the range of f(x) =sin"t x + tan* x +sec * x.. (JEE MAIN)

Sol: Find the domain of the given function and then find the range.
f(x)=sin"t x + tan* x + sec* x
Here domain is only x = lor -1;

So range will contain only 2 elements{3n /4, n/ 4}

Ilustration 24: Find the number of solutions of the equation tan™ x* + cot ™ (e*) = g (JEE ADVANCED)

Sol: Use tan' A+cot™* A :g to simplify the given equation and then take

TN

the help of graph to find the number of solution. y=1 / \

cot () = %—tan‘:L ) = cot1(3) = e =x=x}e*=1 / 0 3

Plotting the graph ofy = land y = x’e” we can see that the line intersects
the curve at two points. Hence there are 2 solutions for the above equation.

Figure 20.21



Mathematics | 20.17

Illustration 25: Find the number of values of x satisfying the equation

X3 > X2 X3 T
tan | x— 2+ +cot™t b+ - for 0<|x| <2. (JEE ADVANCED)

Sol: Use tan ' A+cot ™ A = g

3 5 2 U3
We must have x—X—+X—— ...... =X+X—+X—+ ......
4 16 2 4
= x2: AN 4X2=2X = 2X°(x+2)=0
X2 lX Aext 2-x

1+Z 5

x=0, -2 (As O<|x| <2)

Clearly no value of x satisfies given equation.

Illustration 26: Prove that tan™' % +tan™? 7 tan™*

(JEE MAIN)
24

N

Sol: Use the formula tan x +tan'y = tan™* [1)( ty J

2. 7 ~tantx+tanly
1) 11 24

We have, :tan‘1£+tan‘ll=tan_ — 1 X+Yy
11 24 2 7 =tan” If xy<1

_ﬁ 24 1-xy

Ctan 1 BT g1 ] (L
264 -14 250 2

Ilustration 27:If tan 4 +tan"15=cot (1) then find A. (JEE MAIN)

Sol: Write the L.H.S. in terms of cot® and compare.

We have tant4 +tan'5=tan! ﬂ =n—tan* i =7 —cot‘lE
1-20 19 9

=cot™? B :}Lz—ﬁ
9 9

- 1- .
Hlustration 28: Prove that: tan > > —tant 2=Y _ gjn? (JEE MAIN)

y—X
1+x l+y 11+ x2 /1+y2

+y

Sol: Use the formula tan™ [1)( J= tan'x+tanty.

We have, LHS =tan™* 1-x —tan™! 1-y _ (tan! 1-tan*x)—(tan! 1—-tan'y) = tanty—tantx
1+x l+y



20.18 | Inverse Trigonometric Functions

:tan_l[ly_x ]:Sin_l Y —sintl— Y =X |_RHs
+YX \/(1 +y0)? + (y—x)? Ja+x) L +y?)

Illustration 29: Prove that: (i) ’can’lithan’1 iztan’1 g (ii) tan’li+tan’1§—tan’1 i=E
7 13 9 4 5 19 4
(iii) tan? Litantlitantltantiln (JEE ADVANCED)
5 7 3 8 4
Sol: Same as above.
(i) LHS :tan’ll+tan’1i
7 13
1.1
= tant] 7 13 tantx+tanty =tant| XY Jifxy <1| =tan? 201 _tant 2 _RHs.
11 1-—xy 90 9
1-—x—
7 13
(i) LH.S. = tan‘1§+tan‘1§—tan‘1 8
4 5 19
3,3
“ftant3 itant3 | —tant & _tant| 4 —tant S
4 5 19
1-=-x=
45
27 &
=tan?! tant 8 —tant| 1l 19 | _qn 1828 1 T _piys,
19 27 8
1+—x—
11 19
-1 -1 1 a1
(iii) LHS.=tan™™ =+tan - =+tan —+tan 3
1 1 1 1
=|tant=+tan 1= |+|tan T = +tant = =tan! > 7 +tant 3 8
1 11
1-—x= 1-—x=
57 3 8
7+7
=tan"1£+ta "11—1 =tan! 17 23 =tan! 32—5 =tan! —E:R.H.S.
17 23 _EXE 325
17 23
Ilustration 30: Show that tan™ = + tan™ - tan™t % (JEE MAIN)
1.2
Sol: We have, LHS. = tan™! l+ tan! iztan‘1 2 11 _ tan! 1—5 =tan™ i:R.H.S.
2 11 1.2 20
2 11
Hlustration 31: Simplify tan-L| 205X 7PSINX | @, e 1. (JEE MAIN)
bcosx+asinx b
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Sol: Divide the numerator and denominator inside the bracket by bcos x and expand.

acosx—bsinx

a

. ——tanx
We have, tan™ M =tan! LSX, =tan! —tan 2 _tant(tanx)=tant 2_x

bcosx+asinx bcosx—asinx a b b
= == 1+ —tanx
bcosx
Illustration 32: Solve the following equations:
(i) tan‘lx—_;+tan‘1 ”; =% (i) 2tan"* (cosx) = tan™* (2cosec ) (JEE ADVANCED)
X— X+

Sol: Write % as tan* 1 and simplify.

(i) tan™t x-1 +tant x+1 I
X—2 Xx+2 4
= tan! X—_l+tan’1 x+1_ tan'l = tan™ X—_l:tan’1 1-tant X +1
X—2 X+ 2 X—2 X+2
X+t
= tan_lﬂztan_l # = tan_l X_l - ta -1 M
X — Xx+1 X—2 X+2+x+1
1+
X+2
tan XL _gan 1t Lox=r_ 1 (2x+3)(x—1)=x-2
X—2 2x+3 X—2 2Xx+3
=2 +x-3=x-2 = 2x2—1:0:>x:i%
2
(i) 2tan"t(cosx) = tan"* (2cosecx)
= tan! (2c—os>2<J =tan* (2cosecx)
1-cos“x
2cosx . T
=2cosec Xx=>cosx=sinx=tanx=1=x= —
sin® x 4
Hlustration 33: Prove that; sin! E —sin? izcos‘1ﬁ (JEE MAIN)
5 17 85
Sol: Covert the L.H.S. in terms of cos™.
We have sin™* 3 sint 38 =cos™! 4 —cost 15 - sin™t 3 =cos™* 4 & sin™t 8 =cos™* 15
5 17 5 17 5 5 17 17

e L VE R (O 2x 1|1 2 —cos A2 35 Bl 05100 2L (1 84
- 5717 5 17 5717 5717 85 85 85

Illustration 34: Prove that: sin’lg +sin™? 15—3+ sin™t % = (JEE MAIN)

N
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Sol: We have sin™! i —sint i +sint E =lsint = +sint —l4sint—
5 13 65 5 13 65

2 2
=sint i 1- i +i 1- i +sin’1E
5 13 13 5 25

.14 12 5 3 .16 . 363 . ;16
=SINT"{=X—+-—X—=p+ SN =— =sin " — +sin"" —
513 13 5 25 65 25

2
= cos‘lE+sin‘:lE sin‘lﬁ: cost,[1- 83\ _ cos‘:lE
25 65

s .1 -1 1Y
—|SIn "X+ COS "X =—
2 2

6. SIMPLIFICATION OF INVERSE FUNCTIONS BY ELEMENTARY
SUBSTITUTION

(@ 2sin'x = sint2x V1-x%) if—1<x<1

(b) 2costx = cost(2x*-1) if-1<x<1

() 2tantx= sin‘l( ZXJ 0<x<1

2tan'x -1<x<1

(d) sin? x__ n-2tantx x>1

1+x°

—n—2tan'x x<-1

_y2 -1 >
© cos’ll X {Ztan x x20

1+x* |—2tantx x<O0

n+2tantx  x<-1
-1 2x

1-x?

(f) tan ={2tantx -1l<x<1

2tanix—n x>1

(g) sintx=cost (\/1 —x? ) —tant| =X = ot X | et | L | = cosec (lj
}1 _ X2 X 1-— X2 X
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2
(h) coslx:sinl(\ll—xzj:tanl( 1-x J:cotl[ X ZJ:secl[E):cosecl[ ! J

1-x°

]:cos-l[ 1 ]U(fj[f ]

1+x X

(i) tanix=sint [

X
V1+%2

2X2 +2tantx =1, if x>1

() feo=sin™
1+x

(k) fx)=sint +2tantx=—mif x<-1

1+x

—(n+3sintx) -1<x<1/2
) sintBx-4x’)={ 3sintx -1/2<x<1/2

n—3sintx 1/2<x<1

3costx-2n -1<x<-1/2

(m) cos'(4x>-3x)={2n-3cos'x -1/2<x<1/2

3costx 1/2<x<1
1
3tantx ———— < X—=
NERRNEY
3

(n) tan! ix_;; =J-n+3tantx X > %

1
+3tan!x X<——=
i B

MASTERJEE CONCEPTS

While writing inverse trigonometric functions in their simplest forms, we use the following substitutions.
e For a’ —x?, we substitute x =asin® or x = a cos 6
e For va®+x? , we substitute x =a tan0 or x = a cot 0

Forvx? —a® , we substitute x = a sec 0 or x=a cosec 0

For va+x and va—x occurring together or separately, we substitute x = a cos 6

Rohit Kumar (JEE 2012 AIR 78)

Illustration 35: Solve for x: sin(2 cos™* (cot(2 tant x)) =0 (JEE ADVANCED)

Sol: The RH.S. is equal to zero implies cos™* (cot(Ztan’lx)) = n?n and proceed accordingly to find the value of x.
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if n=0

0 1
cos‘l(cot(Ztan‘lx))z n%z g if n=1 = cot(2tan‘l x)z 0
n if n=2 -1
T nmt w n  3n
nm+— -5 T3 P
4 2 8 8 8
= 2tanlx={nn+L = tanlx= n_n+E = tan'x = E,_E
2 2 4 4 4
P nt w n 3¢
nm—— i Uy
4 2 8 8 8

= x=+1,+ (2 -1),+ (2 +1)

Illustration 36: Solve the system of inequalities involving inverse circular functions arc tan? x—3 arc tanx + 2> 0
and [sin"!x] > [cos*x] where [ ] denotes the greatest integer function. (JEE ADVANCED)

Sol: Substitute tan™ x equal to t.
= (t-2)(t-1)>0
=>t>2 or t>1
=tan'x>2 or tantx>1
X € (—oo , tan 1) x > tanl
Again [sin"x] > [cosX]
[sin"'x] can take the values {-2,-1,0,1}
And [cos Ix] can take the values {0,1,2,3}
Hence [sin’lx] can be greater than [cos’lx] only
If [sin"x]=1 and [cos'x]=1
Now,[sin'x]=1=1<sin'x<n/2  (1<sinx<2)
sinl<x<1
And [cosx]=0=0<costx<1
cosl<x<1
Now, x must satisfy

From this x e[sin1,1]
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PROBLEM-SOLVING TACTICS

e Making a habit of writing angle values in radians rather in degrees makes the calculation of inverse trigonometric
functions easier.

e Try to remember graphs of inverse trigonometric functions. Sometimes it is easier to approximate answers
using graphical methods.

e Always verify whether the results are in the range or domain of the respective function.

e In some cases, constructing a right angled triangle for the given inverse function and then solving using
properties of triangle is much helpful.

e In case of identities in inverse circular functions, principal values should be taken. As such signs of x, y, etc,
will determine the quadrant in which the angles will fall. In order to bring the angles of both sides in the same
quadrant, one should make an adjustment by =.

FORMULAE SHEET

| 1. | If y = sin x, then x = siny, similarly for other inverse T-functions.
2. | Domain and Range of Inverse T-functions:
Function Domain(D) Range (R)
sin"! x -1 <x<1 T o9 < T
2 2
cos L x -1 <x <1 006 <=
tan x RS X <o L
2
cot 1 x —0 < X < ® 0<0 < =n
sec” x x < -Lx=1 0<60 < 16=—
cosecx x £ -1, x >1 e o < oo
2 2
3. Properties of Inverse T-functions:
(i) sin(sin©) =0 provided —g <0< g
cos (cos 0) =6 provided 0 <6 <=
tan"t(tan 0) =0 provided —g <0< g
cot(cot 6) =6 provided 0 <6 < n




20.24 | Inverse Trigonometric Functions

sec(sec 0) =0 provided Os6<g or §<9£n

a

cosec (cosec 0) =0 provided —g <0<0 or 0<H < =

N

(i) sin (sin‘:l

Xx) =x provided -1 <x <1
cos (cos'x) =x provided -1 < x <1

1x) =x provided - < x < o
1

tan (tan

cot (cot™"x) =x provided —o < x < ®
sec (sec'x) =x provided —ow < x<-1or1<x<

cosec (cosec’l x) =x provided —ow < x<-lorl<x< w

(i) sin™t (=x) =-sintx,

(iv) sintx+cosix=—, Vxe [-1, 1]

N3

cost (-x) =m — costx

tan? (= x) =—tanx tantx+cotix ==, VxeR

N a

cot™? (=x) = n—cottx
cosect (- x) = - cosectx

sect (-x) = - sec !t x

sectx + cosectx = g, V X e (—o0,-1] U [1,)

4. Value of one inverse function in terms of another inverse function:

V1-%°

() sintx=costVl-x*=tan? =cot™?
2 X
1-x
-1 -1
=sec =cosec —, 0 <x <1
1-x
. 1 12 BRUE'S 1
(i) cos " x=sin""VYl-x° =tan =cot™ ——
X 1 — 2
-1 -1
=seC - —= cosec ,0 < x <1

. _ V14X
(i) tantx=sint X __ cos™* 1 =cot™? 1. sect V1+x® = cosect ,
V1+x2 V1+x° X X

(iv) sint (EJ = cosec* X, V X € (—0,1] U [1,0)
X

(v) cos™t (l] = sec?! X, V X e (—00,1] U [1,00)
X

wiy tan’? (E] | cot™tx for x>0
X —n+cottx forx<0

0
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Formulae for sum and difference of inverse trigonometric function:

() tan'x+tanly=tan (;i] ifx>0,y>0xy<1

(i) tan'x+tanty=n+tan’t [1x+y j; if x>0,y>0,xy >1

(i) tantx-tanty=tan* (H—y] if xy>-1
1+xy
(iv) tantx-tan'y=mn+tan’ (uj if x>0, y<0, xy <-1
1+xy

_ _ _ _ X+VY+Z—XyzZ
v) tantx+tanly+tanltz=tan? [#]

1-xy-yz—2zx

(vi) sintxxsinty=sin"? [x\/l—y2 + y\/l—x2 };

Ifxy,>08&x*+y? <1

(vii) sintx+sinty=n—-sin"t [x\/l —y? + y\/l —x? };

Ifxy,>08&x2+y?>1
(viii) cos™ x+cosy =cost [xyixll—xz Jl—yz};
Ifxy,>0&x*+y? <1

(ix) cos™x+cos™ y=m-— cos! [xy T NI /1 _ yz }

IfFxy,>08&x2+y?>1

Inverse trigonometric ratios of multiple angles

(i) 2sinix= sin‘l(ZX\ll—x2 ), if —1<x<1

(i) 2costx=cost(2x*-1),if —-1<x<1

2
(iii) 2tan‘1x=tan"1( 2 jzsin‘l[ 2 ]zcos‘1 1-x
1-%° 1+%x° 1+%x°

(iv) 3sinx=sin? 3x—4%°)

(v) 3costx=cost (4x3-3x)

3
(vi) 3tantx = tan! X
1-3x?




