4. BINOMIAL THEOREM

MATHEMATICAL INDUCTION

The technique of Induction is used to prove mathematical theorems. A variety of statements can be proved using
this method. Mathematically, if we show that a statement is true for some integer value, say n = 0, and then we
prove that the statement is true for some integer k+1 if it is true for the integer k (k is greater than or equal to 0),
then we can conclude that it is true for all integers greater than or equal to 0.

The solution in mathematical induction consists of the following steps:

Step 1: Write the statement to be proved as P(n) where n is the variable.

Step 2: Show that P(n) is true for the starting value of n equal to O(say).

Step 3: Assuming that P(k) is true for some k greater than the starting value of n, prove that P(k+1) is also true.
Step 4: Once P(k+1) has been proved to be true, we say that the statement is true for all values of the variable.

The following illustrations will help to understand the technique better.

Illustration 1: Prove that 1+2+3+...+n=n(n+1)/2 for all n, n is natural. (JEE MAIN)

Sol: Clearly, the statement P(n) is true for n = 1. Assuming P(k) to be true, add (k+1) on both sides of the statement.
P(n):1+2+3+..+n=n(n+1)/2

Clearly, P(1) is true as 1=1.2/2.

Let P(k) be true. That is, let 1+2+3+...+k be equal to k(k+1)/2

Now, we have to show that P(k+1) is true, or that

1+2+43+.. . +(k+1)=(k+1)(k+2)/2.

LH.S = 1+42+3+..+(k+1)

= 1+2+3+..+k+(k+1) = k(k+1)/2 + (k+1) (As P(k) is true)

= (k+1) (k/2+1) = (k+1)(k+2)/2

= RH.S

Illustration 2: Prove that (n+1)! >2" for all n>1. (JEE MAIN)

Sol: For n = 2, the given statement is true. Now assume the statement to be true for n = m and multiply (m+2) on
both sides.
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Let (n+1)! >2" (i)
Putting n=2 in eq. (i), we get,
31> 22
31>4
Since this is true,
Therefore the equation holds true for n=2.
Assume that equation holds true for n=m,
(m+1)! > 2m . (i)
Now, we have to prove that this equation holds true for n=m+1, i.e. (m+2)! > 2™+,
From equation 2, (m+1)! > 2™,
Multiply above equation by m+2
(Mm+2)! > 2™ (Mm+2)
> 2m 4 2Mm
> 2m+l

Hence proved.

Illustration 3: Prove that n? + n is even for all natural numbers n. (JEE MAIN)
Sol: Consider P(n) = n? + n. It can written as a product of two consecutive natural numbers. Use this fact to prove
the question.

Consider that P(n) n?+ nis even, P(1) is true as 1?2+ 1= 2 is an even number.

Consider P(k) be true,

To prove : P(k + 1) is true.

P(k + 1) states that (k + 1)? + (k + 1) is even.

Now, (k + 1>+ (k+1)=k*+2k+1+k+1=k*+k+2k+2

As P(k) is true, hence k? + k is an even number and can be written as 2 A, where X is sum of natural number.
20 + 2k + 2 = 2(A + k+ 1) = amultiple of 2.

Thus, (k + 1)? + (k + 1) is an even number.

Hence, P(n) is true for all n, where n is a natural number.

Illustration 4: Prove that exactly one among n+10, n+12 and n+14 is divisible by 3, considering n is always an
natural number. (JEE MAIN)

Sol: We can observe here that

Forn=1,
n+10 = 11
n+12 =13
n+14 =15

Exactly one i.e 15 is divisible by 3.

Let us assume that that for n = m exactly one out of n+10, n+12, n+14 is divisible by 3
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Without the loss of generality consider for n=m, m+10 was divisible by 3

Therefore, m+10 = 3k

m+12 = 3k+2

m+14 = 3k+4

We need to prove that for n=m+1, exactly one among them is divisible by 3. Putting m+1 in place of n, we get
(m+1)+10 = m+11 = 3k + 1 (not divisible by 3)

(M+1)+12 = m+13 = 3k+3 = 3(k+1) (divisible by 3)

(m+1)+14 = m+15 = 3k+5 (not divisible by 3)

Therefore, for n=m+1 also exactly one among the three, n+10, n+12 and n+14 is divisible by 3.

Similarly we can prove that exactly one among three of these is divisible by 3 by considering cases when n+12 = 3k
and n+14 = 3k.

BINOMIAL THEOREM

1. INTRODUCTION TO BINOMIAL THEOREM

1.1 Introduction

Consider two numbers a and b, then

(a+b)2 =a’ +2ab+b?
(a+b)3 :(a+b)(a+b)2 =(a+b)(a2+2ab+b2) =a’ +3a’b + 3ab? + b3

(a+b)4 =(a+b)2(a+b)2 :(a2+2ab+b2)(a2+2ab+b2) =a* + 42’0 + 6a’b? + 4ab> + b*
As the power increases, the expansion becomes lengthy, difficult to remember and tedious to calculate. A binomial

expression that has been raised to a very large power (or degree), can be easily calculated with the help of Binomial
Theorem.

1.2 Binomial Expression

A binomial expression is an algebraic expression which contains two dissimilar terms.

etc.

For example: x+y,a? +b%,3-x, Vx? +1 +
3
X +1

1.3 Binomial Theorem
Let n be any natural number and x, a be any real number, then

n — — — _
(x+a) ="Cyx"a’ +"C x" et + "C, XA o+ "C XA o+ "C x4+ N X

. n 2 _ n!
ie (x+a) =20:”Crx“ "a” where "C, :r!(n——r)!

and the co-efficients "C, "C, "C,, .....c..cc........ and "C_are known as binomial coefficient.
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MASTERJEE CONCEPTS

n
(@) The total number of terms in the expansion of (x + a)" = » "C x""a",is (n + 1).
(b) The sum of the indices of x and a in each term is n. =0
() "C,"C,"C, ...,"C, are called binomial coefficients and also represented by C, C,, C, and so on.
(i) nC)(=“Cy:>x=yor X+y=n (i) "C,="C.,
(i) "C +"C_, =""C (iv) "C,=n/(n-r)."'C,
Vaibhav Gupta (JEE 2009, AIR 22)
Illustration 5: Expand the following binomials
34
. .. 3x
(i) (x = 2)3 Gy |1 - (JEE MAIN)

Sol: By using formula of binomial expansion.

(i) (x=2) =5 +°Cx* (<2) + 56,3 (-2)" + 5Cx (-2) + ¢ x(-2)" + 3¢, (-2)

= x> —10x* + 40x® — 80x? + 80x — 32

4 2 3 4
.. 3X3 4 4 3X3 4 3X3 4 3X3 4 3X3
(ll) 1—7 = CO + Cl —7 + CZ —7 + C3 —7 + C4 —T

Exﬁ —zx9 +§x12
2 16

=1-6X+

2. DEDUCTIONS FROM BINOMIAL THEOREM
2.1 Results of Binomial Theorem

D-1 On replacing a by —a, in the expansion of (x + a)", we get
(x—a)" ="Cyx"a® - "Cx" et + "Cx"2a” — .+ (-1) "Cx"al ...+ (1) "C X%

(_1)r nCan—rar

M-

ie. (x —a)n =

T
o

Therefore, the terms in (x — a)" are alternatively positive and negative, and the sign of the last term is positive or
negative depending on whether n is even or odd.

D-2 Putting x = 1 and a = x in the expansion of (x + a)", we get

n
(1+x)" ="Co+ "Crx+ "Cx et "C X+ "C X

= (1 + x)n = ano "CxX
r=

This is the expansion of (1 + x)" in ascending powers of x.
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D-3 Putting a = 1 in the expansion of (x + a)", we get

n
n n n n n-1 n n-2 n n—-r n n n n n—-r
(x+1)" = "Cox" + "Cx" + "X+ "X e+ "C X+ Cn:>(1+x) = "Cx
r=0

This is the expansion of (1 + x)" in descending powers of x.

D-4 Putting x = 1 and a = —x in the expansion of (x + a)", we get

MASTERJEE CONCEPTS

If n is odd then {(x + a)n +(x —a)n} and :(x+ a)n - (x —a)n} both have the same number of terms equal
to (nzij where as if n is even, then {(x +a)n + (x —a)n} has [nglJ terms.

Nikhil Khandelwal (JEE 2009, AIR 94)

2.2 Properties of Binomial Coefficients

Using binomial expansion, we have

n
(1+x) ="Co+"Cx+ nsz2 o, +"C X+ + "C X

n — —. —
Also, (1+x) = "Cox" + "Cx"™ + "CX" 4+ "CXM L+ "Cyx+ "C

Let us represent the binomial coefficients "C,"C;,"C,,.....,"C_;,"C, by C;,C,,C,.......C, ;,C, respectively. Then
the above expansions become

(1+x)" =Co+Cx+ Cx 4 4 Cx" e (14 %) = Zn:Crxr
r=0

n
Also, (1 + x)n = CopxX" + CxX" T+ X" 4+ C XY 4+ C x4 C e (1+ x)n = ZOCrx”’r
r=

The binomial coefficients C, C, C,,........ C, , and C posses the following properties:

n-1/
Property-I In the expansion of (1 + x)", the coefficients of terms equidistant from the beginning and the end
are equal.

Property-I  The sum of the binomial coefficients in the expansion of (1 + x)"is 2".
n
ie.Co+ C+ Cy# o+ C =200r, 2. "C =2".
r=0



4.6 | Binomial Theorem

Property-Ill The sum of the coefficient of the odd terms in the expansion of (1 + x)" is equal to the sum of the
coefficient of the even terms and each is equal to 2",

ie. Co+C,+C, +.nnnn =C +C+C +. =t
Property-Iv  "C =

Property-V  C,-C,+C, ~C;+C, —...+(-1)'C, =0

MASTERJEE CONCEPTS

nc n+1C
ro_ r+1
(a) (n+1)cr = nCr i nCr—l (b) r nCr = nn—l Cr—l (C) r+1 - n+1

Saurabh Gupta (JEE 2010, AIR 443)

Ilustration 6: If (1+x)" =C,+C;x+ C2x2 F oo +C.x", then show that (JEE MAIN)

(i) Cp +4C, +4°C, + e +4"C =5"
(i) Cy +2C; +3C, + o +(n+1)C, =2"1(n+2)

Giye, -1+ S Sy ey Sl L
2 3 4 n+l n+1

Sol: By using properties of binomial coefficients and methods of summation, differentiation, and integration we
can easily prove given equations.

(i) @+X)" =Cy +Cx+Cx° + e + C X"

Method 1: By Summations

rth term in the series is given by (r+1).“Cr

=)

Therefore, LH.S = "Cj +2."C, +3."C, +....... +(n+1)."C, = Z(r+1).“Cr
r=0
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M:s

n n n
=3 ", +Y."C, =n>."1C; +>."C, = n2"+2" =2" (n+2) = RHS
r=0 r=0 r=0

1l
o

r

Method 2: By Differentiation

(L1+x)" =Cy +Cx+CX° + e+ C X"
Multiplying x on both sides, x(1+x)" = Cyx+C;x’ +C2x3 o+ C X
On differentiating, we have (1+x)" +xn(1+ x)n_l =Co+2Cx+3.0,%% + 4 (n+1)Cx"
Putting x = 1, we get C; +2.C; +3.C, +..... +(n+1)Cn =2"+n2"!
Co+2C; +3.C, +n+(n+1)C =21 (n+2)
¢, ¢ C 1
i) Cg ——+ =2 -3 4. 1) "=
-5 +377% AT
Method 1: By Summations
n
C
r" term in the series is given by (—1)r. L
r+1
c, ¢ C C n "C
Therefore, LHS. = Cj ——++—2-—2+.... +(—1)n =y (-1) . —
2 3 4 n+l /3 r+1
1 n M el . n+1 n n+1 1 |:n+1 n+1 n+1
=—— S(- - = =— C C,+"C, -
n+1§( 1) "™C,, using ~——-."C, Corf =1 2 > 3

Adding and subtracting the term ”*1CO, we have

= +1C 1 1 n ) X
+1 " 0 " 1 " C2 ........ +( ) 'n ( el n+ C
- — as +1 1 1 n .
n CO n+ Cl n ( 2 L T l—(_ ) .I'H~ Cn . . S

Method 2: By Integration

1+x)"=C,+Cx+Cx+

On integrating both sides within the limits -1 to O, we have

])‘(1 + x)ndx: T(Co+ Cx + CxX*+
il i}

n+1 0 0
(1+x) 2 3 n+1
=>|—| =|Cx+C —+C,—+... +C
n+1 2 3 "n+1
-1 -1
C, C C C, C C
S Y L (-1)" = = -2 (-1)' =" =
n+1 2 3 n+1 2 3 n+1
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(i) CoC, +C,C3 +CCy +u+ C, ,C, = 2"C,, Or 2'C

(i) 1.C5+3.C{+5.Co+.t(2n+1).C2.=2n.2"1C +C,

n

(JEE ADVANCED)

Sol: In the expansion of (1+x)>, (i) and (ii) can be proved by comparing the coefficients of x" and x"? respectively.
The third equation can be proved by two methods - the method of summation and the methods of differentiation.

(i) (1+x)n:CO+C1x+C2x2+ ........ +C x

Also, (x+1)" = Cox" + Cx" !+ Cx" 2 e+ C X

Multiplying equation (i) and (ii)

On comparing the coefficients of x" both sides, we have

=C =Co+C +C 4. +C? Hence, Proved.

(i) From (iii), on comparing the coefficients of x"~? or x"*2, we have

CoC, +C,C5+C,Cy +un+ C,,C = 2"C,_,0r 'C

n+2
(i) 1.C5+3.C; +5.C5 +.t(2n+1).C2 . =20 2" 1C +7"C

Method 1: By Summation

rth term in the series is given by (2r +1) nCr2

LHS. = 1.C5 +3.C{ +5.C +.... +(2n+1)C = i(2r+1)”Cr2
n 2 n n =
=>2r("¢ ) + X[ ) =22 n"e, e + N,
r=0 r=0 r=1
(1+x) ="Co+ "Cx+ "Ox" + o+ "C X"
(x+1)" = "™+ MO e+ "IC, X

IC = "G "¢+ "TCL"C e+ TIC L C

n-1 n _ 2n-1
ie. C.,"C =*'c,

n
r=1

Hence, required summation is 2n. 2”‘1Cn + 2"Cn

Method 2: By Differentiation

(1 +x? )n =Cy+ Clx2 + C2x4 + C3x6 Fo Cnxzn

()

v (i)

ooo. (i)

(D)

(D)



Differentiating both sides

Comparing coefficient of x*"

nAC L+ C = Ch +3CF +5C + ...+ (2n+1)C
5 Co+3C +5C; +....+(2n+1)C2 = 20" C +7" C,

Illustration 8: If (l + x)n =Cy+Cx+ sz2 + o+ C X",

|
Prove that C,C, +C,C, . +C,C,y 4t C, C =20

Sol: Clearly the differences of lower suffixes of binomial coefficients in each term isr.

By using properties of binomial coefficients we can easily prove given equations.

Given (1+x)" =Co+Cyx+ Cox e+ G X" e+ C X

Now (x+1)" = Cox" + Cx" !+ C X" 2 e+ C X" 4+ C X 4+ C
Multiplying (i) and (ii), we get

(x+1)2n :(C0 +Clx+C2x2 Fot C X +Cnx”)

Now coefficient of x™ on L.H.S. of (iii) = chn*f B m
n—r)! (n+r)!

and coefficient of x™" on RH.S. of (i) = C,C, +C,C ,; +C.C ,, +... +C _C

r+1

But (iii) is an identity, therefore, of x"" in R.H.S. = Coefficient of x"" in L.H.S.

|
— C,C 4 C,Cy +CoCoy bt €, C =20

r+1

Hence, Proved.

Hlustration 9: Prove that "C, - 2nCr -"C, - M2C 4= 22”‘r.”CH ifr>nandOifr<n.
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(D)

(1))

(JEE MAIN)

. ()
(D)

... (i)

(JEE MAIN)

n
Sol: By comparing coefficient of x"in L.H.S. and R.H.S. in the expansion of [(1+x)2 —1} we can prove it.

[(1 + x)2 - l}n ="C, (1 + x)zn -"C (1 + x)zn_2 +"C, (1 + x)zn_4 +..

Coefficient of x in RH.S. = "C,.°"C, = "C;.2"?C, + e
LH.S. = [ +x)2 -1 =[2x + %" = x" (2 + X)"

0

(D)
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.. Coefficient of x"in x™ (2 + x)"
= Coefficient of x™in (2 + x)"="C_ 2>"ifr > n
=0ifr<n (Since lower suffix cannot be negative)
But (i) is an identity, therefore coefficient of x" in RH.S. = coefficient of x" in L.H.S.

Hence "C,.”"C, - "C,*"%C, +.... ="C,_,2°"" ifr>n

=0 ifr<n.

Illustration 10: Show that C,."C, -C, " *C, +C,*"?C, - C;*"*C, +....+(-1)'C,"C, =1  (JEE ADVANCED)

Sol: Observe the pattern in the terms on the LHS. The first term CO.Z”Cn is the co-efficient of x" in the expansion
of Cy(1+ x)zn. Similarly, C,.°"'C, is the co-efficient of xin C, (1+x)2n and so on. On adding all the coefficients

of x” we can prove the given equation.

Note that C,.*"C, - C;.*"'C +C,.2"?C -G 2" C +...+(-1) "C,."C

= Coefficient of x" in (1 + x)n [(1 + x) - l]n

n

= Coefficient of x" in (1 + x)n (x)

= Coefficient of the constant termsin (1 + x)" =1

3. TERMS IN BINOMIAL EXPANSION

3.1 General Term in Binomial Expansion
We have, (x+a)" = "Cyx"a® + "C;x" " @l + "C,x" X 4o+ "X e+ "C X0

(r+1)*" term is given by "C x""a"
Thus, if T

.1 denotes the (r+1)" term, then T , = "C.x""a’

;
This is called the general term of the binomial expansion.

(@) The general term in the expansion of (x —a)", is given by T, = (-1)."C x""a’
(b) The general term in the expansion of (1 + x)" is given by T, ="C x'

= (-1 "Cx

1

(c) The general term in the expansion of (1 -x)", is given by T |

(d) In the binomial expansion of (x + a)", the r" term from the end is (n + 1) — r + 1) term i.e. (n —r + 2) term
from the beginning.

Illustration 11: The number of dissimilar terms in the expansion of (1 —3x + 3x2 - x3)% is (JEE MAIN)

Sol: As we know that number of dissimilar terms in the expansion of (1 — x)" is n+1. Rewrite the given expression
in the form of (1 — x)".
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(1-3x+3x=x)2 =[(1-x)3*° = (1-x*®
Therefore number of dissimilar terms in the expansion of (1 — 3x + 3x? — x%)?is 61.
4x 5

9
Illustration 12: Find (i) 28" term of (5x + 8y)* (i) 7* term of [ c 2—) (JEE MAIN)
X

Sol: Here in this problem, by using T, = "C x""a' we can easily obtain (r+1)" term of given expansion.

(i) 28™ term of (5x + 8y)*®

_ 30! 3 27
T =T, =2C,0x%% 8y)” = 3!.27!(5)() .(8y)
9

(i) 7t term of x>

5 2x

o ()% 5 91 (4xY(5) 10500
T, =T =G| = oo =Sl T 5] T
’ 5 2x 316!\ 5 2X x>

Illustration 13: Find the number of rational terms in the expansion of (9% + 81/6)100, (JEE ADVANCED)

Sol: In this problem, by using T, = "C x""a" we can easily obtain (r+1)" term of given expansion and after that by
using the conditions of rational number we can obtain number of rational terms.

The general term in the expansion of (94 + 81/6)1000 js

r+1 —

11000 . 1000-r r
T . —1000¢ | ga (81/6) _ 1000~ 3 2 92
r r

00—r

. . . . 10 .
T.., will be rational if the power of 3 and 2 are integers. It means and % must be integers.

Therefore the possible set of values of ris {0, 2, 4... ... 1000}. Hence, number of rational terms is 501.

3.2 Middle Term in Binomial Expansion

(a) If nis even, then the number of terms in the expansion i.e. (n + 1) is odd, therefore, there will be only one

n+2 " n "
middle term which is (TJ term i.e. (§+1} term.

nn

th
So middle term = (g+lj term i.e. T(n ] ="C x?a?
—+1 =

2

(b) If nis odd, then the number of terms in the expansion i.e. (n+1) is even, therefore there will be two middle
terms which are

n+1)" n+3)" gl U
:[Tj and[Tj term i.e. T[ml] = nC[n_ljx 2a? and T[M] = ”C[MJX 232
2 2
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MASTERJEE CONCEPTS

e When there are two middle terms in the expansion then their binomial coefficients are equal.
e Binomial coefficient of middle term is the greatest Binomial coefficient.

Neeraj Toshniwal (JEE 2009, AIR 21)

5 \14 319
Illustration 14: Find the middle term(s) in the expansion of (i) (1 —X?] (i) (Ba —%J (JEE MAIN)
n i n+1 " n+3 i

Sol: By using appropriate formula of finding middle term(s) i.e. [E+1j when n is even and [TJ and(Tj

when n is odd, we can obtain the middle terms of given expansion.

L th
() (1 —X?] Since, n is even, therefore middle term is (174+1j term.

2Y 429
X
Ts — 14(:7 A — __X14
2 16

9
.. 33
(i) [33 - Ej

Since, n is odd therefore, the middle terms are (

th th
9+1 and 9+l+1 ‘
2 2

3\ 3Y
] 9 9-4( a 189 ;5 9 9-5( a 21 49
- Ty =°C,4(3a) [_FJ -5 2 and Ty =°C,(3a) [_E] T

Q

3.3 Determining a Particular Term

n
In the expansion of (x“ iiﬁ] ,if x™occursin T, then ris given by

r+1/
X

no—m

na—r(o+B)=m =r= 7B

Thus in above expansion if constant term i.e. the term independent of x, occurs in T then r is determined by

no
na—r(o+p)=0 =>r=
( B) a+p
4, 3Y
Illustration 15: The term independent of x in the expansion of (gxz —2—] is (JEE MAIN)
X
Sol: By using the result proved above i.e. r = n—a, we can obtain the term independent of x. Here, o and B are

oa+f

n
obtained by comparing given expansion to (x“ iiﬁj .
X

4, 3Y) 1Y)
On comparing| —x*> —— | with| xX*+—| ,weget 0 =2,f=1,n=9
3 2x )(B
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9(2
ier= % =6 .. (6 + 1) =7"term is independent of x.
+

15
Illustration 16: The ratio of the coefficient of x> to the term independent of x in [xz +EJ is (JEE MAIN)
X

Sol: Here in this problem, by using standard formulas of finding general term and term independent of x we can
obtain the required ratio.
15-r (2
General term in the expansionis T, = °C, (xz) (—] ie, PC X072
X

For x**>,30-3r=15 = 3r =15 =r=5

5
15-5
LTo= T, = PG (xz) (éj ie, PCx.2°

= Coefficient of x* is °C, 2° (r = 5)

For the constantterm 30 -3r=0 = r = 10.

10
15-10 (2
g 15 2 o 15 10
. T]_]. = T10+1 = ClO (X ) (;j Le., C102

= Coefficient of constant term is *°C 2.

Hence, the required ratio is 1 : 32.

9
Illustration 17: The term independent of x in the expansion of [9/; - ] is equal to (JEE MAIN)

Sol: By using the formula T, = "C.x""a" we can solve it.

T, = 9cr(ﬂ§)9'r (_i]r - 5¢ (1) (63 oc, (1) X[%]

r

Illustration 18: If the second, third and fourth terms in the expansion of (b+a)" are 135, 30 and 10/3 respectively,
then n is equal to (JEE MAIN)

Sol: In this problem, by using the formula of finding general term we will get the equation of given terms and by
taking ratios of these terms we can get the value of n.

T,="C ab™ =135 ..(0)
T, ="C,a%b"? = 30 (i)
T,=C ab== 20 i)
3
On dividing (i) by (ii), we get
"C,ab™' 135 n b 9 .
S S = == .(iv)
“Czazb“’z 30 nn-1)a 2
2
b 9
n= Z(n—1) (V)
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Dividing (ii) and (iii), we get

2 E_?’OX?’:g N 3 9:
n(n—l)(n—Z)'a 10 (n—-2) a
3.2

Eliminating a and b from (v) and (vi)= n =5

(Vi)

Illustration 19: If a, b, c and d are the coefficients of any four consecutive terms in the expansion of (1+x)", n being

c 2b
a+b c+d b+c

positive integer, show that

Sol: Consider four consecutive terms and use "C__; + "C, = "'C .

The (r+ 1)"termisT  ="Cx

~. The coefficient of term T . ="C

1

. Now take four consecutive terms as (r — 1)th, rth, (r + 1)th and (r + 2)th

. Wegeta="C , b="C_;,c="C,d="C
a+b="C_,+"C_, ="'C ,
b+c="C_, +"C ="C
c+d= nCr + nCr+1 = nJrlCrJrl
a "¢, nl X(r—l)!(n—r+2)!_ r_1
Ta+b "+1Cr_l_(r—2)!(n—r+2)! (n+1)!
b ", nl ><r!(n—r+1)! _
btc ™c  (r-1)(n-r+2)!  (n+1)!  n+l
c "C, (r+1)t(n=r)! re1
c+d "lC . _n!(n—r)! (n+1)! T n+l

a C r-1 r+1 2r r
+ = + = =2
a+b c+d n+l n+l n+1 n+1

3.4 Finding a Term from the End of Expansion

In the expansion of (x + a)", (r + 1) term from end = (n —r + 1) term from beginning i.e.

()= Trn

Illustration 20: The 4™ term from the end in the expansion of (2x — 1/x?)% is
Sol: By using T (E) = T (B) we will get the fourth term from the end in the given expansion.

7
Required term = T,y , >, =Ty = 10C7 (2x)3 [—%] =-960 x
X

=b+c

(JEE MAIN)

(JEE MAIN)



3.5 Greatest Term in the Expansion

Let T, and T be (r+1)th and rth terms respectively in the expansion of (x+a)".

_n n-r+1_r-1.
T="C_xa

CTa _ ncrxn—rar _ n! X(r—l)!(n—l’+1)! a :n—r+1 a
T nC Xt (n—r)ir! n! "X roox
T, n-r+1 a n+l)
Now, T.,>=<T :?>:<1 = . ; >=<1 3{( : J 1}
n+1 X n+1 X n+1
=>——-1>=<> =>—>=< |1+— >=<r
r a r a X
1+—
a
Thus, T >=<T according as >=<r
1+%
a
Now, two cases arise
n+1 . . n+1 .
Case-I: When is an integer Let =m, Then, from (i), we have
1+% 1+%
a a
T.,>T,forr=123,..(m-1)

T,=T,forr=m

and, T ,<T, forr=m+1,..n

r+1
SL>TL>T T, >T, 0T >T [From (ii)]
T . ,=T. [From (iii)]
and, T .5 <T 1T <Tooi Ty <T, [From (iv)]
ST <h<an<T <T =T 1>T 5..>T
This shows that m™ and (m + 1)*" terms are greatest terms.
n+1 .
Case-II: When =m. Then, from (i), we have
1+2
T, >Tforr=12,..m
and T, <Tforr=m+1m+2..n
LTG>T T > T [From (v)]
and, T o <T T o<T 5T, <T [From (vi)]

<T

:>T1<T2<T3< ..... <Tm<T >T il

m+1 m+2 m+3°

Mathematics | 4.15

Then, T, ="Cx""a" and

r+1 —

(i)

(D)
(iv)

(V)
o (Vi)
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= (m + 1) term is the greatest term.

Following algorithm may be used to find the greatest term in a binomial expansion.

3.6 Algorithm to Find Greatest Term

Step I: From the given expansion, get T and T

-
Step II: Find [I_—+1

r

T
Step III: Put [l_—*l >1

;
Step IV: Simplify the inequality obtained in step III, and write it in the form of either r < m orr > m.
Step V: If m is an integer, then m™ and (m+1)" terms are the greatest terms and they are equal.

If m is not an integer, then ([m]+1)" term is the greatest term, where [m] means the integral part of m.

3.7 Greatest Coefficient

Case-I When n is even, we have

n
C I r+1)(n-r—1)!
r . m X( i ):”1 (i)
nc (n—r)!r! n! n—r
r+1
Now, for OSrﬁg—l :>ISr+1§%and %+l<n—r£n
r+1 L "C, n n
:m<l [Using ()] = c <l="C <"C,

r+1

Putting r=0,1,2,...... ,[g—lj, we get"C, < "C;,"C; < "C,,"C, < "C5...<"C,, < "C

n_ n
2 2
n n n n n .
= "C <G <G << CE,1< CD (i)
2
H n _n
Since 'C__, ="C,
..n _n n _n n _n n n
G ="C "G ="C 1, "G = S CD, < CE
2

Substituting these values in (i), we get i
(il
"C,<"C,_,<"C

n-1 n-2

N[>

From (i) and (iii), we refer that the maximum value of "C is "C.

Case-II When n is odd

n

C
We have, L =ﬂ
nc n—r
r+1

Now,0£r<% :>0<r+1<n7_land%£n—r£n
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1 "C o
j%<1:> . —<1 [Using ()] = "C, <"C,,
r+1
Putting r = 0,1, 2, ....., "=3
2
We get "C, < "C;,"C, <"C,, "C, < "Gy, < "C 5 <"C; ="C
2 2 2
="C,<"C, <", <" <...<"C 53<"C ,="C )
T T T (i)
Since "C__ = "C. Therefore,
. "C,="C,"C,="C,_,,"C, ="C, ... '\, ="C. s .. (i)
2 2
From (ii) and (iii), it follows that the maximum value of "C is "C_, ="C_,
2 2
. . . . 1
Illustration 21: Find the numerically greatest term in the expansion of (3 — 4x)'>, when x = 7 (JEE MAIN)

Sol: Follow the algorithm mentioned above.

Let r" and (r + 1) be two consecutive terms in the expansion of (3 — 4x)%°
T.,>T
r

r+1
15¢ 357 (1) > ¢, 315-(-1) (|_4X|>r‘1

_(15)! |—4x| > ﬂ = 5.1(16—r) >3r = 16-r>3r
(15—r)ir! (16—r)!(r—1)! 5
= 4r<16 =r<4

Hence, we have T, <T, <T, <T,.
Similarly, if we simplify T, =T, we get r=4.

Therefore the numerically greatest term is T,and T .

4. APPLICATION OF BINOMIAL THEOREM
4.1 Divisibility Test

Illustration 22: Show that 72" + 7 is divisible by 8, where n is a positive integer. (JEE MAIN)

Sol: Write 7> + 7 in the form of 8\ + ¢, where c is a constant. If c = 0 then we can conclude that 72" + 7 is divisible
by 8.

7 4 7 = (8 _ 1)2n +7 — 2nC082n _ 2nC1.82n—1 + 2nC2.82n—2 - + 2nC +7

=8""C, -8"1C, +....—-87"C, , +8 =8\ where Ais a positive integer

Hence, 72" + 7 is divisible by 8.
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Illustration 23: Prove that 13% - 19% is divisible by 162. (JEE ADVANCED)

Sol: Reduce 13% —19°7 into the form of 1621 + C using binomial expansion and If C = 0 then 13%° -19*7 is
divisible by 162.

Let the given number be called S. Hence, S = 13%° -19%7 = (1 + 3x4)® — (1 + 9x2)’

Hence they can be written as (3%.2) k, and (3*.2) k, respectively, where k, and k, are integers.
Therefore, S =1+ *°Cy.(3x4)-1-%C,.(9x2)+(162)(k, —k,)
= (1188-1026) +{162 x (k; ~k, )} = (162 x some integer)

Hence the given number S is exactly divisible by 162.

4.2 Finding Remainder

Illustration 24: What is the remainder when 52 is divisible by 13. (JEE MAIN)

Sol: In this problem, we can obtain required remainder by reducing 5% into the form of 13 A +a, where A and a
are integers.

52015 = § 52014 = § (D5)1007

—5(26-1)"" = 5[1007cO (26) = 1007C, (26} .+ 07 C 0 (26) =17 C (26)0}

=13(k)+52+8 =13 x (some integer) + 8.

4.3 Finding Digits of a Number

Illustration 25: Find the last two digits of the number (13). (JEE MAIN)

Sol: Write (13)¥in the form of (x—l)n, such that x is a multiple of 10. Then using expansion formula we will get
last two digits.

(13)° = (169)° =(170-1) =°Cy(170) - 5C,.(170)" +......+ °C, (170" - 5C;(170)"



= 5C,(170) - °C,.(170)" +..+ °C, (170) +5x170 -1 = A multiple of 100 + 849

Therefore, the last two digits are 49

Illustration 26: Find the last three digits of 132%¢.

Sol: Similar to above problem..

We have 13% = 169 = 170 - 1
Now, 13° = (137} = (170 -1

128 127 126

=128, (170) 7 - 18C.(170) 7 + ?8C,.(170) A+ 128C (170)2 -1%8C,, (170)+1
=1000 m + (128) (170) (10794) + 1 (where m is a positive integer)
= 1000 m + 234877440 + 1 = 1000m+234877441

Thus, the last three digits of 13%¢ are 441.

4.4 Relation between Two Numbers

Illustration 27: Which number is smaller (1.01)000% or 10,000

Mathematics | 4.19

(JEE MAIN)

(JEE MAIN)

Sol: By reducing (1.01)100000 jnto the form of (1 + 0.01)n and solve it by using expansion formula we can obtain the

value of (1.01)000000
(1.01)1000000 - (1 + 0.01)1000000

—14 1OOOOOOC1 (0.01)+ 1000000(:2 (0'01)2 4 1000000(:3 (0.01)3 +
=1+1000000 x(0.01) + some positive terms

=1 + 10000 + some positive terms

Hence 10,000 < (1.01)000000,

5. MULTINOMIAL THEOREM

Using binomial theorem, we have

(x + a)n :Zn:"C x"a", neN

r=0
n
n! _ n!
:Z—Xn ar = Z ?xsar, wheres=n-r
r=O(n—r)!r! riaon sl

. . n
Let us now consider the expansion of (x1 +Xy + x3)

n n k
nk xnk : k-pyp
<X1+X2+X) Z:: (X2+X) Z:: n k)|k| 1 (pz_:‘)(k_p)lplxz XSJ

k n!
n-k k-p,p _
§ (-l (—pyip! L 25 2

p+g+r=n r ql

n!

M

n
Z X, X3 x5 where, k-p=q,n-k=r.
=5 p!
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And so on, if we want to generalize for n terms, we get
n!

41y bt =n 11 Iyl !

My 2 k
Xi X woneeen X

. . n . n! r:

Therefore, general term in the expansion of (x1 Xy F et xk) is ﬁx?x?xg’ ....... ka
rintnl.rn!

P RIE RN

The number of terms is equal to the number of non-negative integral solution of the equationr, +r, +
because each solution of this equation gives a term in the above expansion. The number of such solutions is " ***C, .

Number of terms for the following expansions

@) (x+y+z)n = >

r+s+t=n

I—Itlxryszt The above expansion has n+3‘1C3_1 = n+2C2 terms.
risit!

n! _ .
(b) (x+y+z+u)n = Y pIquISIxpyqzruS.There are "*71C, | = "C; term in the above.
p+q+r+s=n P:H:Te>e

MASTERJEE CONCEPTS

P . . n!
The greatest coefficient in the expansion of (xl + Xy F o +x“m) is -, where g and r are

p\m=r 1)1
the quotient and remainder respectively when n is divided by m. (q) [(q - )

Aman Gour (JEE 2012, AIR 230)

6. BINOMIAL THEOREM FOR ANY INDEX

Let n be a rational number and x be a real number such that |x| < 1, then

nin—-1) R nn-1)(n-2)..(n—-r+1) v

(1+x)n=1+nx+ o

+... + terms upto

_ . _n(n-1)(n-2)
The general term in the expansion of (1 + x)"is |
rl

x"and is represented by T ..

MASTERJEE CONCEPTS

The above result is also true for complex x, n.
B Rajiv Reddy (JEE 2012, AIR 11)

Illustration 28: If x is very large and n is a negative integer or a proper fraction, then an approximate value of

n
[lﬂj is equal to (JEE MAIN)
X

. . 1 . - .
Sol: Since x is very large therefore = will be very small. Neglect the terms containing three and higher powers of
X

1. : : : T+x)
— in the expansion to obtain the approximate value of {—j .
X X
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1" n n(n-1)(1Y
1+=1 =1 +;+T X +..... Since x is very large, we can ignore terms after the 2" term.

1/2 5/3
. (1-3x)""+(1-x)" , ,
Illustration 29: If is approximately equal to a + bx for small values of x, then (a, b) is equals
to. V4 -x (JEE MAIN)

(1-3)" +(1-x)"

Va—x

Using the binomial expansion for any rational index, we have
1 1 1)1 5\ 5 521, 2
(1- 3X)1/2 L1 X)s/s {1 + 5(—3x) + 2(—2)2(—3x) - } + [1 + §(—x) + ggi(—x) Fo }

RIS

Sol: Calculate the value of and equate it to a + bx.

19 53
1-"oX X
12 144 35
=1-—X+.....
x 1, 24
— =X =
8 8
. . 35 35
Neglecting the higher powers of x, = a+bx=1-=—=x = a=1lb=-=—
24 24
Illustration 30: Find the coefficient of a3b?c*d in the expansion of (a—b —c + d)¥° (JEE ADVANCED)

Sol: Expand (a — b — ¢ + d)¥ using multinomial theorem and by using coefficient property we can obtain the
required result.

Using multinomial theorem, we have

pobocrd® x OO o ay

r +rp+r3+14 =10 r1 !rz !ra !r4 !
We want to get coefficient of a’b’c*, this implies thatr, = 3,r,=2,r,=4,r, =1

.. Coefficient of a’b%c*d is ﬂ(—l)2 (—1)4 =12600
312141

11
Illustration 31: In the expansion of (1 +X +E) find the term independent of x. (JEE ADVANCED)
X

1
Sol: By expanding (1 + X+ EJ using multinomial theorem and obtaining the coefficient of x° we will get the term
independent of x. X

ol = T e

r+ry+r3=11 IF1 !rz !r3 !

The exponent 11 is to be divided in such a way that we get x°. Therefore, possible set of values of (r, r,, r,) are
(11,0,0), (9,1, 1),(7,2,2)(5,3,3), (3,4, 4), (1, 5, 5) Hence the required term is
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(11)!(50)+ (11)! o, (11)! o, (11)! - (11)! o, (11)! s

(11)! 9I111! 712121 513131 314141 11515!

+(11)!. 21 51+(11)!. 41 52+(11)1- 6! 53+(11)!. 81 54+(11)!.(10)!55
912111117 7141721217 " 5161731317~ 3181741417 " 1110!" 515!

=1+ MG, x 2C x5+ G, x 1C, x5 + 1 Cy x 0Cy x5 + MGy x 8C, x 5% + 1€ x 19Cy % 5°

5
=1+ 1C,,.7C, x5
r=1

PROBLEM-SOLVING TACTICS

Summation of series involving binomial coefficients

For(1+x)" = "Cy + "Cyx+ "C,x? +.....+ "C,x", the binomial coefficients are"Cy,"Cy, "C,,..,"C,. A number of
series may be formed with these coefficients figuring in the terms of a series.

Some standard series of the binomial coefficients are as follows:

(a) By putting x = 1, we get "Co+"C+"C++"C =2" (i)
(b) By putting x =-1, we get "C, - "C, +"C, +(—1)n "C, =0 ...(ii)
() On adding (i) and (ii), we get "Co+"C+"Cy = 2"t ...(ii)
(d) On subtracting (i) from (i), we get "C, +"Cy + "Cc +..... = ot .(iv)

() "Cy+2"C,+2"C, 4wt "C, +2"C =221

. 2
Proof: From the expansion of (1+x) ", we get X"Cy + 2"C, + 2"C, 4.+ C,p, + 2C, =27

= 2(2“CO + 2r‘Cl + 2“C2 F o + 2r1Cn_1)+ 2r‘Cn =22 [~ 2r1CO = 2”CZn, 2“C1 = 2”C2nf1 and so on. ]

(f) 2n+1C0 + 2n+lC1 + 2n+lC2 I + 2n+lCn _ 22n
Proof: (as above)

(9) Sum of the first half of "Cj + "C, +..+ "C_ = Sum of the last half of "C, +"C; +..+"C = 2"
(h) Bino-geometric series: "C; + "C;x+ "C,x° + ...+ "C x" = (1+ x)n

(i) Bino-arithmetic series: a"C, +(a+d)"C1 +(a+2d)”C2 + e +(a+nd) "C

n

Consider an AP-a, (a+d), (a+2d), ..., (a+nd)
Sequence of Binomial Co-efficient - "C,,"C;,"C,,......, "C

A bino-arithmetic series is nothing but the sum of the products of corresponding terms of the sequences. It
can be added in two ways.

(i) By elimination of r in the multiplier of binomial coefficient from the (r+1)" term of the series
(By usingr."C, = n”‘lcr_l)

(i) By differentiating the expansion of x° (1 +x9 )n .
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"C "C "C "C
j) Bino-h i jes: —>+—1 2 4o n
@) ino-harmonic series ard 2124 2nd
Consider an HP - l 1 , 1 1
aa+da+2d a+nd
Sequence of Binomial Co-efficient - "C;,"C;,"C,,......, "C,

It is obtained by the sum of the products of corresponding terms of the sequences. Such series are calculated
in two ways :

(i) By elimination of r in the multiplier of binomial coefficient from the (r + 1)" term of the series

. 1 1
By using——"C, =——""'C
(y gr+1 " n+l ”1]
(ii) By integrating suitable expansion.

For explanation see illustration 2
(k) Bino-binomial series: "C,."C_+"C,."C ,; +"C,."C , +.....+ "C,."C
m n m n m n m n
or, "Cy. C, +7C,.C +TCC L, +a + TCLTC

As the name suggests such series are obtained by multiplying two binomial expansion, one involving the first
factors as coefficient and the other involving the second factors as coefficient. They can be calculated by equating
coefficients of a suitable power on both sides.

For explanation see illustration 4

FORMULAE SHEET

Binomial theorem for any positive integral index:
n 1 2.2 .
_n n n n— n n—. n n—r,r n n _ n n—-r,r
(x+a) ="Cox"+"Cx"a+ "Cx" e o+ "X 4+ "C A" =D "C X" e
r=0

(@) Generalterm - T, = "Cx""a"is the (r + 1) term from beginning.

(b) (m + 1) term from the end = (n —m + 1) from beginning = T

(c¢) Middle term

n-m+1

th
(i) If nis even then middle term = (g+lj term

th th
(ii) Ifnis odd then middle term = [”ZiJ and (?J

Binomial coefficient of middle term is the greatest binomial coefficient.

To determine a particular term in the given expansion:

th
Let the given expansion be (x“ iij Jifx"oceursin T | (r + 1)"*™then ris given by n a—r(a+ﬁ) =m and for
xo,noc—r((x+[3):0 X
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Properties of Binomial coefficients:

For the sake of convenience the coefficients "Cy,"C;,"C,...."C. ...... "C, are usually denoted by C,,C;,....C, ... C
respectively.

Co+Co+Cy +umn=C +C5 + G+ =21
n Nn1 n n_ln—2
C=—-"C,=——-"°C_,andsoon..
r rr-—
znc 2n!
e (n—r)!(n+r)'
nC +nC :n+1C

C, +2C, +3C5 + et "C, =027

C, -2C, +3C; =0

Cp+2C, +3C, +...... +(n+l) :(n+2)2”‘1

2n)!
C+C+Co+ +c2:( )=2”c

0, if nis odd
()2 ”Cn/z, if nis even
22“

Note: 2r1+1C0 + 2n+lC1 F oo + 2r1+1Cn = 2”JrlCn+1 $2Mc L4+

n+l ~

n+1
C_2 +i—ulc _C_1+C_2—— t— =
3 n+l n+1 0 2 3 47"

(a) Greatest term:

n+1)a

@i If —( )
X+a

and a are +ve real numbers.

e Z (integer) then the expansion has two greatest terms. These are k" and (k + 1)*" where x

X+a X+a

. (n+1)a . o (n+1)a
(ii) If ———— ¢ Z then the expansion has only one greatest term. This is (K + 1)*" term k =
denotes greatest integer less than or equal to x}

(b) Multinomial theorem:

n!

. n
Generalized (x1 Xy s +xk) =
rp 1yt =n 11 o L !



