14. LIMITS, CONTINUITY
AND DIFFERENTIABILITY

1. LIMITS

1.1 Intuitive Idea of Limits

(a) Suppose we are travelling from Kashmiri gate to Connaught Place by metro, which will reach Connaught
place at 10 a.m. As the time gets closer and closer to 10 a.m. the distance of the train from Connaught place
gets closer and closer to zero (here we assume that the train is not delayed). If we consider the time as an
independent variable denoted by t and the distance remaining as a function of time, say f(t), then we say that
f(t) approaches zero as t approaches zero. We can say that the limit of f(t) is zero as t approaches zero.

(b) Letaregular polygon be described in a circle of given radius. We notice the following points from the geometry.

(i) The area of the polygon cannot be greater than the area of the circle however large
the number of sides may be.

(ii) As the number of sides of the polygon increases indefinitely, the area of the polygon
continuously approaches the area of the circle.

(iii) Ultimately the difference between the area of the circle and the area of the polygon
can be made as small as we please by sufficiently increasing the number of sides of
the polygon.

We can say that the limit of the area of the polygon inscribed in a circle is the area of the Figure 14.1
circle as the number of sides increases indefinitely.

1.2 Meaning of x — a

Let x be a variable and a be constant. Since x is a variable; we can change its value at our pleasure. It can be
changed in such a way that its value comes nearer and nearer to a. Then we say that x approaches a and it is
denoted by x — a:

X—> a at ¢«——x
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Figure 14.2

We know that [x — a| is the distance between x and a on the real number line and 0 < |[x —a| if x # a, “x tends to a"
means

(@) x=#aie0<|x—-al
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(b) xtakes up values nearer and nearer to a, i.e. the distance |x — a| between x and a becomes smaller and smaller.
One may ask "how much smaller”? The answer is, as much as we please. It may be less than 0.1 or 0.00001
or 0.0000001 and so on. In fact, we may choose any positive number 3. However small it may be, |x — a| will
always be less than 8. The above discussion leads up to the following definition of x — a.

Let x be a variable and a be a constant.

Definition: Given a number 8 > 0 however small, if x takes up values, such that 0 < |x—a| < 8. Then x is said to tend
to a, and is symbolically written as x — a

Note. If x approaches a from values less than a, i.e. from the left side of a, we write x — a~. If x approaches a from
values greater than a, i.e. from the right side of a, we write x — a*.

But x — a means both x — a~ and x — a*. So x approaches or tends to a means x approaches a from both sides
right and left.

Neighbourhood of point a: The set of all real numbers lying between a -8 and a + § is called the neighbourhood
of a. Neighbourhood ofa = (a—8,a+38);xe(a—38, a +39)

1.3 Limit of a Function

Let us take some examples to find the limit of various functions:

2
X 24 . We investigate the behaviour of f(x) at the point

Illustration 1: Consider the function f(x) =

x = 2 and near the point x =2. (JEE MAIN)

Sol: Here as f(2) =0, therefore try to evaluate the value of f(x) when x is very near to 2.

f(2) = % = % which is meaningless. Thus f(x) is not defined at x = 2.

Now we try to evaluate the value of f(x) when x is very near to 2 for some values of x less than 2 and then for x
greater than 2.

2 2
Loy LY -4 039 . (op RV -4 041,
19-2  —01 21-2 01
2 _ . 2 _
(Logy . L9 -4 00399 (oo . 201 -4 00401, -
199-2 001 201-2 001
2 _ . 2 _
(1999 - (L9997 -4 _ ~0.003999 oo (2001 - 2001 —4 _ 0.004001 _,
1.999-2 ~0.001 2001-2 0.001
3 39 399 3999 @ 4001 401 41
[ L 4 L 2 L L L 4 *————0

x=1 19 199  1.999 @ 2001 201 21

Figure 14.3

It is clear that as x gets nearer and nearer to 2 from either side, f(x) gets closer and closer to 4 from either side.
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When x approaches 2 from the left hand side the function f(x) tends to a definite number 4. Thus we say that as x
tends to 2 the left hand limit of the function f exists and equals to the definite number 4. Similarly, as x approaches 2
from the right hand side, the function f(x) tends to a definite number, 4.

Again we say that as x approaches 2 from the right hand side of 2, the right hand limit of f exists and equals to 4.

. . . -1,ifx<0
Illustration 2: Discuss the limit of the function f(x) = { 1 !fx < 0 atx=0 (JEE MAIN)
L ifx >

Sol: Sketch its graph when x is very near to 0 for range of x from — 1 to 1.

-1, x<0

We have, f(x) =
+1, x>0

Let us sketch its graph

X -1 -0.5 -0.1 -0.01 -0.001 | 0.001 | 0.01 0.1 0.5 1
f(x) -1 -1 -1 -1 -1 1 1 1 1 1

(i) As xapproaches zero from the left of zero, f(x) remains at —1. And we say that the left hand limit of f exists at

x =0 and equals to -1. lim f(x)=-1
x—0"

(ii) As x approaches zero from the right of zero, f(x) remains at 1. So we say that the right hand limit of fatx = 0

exists and equals to +1. lim f(x) = +1
x—0"

(iii) Left hand limit of f(x) (at x = 0) # Right hand limit of f(x) {at x = 0}.

So the lim f(x) does not exist.
x—0

Illustration 3: Discuss the limit of the function f(x) = 1 at x = 0 and its graph (JEE MAIN)
X
Sol: Same as above illustration.

We have, f(x)= 1 Let us draw the graph of the given function f(x) = 1
X X

X -1 -0.1 -0.01 -0.001 | -0.0001 | 0.0001 | 0.001 | 0.01 0.1 1
f(x) -1 -10 -100 -1000 | -10000 10000 | 1000 100 10 1

(i) Asxapproaches zero from the left of zero the graph never approaches a finite number so we say that the left
hand limit of f at x = 0 does not exist i.e. lim f(x) does not exist

x—0"
(ii) As x approaches zero from the right of zero, the graph again does not approach a finite number. Again we say

that the right hand limit of f at x = 0 does not exist. lim f(x) does not exist
x—0"

(iii) At x=0 left hand limit of f = right hand limit of f

Hence, the limit of f(x) does not exist.
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|
x|

Figure 14.4

MASTERJEE CONCEPTS

(@) The fact that the limit of f(x) exists at x = a means that the graph of f(x) approaches the same value
from both sides of x = a.

(b) The fact that f(x) is continuous at x = a means that there is no break in the graph as x moves from
a to a*.

Vaibhav Krishnan (JEE 2009, AIR 22)

1.4 Different Cases of Limits

Right hand limit is the limit of the function as x approaches a from the positive side.
Left hand limit is the limit of the function as x approaches a from the negative side.

Note: A function will have a limiting value only if its right hand limit equals its left hand limit.

Illustration 4: Discuss the limits of f(x) = |x| at x = 0 and draw its graph. (JEE MAIN)

Sol: We have f(x) = |x|, therefore f(x) is equals to x for x > 0 and — x for x < 0.

Increasing x Decreasing x

X -3 -2 -1 0 1 2 3
f(x) 3 2 1 0 1 2 3
Limit

Decreasing f(x) Decreasing f(x)
We have f(x) = x| P f(x) :{ X, x>0
—X, <0



Mathematics | 14.5

Let us draw its graph.

f(x)
N
(-3,3) 3,3)
3_.._
(-2,2) > 22
LR T Au
X' < ——t—t+—+— X
-3 -2 -1 1 2 3

Figure 14.5

(i) As x approaches zero from left of zero, f(x) = 0. And we say that left hand limit of f(x) exists, and is equal to
zero.
lim f(x)=0

x—0"

(ii) As x approaches zero from the right of zero f(x) is equal to zero. So we say that the right hand limit of f at x =

0 exists, and is equal to zero. lim f(x) =0 Here lim f(x)= lim f(x)=0
x—0" x—0" x—0"

Hence we say that the limit of f (x) at x = 0 exists and equals to zero.

Illustration 5: Evaluate: lim x+3 (JEE MAIN)

X—3

Sol: Simply taking value of x very near to 3 we can obtain value of the function at these points.

Let us compute the value of function f(x) for x very near to 3. Some of the points near and to the left of 3 are 2.9,
2.99, 2.999.

Values of the function are given in the table below. Similarly, some of the numbers near and right of 3 are
3.001,3.01,3.1. Value of the function at these points are also given in the table.

Increasing x Decreasing x
X 29 299 2.999 @ 3.001 3.01 3.1
f(x) 5.9 5.99 5.999 @ 6.001 6.01 6.1
- Limit
Increasing f(x) Decreasing f(x)

From the table we deduce that the value of f(x) at x = 3 should be greater than 5.999 and less than 6.001.

It is reasonable to assume that the value of function f(x) at x = 3 from the left of 3 is 5.999.

lim f(x) ~5.999 . (i)

x—3"

Similarly, when x approaches x = 3 from the right, f(x) should be 6.001

lim f(x) ~ 6.001 . (i)

x—3"

From (i) and (ii), we conclude that the limit is equal to 6.
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lim f(x) = lim f(x) = limf(x) =6

x—3"~ x—3" x—3

2 p— —
Hlustration 6: Evaluate: lim % —*—10 (JEE MAIN)
X—2 X2 — 4

Sol: Similar to above problem.

Let us compute the value of function f(x) for x very near to 2. Some of the points near and to the left of 2 are 1.9,
1.99, 1.999.

Values of the function are given in the table below. Similarly, some of the numbers near and to the right of 2 are
2.001, 2.01, 2.1. Values of the function at these points are also given in the table.

Increasing x Decreasing x
x 19 | 199 | 1009 | (2) | 2001 | 201 | 21
i | 2743 | 2749 | 27499 | 275) | 2.750 | 2.7506 | 2.756
- Limit
Increasing f(x) Decreasing f(x)

From the table we deduce that the value of f(x) at x = 2 should be greater than 2.7499 and less than 2.750.

It is reasonable to assume that the value of function f(x) at x = 3 from the left of 2 is 2.7499.

lim f(x) =~ 2.7499 (i)
X—2"
Similarly, when x-approaches x = 2 from the right f (x) should be 2.750. lim f(x) ~ 2.750 (i)
x—2"

From (i) and (i), we conclude that the limit is equal to 2.75. lim f(x) = lim f(x) = lim f(x) =2.75

Xx—2" x—2t X—2

MASTERJEE CONCEPTS

oIf Limf (a—b) = Lim +(a+b), then we can say that both the left hand limit and right hand limits exist

X—a st

at x = a, and irrespective of the value of the function at a, i.e f(a), the function does not have a limit at

x = a, that is Lim f(x) does not exist
X—>a

o If both the left hand limit and right hand limit of f(x) at x = a exist and at least one of them is not equal
to f(a), then the limit of f at x = a does not exist.

Shrikant Nagori (JEE 2009, AIR 30)

1.5 Working Rule for Evaluation of Left and Right Hand Limits

Right hand limit of f(x), when x — a = lim f(x)

xaa*’

Stepl. Putx =a+ handreplace a* by a.
Step II. Simplify limf(a+h).
h—0

Step III. The value obtained in step 2 is the right hand limit of f(x) at x = a.
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Similarly for evaluating the left hand limit put x = a - h.
Evaluate the left-hand and right-hand limits of the following function at x = 1.

5x-4, if 0<x<1

f(x) =
0 4x% —3x, if 1<x<?2

Illustration 7: Does Iirqf(x) exist? (JEE MAIN)
X—>

Sol: By taking left hand limit and right hand limit we can conclude that the given limit exist or not.

Left hand limit = lim f(x) = lim (5x—4) [~ f(x) = 5x—4, if 0 < x<1]

x—1" x—1"

= lim[5(l-h)—- 4] =lim[5-5h—4]=5-4=1 [Putx = 1 - h]
h—0 h—0
Right hand limit = lim f(x) = lim (4x? =3x) [ f(x) = 4x2 = 3%, if 1 < x < 2]
x—1" x—1*

= Pl1irr(1)[4(1+h)2 —3(1+h)] [Putx =1+ h]
= Ling[4+8h+4h2—3—3h]: Lirrg)[l+5h+4h2] =1

- At x = 1, Left hand limit = Right hand limit = Iin}f(x) exists and it is equal to 1.
X—>

Illustration 8: Evaluate the left hand and right-hand limits of the following function at x = 1 (JEE MAIN)
2 if 0<x<1
f(x) = 1+, I X does limf(x) exist ?
2-x, if x>1 x—1

Sol: By putting x = 1 —h and 1 + h, we can conclude left hand limit and right hand limit respectively. If both are
equal then the given limit exist otherwise not exist.

Left hand limit = lim f(x)

x—1"

lim (1 +x°) [ fx)=1+xif0<x<1]
x—1"

liml+@1-h)?]=1+1=2 [Putx=1-h]
h—0

Right hand limit = lim f(x) = lim (2-x) [ f(x) = 2 -x, if x > 1]

x—o1t x—1*
= lim2-1+h)]=2-1=1 (Putx=1+h)
h—0
Therefore, At x = 1, Left hand limit # Right hand limit = Iin}f(x) does not exist.
|x-6]

Illustration 9: Evaluate the right hand limit of the function f(x)=< x—6
0, X=6

P X760 k=6 (JEE MAIN)

Sol: Here Right hand limit of the given function f(x) at x = 6 is rI\ingf(6+h).
—
Right hand limit of f(x) atx = 6 = lim f(x), = Lirrg)f(6+h),
—

x—6"

~ fim 8th=61 L Ihl

Iimh, = liml=1
h-0 6+h—-6

T ho0 h h—0 h h—0

1
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|x—4]
Illustration 10: Evaluate the left hand limit of the function: f(x)={ x-4 '
0, Xx=4

X#4 tx=4 (JEE MAIN)

Sol: Here Left hand limit of the given function f(x) at x = 4 is IIwirr(1)1’(4 -h).
—

Left hand limit of f(x) at x = 4 = lim f(x) = limf(4 —h) = Iim|4_h_4| = nml‘h|
x—4~ h—0 h-0 4-h-4 h—»0 —h

= IimL =lim-1=-1
h-»0—-h h-0

Illustration 11: Evaluate the left hand and right hand limits of the following function at x = 2: (JEE MAIN)
2x+3, if x<2 . .
f(x) = X+ I X Does limf(x) exist?
x+5, if x>2 X2

Sol: Similar to illustration 7.
Left hand limit = lim f(x) = lim 2x+3) (- f(x) = 2x + 3, if x < 2)

X—2" X—2"

= lim[22-h)+3] (Putx=2-h)=4+3=7
h—0

Right hand limit = lim f(x) = lim f(x+5) (- fx) =x+5,ifx > 2)

x—2" x—2t

= lim(2+h+5)=7 (putx =2 + h)
h—0
Therefore, the left hand limit = right hand limit [at x = 2] = Iinr;f(x) exists and it is equal to 7.
X—>

mx? +n, x<0
Illustration 12: For what integers m and n does Iingf(x) exist, if f(x)=<{nx+m, 0<x<1 (JEE ADVANCED)
X—>

nx?>+m, X>1

Sol: As the given limit exist, therefore its Left hand limit must be equal to its Right hand limit.
Limitatx=0; lim f(x)= lim (mx®+n) = Iim[m(O—h)2 +n} =n
X0~ x—0-h h—0

lim f(x)= lim (hx+m)=Ilim[n(0+h)+m] =m
0t x—(0+h) h—0

Limit exists if lim f(x) = lim f(x) =>n=m

x—0" x—0"

a+bx, x<1

Illustration 13: Suppose f(x)=< 4, x=1 andif limf(x)=f(1) What are possible values of a and b?
b-—ax, x>1 ot (JEE Advanced)

Sol: Here lim f(x) = lim f(x) = limf(x).

x—1" x—-1t x—-1
a+bx, x<1
We have, f(x)=1 4, x=1 Lefthand Ilim f(x)= lim[a+bx] = rI\ing[a+b(1—h)]:a+b
—

b— ax, X > 1 x—1 x—1
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Right hand lim f(x) = lim[b-ax] = rI1irr2)[b—a(1+h)] =b-a

x—1t x—1t

I|mf(x)—I|mf(x)—I|mf(x) —>a+b=b-a=4= a=0b=4

x—1" x—1t

l l Lifx#0

Illustration 14: If f(x) = X show that limf(x) does not exist (JEE ADVANCED)
2 ifx=0 x—0

Sol: Here if left hand limit is not equal to the right hand limit of the given function then the Iinrg)f(x) does not exist.
X—>!

Left hand limitof fatx =0 = lim f(x) = limf(0-h) = Iileo_hI

x—0" h—0 h—0 (O _h) [Puttlng Xx=0- h]

Right hand limitof fatx =0 = lim f(x) = limf(0+h) = “mw [Putting x = 0 + h]
x0T h—0 h—0 (0+h)
= Iimh_—|h| = lim — h-h = lim — —I|m0 0
h—0 h h—0 h h—0 h—0

Here, left hand limit of f (at x = 0) = right hand limit of f(at x = 0). Therefore rI1inr(1)f(x) does not exist at x = 0
—

MASTERJEE CONCEPTS

If f(x) denotes the greatest integer function then IirT(1) f(x) =[0] = 0 this representation is wrong.
X—>
The correct form is

lim f(x)= I|m [0+h]=

x—0"

lim f(x)= I|m [0-h] =

x—0"

Hence the limit doesn't exist. Remember that the limit must be applied only after complete simplification.

Nitish Jhawar (JEE 2009, AIR 7)

1.6 Value of a Function at a Point and Limit at a Point

Case I: limf(x) and f(a) both exist but are not equal.
X—a
X2 -1 1 W21
Example: f(x) =< y_1 "' x# ; limf(x) = lim = I|m(x+1) 2, f(x) existsatx =1
x—1 x—1 X — x—1

0, x=1

f(1) = 0, value of f also exists at x = 1. But Iian(x) = f(1).
X—>

Case II: limf(x) and f(a) both exist and are equal.
X—a
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Example: f(x) = x?; limf(x) = lim(x?) =1 limit exists, and f(1) = (1)2= 1; = value of f also exists. = lim f(x) = f(1)
x—1 x—1 x—1
1.7 Properties of Limits
Let f and g be two real functions with common domain D, then.
(@) lim(f+g)(x) = limf(x)+ limg(x)
X—a X—a X—a
(b) lim(f-g)(x) = limf(x) — limg(x)
X—a X—a X—a
(¢) lim(c-f)(x)=climf(x) [c is a constant]
X—a X—a

(d) lim(fg)(x) = limf(x)- lim g(x)

f lim f(x)
(e) lim[—](X) = 28—
x—al g limg(x)

@ lim ()" = lim )

X—a X—a

X—a X—a

(@ lim(fe0)™ = (Iimf(x))xlina o

(h) If f(x)g(x) xa then limf(x) < limg(x)

MASTERJEE CONCEPTS
limf(x) = ¢, then lim | f(x) |=| ¢|

The converse of this may not be true i.e.
lim|f(x)|=] 2| limf(x)=¢
X—a X—a

limf(x) = A > 0and lim g(x) = B then limf(x)?® = A®
X—>a x—a

X—a

Shivam Agarwal (JEE 2009, AIR 27)

1.8 Cancellation of Common Factor

Let Iimm. If by substituting x = a, M reduces to the formg, then (x—a) is a common factor of f(x) and g(x).
x>ag(x) g(x) 0

So we first factorize f(x) and g(x) and then cancel out the common factor to evaluate the limit.

Working Rule:
f(x)

To find out lim——=, where limf(x) =0 and limg(x)=0.
x»ag(x) Xx—a Xx—a

Step I: Factorize f(x) and g(x).

Step II: Cancel the common factor (s).
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Step 3: Use the substitution method to obtain the limit.
Important formulae for factorization

(@ (@-b)=(-b)(@+b)

(b) 2°-b*=(a-Db)(a®+ab +b?

() a®+b*=(a+b)(@-ab+Db?

(d) a*-b*=(a?-b? (a>+ b? =(a—b) (a + b) (@*+ b?
(e) Iff(a) =0, then x — a is a factor of f(x)

3

Tllustration 15: Evaluate lim>—
x—=1 X —

(JEE MAIN)

Sol: Factorize the numerator and denominator.
3

If we put x = 1, the expression 1 assumes the indeterminate form % . Therefore (x — 1) is a common factor of

(x3-1) and (x — 1). Factorising the numerator and denominator, we have,

. x>-1 [0
lim —Form
x—>1 x—1 0

_lim x-1)(x* +x+1)
x—1 (x-1)

= Iirq(x2 +x+1) [After cancelling (x-1)] = 12 +1+1=3
X—

. . 4x?-1
Illustration 16: Evaluate Iqu (JEE MAIN)

1 2x-1
2

Sol: Similar to above illustration, By factorizing numerator and denominator we can evaluate given limit.

X2

. . . 0
If we put x = % the expression assumes the indeterminate from 0

X —

Therefore [x - lj i.e. (2x—1)isacommon factor of (4x?— 1) and (2x — 1). Factorising the numerator and denominator,
we have,

2
lim A1 {gForm} = Iimw [ a?-b?=(a—-b)(a+ b)
12x-1 |0 1 (@2x-1)

2 2

X—>

= Iin1(2x +1) [After cancelling 2x - 1)]= 2 x%+1 =1+1=2
X—>=
2

2 —
Hllustration 17 Evaluate lim X~ 2% *+20 (JEE MAIN)

x5 % —6x+5
Sol: Take (x — 5) common from numerator and denominator to solve this problem.
x> —9x+20

. . . 0
If we put x = 5, the expression —————— assumes the indeterminate form —.
X°—6x+5 0

Therefore (x — 5) is a common factor of the numerator and denominator both. Factorising the numerator and
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. 0 L x=4) x=5) L (x=4)
—_ = |m— = |
denominator, we have {OForm} XI_)5 (x_1) (x_5) Xlg; D)
5— 1
Aft i -5]=—==
[After cancelling (x = 5)] "2

3 _ 2 _
Hllustration 18: Evaluate lim *_— /X *14x=8 (JEE MAIN)
x—2 X2 +2x—8

Sol: Same as above illustration.

3 5.2 _ _ _
When x = 2 the expression > 7X+14% =8 ssumes the form §-28+28-8 0
X2 +2x-8 4+4-8 0

Therefore (x — 2) is a common factor of the numerator and denominator.

Factorising the numerator and denominator, we get

i EDX=20=4) | (-D(x-4) _ 2-1)@-4) _1x(2) _-2_ 1

=2 (x=2)(x+4) =2 (Xx+4) (2+4) 6 6 3

4 a3
Illustration 19: Evaluate Iimgx_zﬁ (JEE MAIN)
x=>1x> —5x* +3x+1

Sol: Same as above illustration.

4 2.3
On putting x = 1 in ¢,we get 9
x> —5x% +3x+1 0

It means (x—1) is the common factor of the numerator and denominator. Factorising the numerator and denominator,
we get

3 2
fim = DX —22x —2x-2) _ im G —2x% =2x-2)
x>l (x=1)(x* —4x-1) -l 32 _4x—1

[Cancellation of (x — 1)]

3 912 9y
_1 22>< 1" -2x1-2 [Substitution method]
12 -4x1-1

_1-2-2-2_-5_5

1-4-1 -4 4

Note: When the degree of the polynomial is higher, then it is difficult to factorize. So, we apply L'Hopital’s rule

1.9 L'Hopital’s Rule

L'Hopital's rule states that for functions f and g which are differentiable:

If limf() = img() = 0 or 40 and fim-- has a finite value then fim 1 = jim )
X—>C X—>C

x—=¢ g'(X) x=>cg(X) x-cg'(x)

. . 0 «©
Note: Most common indeterminate forms are 6,—,0xoo,oo—oo,0°,l°0 and oo°
o0
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MASTERJEE CONCEPTS
Evaluation of limits using L'Hépital’s rule is applicable only when % becomes
g(x
of the form 9 or 2.
0 o

If the form is not 9 or 2 simplify the given expression till it reduces to the form 0 or 2 and then
apply the rule. * 0 =

To apply L'Hopital's rule differentiate the numerator and the denominator separately.

What you may overlook is the fact that the LH rule is applicable only when the modified limit (obtained
by differentiating the numerator and denominator) also exists. Let's consider an example to illustrate this

2 .

. . ..o XS +sinx Lo . . .

point. Consider the limit lim —— - Wesee that the limit is of the indeterminate form 2. Applying
X—>0 X 2 . o0
. . . .. XS4sinx . 2X+COSX .
the LH rule two times in succession, we obtain: lim = lim (agamzform)
X—>0 X2 X—>00 2X 0

. 2-sinx 1. .
= lim = 1-=Ilimsinx

X—>00 X—®

Which does not exist. However, only a few moments of consideration are required to conclude that the
limit must exist, because the numerator is x> + sinx, and since x tends to infinity, the term sinx can be
ignored in comparison to x?(as sinx only ranges from -1 to 1); the denominator is x> and so the limit must
be 1. Why did the LH rule go wrong?

Ravi Vooda (JEE 2009, AIR 71)

1.10 Theorems

n n

e . x'-a _
1. Letn be any positive integer. Then. lim n-1
Xx—>a X—a

"-a" (a+h"-a"

First Proof: Putting x = a + h, we get X
X—a a+h-a

= %[(a+h)” —a”]

= %[(a” +'q a"th+...+h" - a”} [Using the Binomial theorem]

1 — n n— n n n—- n n— n-
:E[”Cla”1h+ C,a?h?+ . +hl=rCat+"C,am2h+..+h!

n n
X" —a _ _ _
lim = le[”cla” L4nCa"?h+.. " 1} =na"t (as"C, =n)
x—a X—a —0

Second Proof: We know that,

n n
X" —a _ _ _ _
x"—a" = (x—a) (X" + ax"? + ..a"2x + a"1) Therefore, =x"!+ax"? +. . a" % x+a"t
(x-a)
x"—a"
= lim =a"t +a@ ?)+..a"2a+a" =amt + a4 . a™! + al(n terms) = n a™t
x—a (X —a)
xM _ gm

Illustration 20: Evaluate: lim (JEE MAIN)

x—a y" _g"
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Sol: By using L' Hospital rule, we can solve this problem.

X" —a"

We have, lim
x—a y" _g"

— mam—l - r]an—l _ ma _ mam—l—ml m Pl
na"t n n
. X =32
Illustration 21: Evaluate: Im; (JEE MAIN)
X—>. X _8
Sol: Dividing numerator and denominator by (x — 2) we can evaluate given limit.
> — 0
When x = 2, the expression 3 assumes the indeterminate form6 .
x> -8
5 5 55 5 5 B 5 55 3 3
Now limX=32 _jmX =2 _ i X220/ 22 [ 22y [ X 22
x>2 43 _§ x»2x3_23 X%Z(X3—23)/(X—2) x=2| X=2 x=>2| X—=2
n n
= 5x 2>t +3x 23! |: lim X —a =nan_1}
x—a X—a
4
=5x2%:3x2% = >x2 :E><22 :E
3x2? 3 3
XN — 2N
Illustration 22: Find all possible values of n, if IirT; > =80,neN (JEE MAIN)
X2 X —
Sol: Simply using L'Hospital rule we can obtain value of n.
n_on n_n
We have lim> 2 _ 80 = n-2m1=80 { limX =2 na”‘l}
x=2 X -— x—>a X—a
= n-2"=5x21= n=5
> E)
2 _ 2
Ilustration 23: fjm &2 ~@+2) (JEE ADVANCED)
X—a X—a

Sol: Put x + 2 =y and a + 2 = b and after that solve this by using L'hospital rule.
Puttingx + 2 =yand a + 2 = b, we get

5 5
E_ 2 5_1 3 n_,n
= lim? b = 2p2 7 22p2 | im X gt
y-b y—b 2 2 y—>a X—a
3
5 =
= =(a+2)?
2( )
Illustration 24: Prove that Iimﬂ =1

x—>0 X
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Sol: Proof by geometry

Draw a circle of radius unity and with its centre at O. Let ZAOB = x radians D
C
Join AB. Draw AC L OA at A. Produce OB to meet AC at C. Draw BD L. OA ;
From the figure tan x
Area of DOAB < Area of sector OAB < Area of DOAC o
—  Loaep) < X |xoay <L) a0 AL A
2 2n 2 -
= l(OA)(OB)sinx < l(OA)ZX < l(OA)~(OA)tanx Q =sinx,tanx = £
2 2 2 OB OA
= lsinx<lx<1tanx [ OA=OBJ
2 2 2
. . sinx
= sln X < X < tanx = SINX<X<
CcosX
X 1 - .
= l<—« (Dividing by sin x)
sinXx  cosX
= .Llies between 1 and
sinx cosX
Whenx — 0,cosx =1
- Whenx — 0, L lies between 1 and 1
sinx
Iim_L 1 or im2™X -1 Proved
x—0 SINX x—=0 X
Proof by algebra
i —03 /30 +(x° /51— x(1—(x%/30)+(x* /50)... 2 4
lim 20X _ Iim(x (O /30+ 0 /5Y ] = lim ( ) =liml1-2 4+ X =1
x>0 X x—0 X x—0 X x—0 3! 51
. . sin?5x
Illustration 25: Evaluate: lim (JEE MAIN)
x—0 X
Sol: As we know Iirr(1)ﬂ =1, Therefore we can reduce given equation by multiplying and dividing by 25.
X—>
.2 . . . .
We have, lim sin“ 5x = lim sin5x . sin5x _ IimS(SInSXJX IimS(Slnsxj
x—0 X2 x—0 X X x—0 5x x—0 X
= 5(1)x5(1) =25
. . (@+x)?sin(@+x)—a’sina
Illustration 26: Evaluate: |lim (JEE ADVANCED)

x—0 X

Sol: By using algebra we can reduce given limit in the form of lim f(x) + lim g(x) + limh(x) , and then by solving we
will get the result. X0 x>0 x>0

lim (a+ x)2 sin(a+ x)—a2 sina - (a2 +2ax + x2)sin(a+ x)—a2 sina

x—0 X x—0 X
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a’sin(a+x) + (2ax + x?)sin(a+ x) —a’ sina

= lim
x—0 X
2 (i . . .
. a (sm(a+x)—sma) . 2axsin(@+x) x? sin(a + x)
= lim +lim +lim———=
x—0 X x—0 X x—>0 X

2 2cos(a +(x/ 2))sin(x/ 2)

= ac li + lim 2asin(a+ x) + lim xsin(a + x)
x—0 X x—0 x—0
. X\, sin(x/2) . . . .

= a’limcos| a+= I|m¢+I|m2asm(a+x)+I|mx5|n(a+x)
x—0 2 )x>0 (X/2) x>0 x—0

= a’cos(a+0)+2asin(a+0)+0sin(a+0)

= a’cosa+2asina

Illustration 27: Evaluate: lim COt2x - cosecax
x—0 X

Sol: By using trigonometric formulae, we can evaluate this problem.

cot2x—cosec2x .. ((cos2x)/(sin2x))~(1/(sin2x))  cos2x—1
We have, lim = lim =lim——=—
x—0 X x—0 X x—0 X-Sin2x
; . . liml
. —2sin® x . sinx . sinx . 1
=  lim———~=—= —lim =—lim -lim = 1.0 _
x—=0 X - 2SiNX - COS X x>0X-COSX x50 X  x—0COSX lim cosx
x—0
. S . _tanx—sinx
Illustration 28: Evaluate the following limits: lim —————
x—0 X3
Sol: Same as above problem.
_tanx—sinx . ((sinx)/(cosx))=sinx  sinx—sinxcosx
We have, lim—————=1Iim = lim—
x—0 X3 x—0 X3 x—0 X3 COS X
. sinx(l—cosx) . sinx (1-cosx) 1 _sinx . 2sin’(x/2) .. 1
= lim = lim . . = lim lim - lim-
x—0 X3 .COSX x=>0 X X2 COSX x—>0 X x—0 X x—>0 COSX

. 2
_ 1.“mz(sm<x/2>].“m LI m[zjﬁz 1
x—>04\ (x/2) x—0 COSX 2)\1 2

Illustration 29: Evaluate: Iiml_cﬂ
x—0 X2

Sol: Reduce given equation in the form of % by using trigonometric formula.

2

.2 . 2
We have, lim 1-cosx _lim 2sin“(x/2) =£Iim sin(x/ 2) _ 1
x=0  y? x—0 X2 4 x>0\ (x/2)

Illustration 30: Prove that: | sin x | < | x |, holds for all x.

(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

Sol: We know that sin x < x < tanx therefore by applying the cases, 0 <x <1< g, -1<x<0 and |x| > 1, we can

prove this illustration.
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We know that sin x < x < tanx
If0$xsl<g = |sinx| = sinx <x < x|

If -1<x<0 = |[sinx| =-sinx = sin (-x) <—x < |¥|

If neither of the two cases hold, i.e. if |x| > 1 then |sin x| <1 < |x| = |sin x| < [X|

1.11 Trigonometric Limits

Now, we will learn to evaluate the trigonometric limits when the variable tends to a non-zero number.
Woking Rule:

Let the variable tend to a. (x — a).

Step 1: Replace x by a + h, where h — 0.

Step 2: Now the problem is transformed in h where h — 0. Use the method already discussed in the previous
exercise.

Hllustration 31: Evaluate: lim S0 —%) (JEE MAIN)
x-n 7T —X)

Sol: By replacing x by n+h.

in(r— in(rm— i X
We have, lim S0®=X) _ 1 sinm=x) _1 ., sinh _ 1 "
x—1 (1 —X) nx->n (T —X) nh>0 h T =>n-x—>0
Illustration 32: Evaluate: |im 1+cosx (JEE MAIN)
x> tan? x
Sol: Simply replacing x by ©+h and using trigonometric limit we can solve above problem.
lim 1 +cosx = |lim 1+cos(r+h) [Putting x = +h]
x>n tan?x  h=0 tan?(n+h)
_ in2
= lim 1-cosh [“"tan (+ h) =tan h] = lim Zsm—(h/z)cos2 h
h-0 tan?h h—=0  sinh
-2 2
= lim 2sin"(h/2) cos’h = Iim—cozS h =li = 1
h*°(4sin2(h/2)cos2(h/2)) h>02cos?(h/2) 2x(1) 2
lllustration 33: Evaluate: lim >~ —>'13 (JEE ADVANCED)

Sol: Same as above illustration replace x by a +h.

. sinx—sina . sin(a+h)-sina
We have, lim =lim ( )

X—a \/;_\/g h—0 Ja_i_h_\/;

2 h/2))sin(h/2 i
= lim cos(a+( / ))sm( / )(\/a+h+\/;) = rI\irr(1)2cos(a+gjw [\/a+h+\/;]

h—0 (@a+h)-a

(Putting x = a + h)

(h/2) )h>

= 2cos a ’Lim (%Mjling(x/a+h+«/;) ('.'h—)O:%—)OJ

——0
2

=2 cos a[ﬂ 1)[va+0 +\/;] = 2\/5cosa
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Illustration 34: Evaluate: |im 1+cosi2x)

x>k (m—2 X)Z
2

(JEE ADVANCED)

Sol: Replace x by g+ hand then by using trigonometric formulae’s we can evaluate above problem.

1+cos2((n/2)+h
We have, lim 15€0S2X) jj, L¥rcoxax_ ., (/2+1) [9 J [ -2

SE 20 w2 o )]

. 1+cos(n+2h) . 1-cos2h 0 . 2sinh 1. (sinh ’ 1., 1
= lim——m=lim——— —form | = lim ==lim|— | = 1) ==
h—0 (t—m— 2h)2 h—0 4h2 0 h—0 4h2 2h—0l h 2 2

Tllustration 35: Evaluate: lim 22X ~<9%@ (JEE ADVANCED)
x—a CotX —cota

Sol: By using trigonometric limit method we can solve this.

. _cosx—cosa ,. cos(a+h)—cosa . cos(a+h)—cosa
We have, lim—————=| =lim . -
x»acotx—cota h-0cot(a+h)—cota h-0((cos(a+h)/ (sin(a+h))—((cosa)/ (sina))
2sin((@a—a-h)/2)sin((@a+a+h)/2
_ i 25in(( )/ 2)sin(( )/2)

h-0  cos(a+h)sina—cosa sin(a+h)

[Put x = a+ h]

sin(a+h)sina

2sin(-(h / 2))sin((2a +h)/ 2)

= lim - sin(a+h)sina

h—0 sin(a—(a+h))

. h.

_ 2sincsin((2a+h)/2) _2sin(h/sin((2a+h)/2) .
= lim - sin(a+h)sina = lim - sin(a+h)sina

h—0 —sinh h-0  2sin(h/ 2)cos(h/ 2)

in((2a+h)/2 in((2a+0)/2

= Iimsm((a—Jr)/)sin(a+h)sina = Msin(a+0)sina

h—»0  cos(h/2) 1)

=sina-sina-sina = (sina)’ =sin®a

Hlustration 36: Evaluate: lim 2 ~ V3 cosx —sinx (JEE ADVANCED)

XL (bx - 75)2
6

Sol: Replace x by %+h.

We have, nmz‘*/gcosx‘s'”X = i

mZ_chos((“/6)+h>_sm((“/6)+h) {Putx=£+h}

xoZ (6x —m)? h—0 [6((7: /6)+ h) - nf
’ 2- \/g(cos(n / 6)cosh—sin(x / 6)sinh) - [sin(n / 6)cosh+ cos(w / 6)sinh]
= lim
h—0 |:TC +6h- n}z

o 2- «E((\E /2)cosh—(1/ 2)sinh) - ((1 /2)cosh+ (+/3 / 2)sinh)
) m 36h?

_ 2= B/ 2)cosh+ (43 /2)sinh- 1./ 2)cosh- (3 / 2)sinh
" ho0 36h2
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=lim

2-2cosh .. l-cosh . 2sin’(h/2) 1. (sinth/2)Y
- = lim = lim=————= ="lim
h—0 36h? h—0 18h? h—0 18h2 9 h-0

h

. 2
1 (“msm(h/Z)J 1

" 9x4lho0 (h/2) 36

Illustration 37: Evaluate: lim SX — 05X (JEE ADVANCED)

n Xx—(n/4)
4

X—>

Sol: Replace x by %+ h.

We have, fim SiNX=cosx {putx=(n/4)+h }

ok X=(n/4) [Asx—(n/4)=h—0
4
. COS((TE/ 4)+ h)
- i SR/ 4) ) —cos((x/ 4 +h) =sin((x/4)+h+(n/2)

h—0 (m/4)+h—(n/4) ,
=sm(h+(3n/4))

i sin((n/4)+h)—sin(h+(3n /4))

i 2cos(h+(n/2))sin(~(r/4))

h—0 h h—0 h
—sinh)| sin(—(n/ 4 ;
= Iim( inh)[sin(~(r/ 4) | = Jim2sinZ[ MM = ogin Ty 2x L 2
h—>0 h h>0 4| h 4 2

Note: All of the above illustrations can be solved using L'Hopital’s rule.

1.12 Infinite Functions

Now, we will discuss the evaluation of the limits of two functions

(a) Exponential function (b) Logarithmic function

(a) Exponential function

Consider the series 1+%+l+l+ 1 + .. +l+ ..... o0

21731 4 n!
This infinite series is denoted by e. The domain of a function f(x) = €%, x € Ris R and the range is the set of positive
real numbers
(b) Logarithmic function
Let e = x then it can be written as log_ x =y
The domain of f(x) = log_x is R® and the range is R.
The graph of the logarithmic of a function is in the adjoining figure.

Some Important Functions

2
,n-1¢  nh-1n-2) 5 }

(x| <1]

M  Q+x" ={1+nx 5 30
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(iii) a* =1+x(loga) +%(Iog A .

(iv) Iog(1+x):x—X?+X?—XT+ ........ (Ix|<1)
2 3 4
X° xX° X
v) logl-x)=—-Xx—-——-—"——-—"—— ...
(v) g( ) >3 2
305 7
(vi) sinx = x———+ X 4 .
31 51 71
x> x* xb
(vii) cosx:l—z—!+4—!—a+ ......
3 5
(viii) tanx=x+—+2i+ ......
3 15
W2

(ix) a=1+x(log, a)+ 5(Ioge a) 4o,

1x 13x%

(x) sin'x= X+E?+EZ?+....(—1<X<1)
. -1 X3 X5
(xi) tan x:x—?+? ..... l<x<1)
MASTERJEE CONCEPTS

Using these expansions is helpful where the limits are in the indeterminate form. But selecting the
number of terms to use in the expansion varies with problems.

Vaibhav Gupta (JEE 2009, AIR 54)

X_
Theorem 1: Prove that |lim e -1 =1
x=>0 X
Proof: We know that
) W2 3 x4 ) X X2 3 4
€ =l+—F—+—+—+.. > € -l=—+—+—+—
1 2t 31 41 11 21 31 4l
e -1 x x2 x X . x x* X
= =l+—+—+—+.. = lim =lim|l+—+—+—+ =1
X 21 31 41 x-0 X x—0 2 31 4]
Hence proved.
. log(1+x)
Theorem 2: Prove that IIm———==1
x—0 X
log (1 +x
Proof: LetM:y.then,
X
Xy _ Xy _
:>Ioge(l+x):xy:1+x:exy:>exy_1zx:>e 1:1:e 1-y=l

X Xy
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Now taking limit, when x — 0

Xy_l

lim limy =1 [since x &> 0 = xy — 0]
xy—0 Xy x—0

. . eY -
= 1l limy=1 |- lim =1
x—0 xy—0 Xy

log.(1+x
= limy=1 = lim L:
x—0 xy—0 X

1

Hence proved

Note: If no base of log is mentioned, then it is taken for granted that the base is e.

- log ais same as log, a

X — —
Hlustration 38: Evaluate: lim&—X—1 (JEE MAIN)

x—0 X

X X

- o . . . e
=1, Therefore by writing given limit as lim
X x—0 X

. e .
Sol: As we already prove that lim —1 we can easily solve
x—0

above problem.
e -x-1 -1

lim —lim&E T 1-1-1=0
x—0 X x—0 X

X _ X

Illustration 39: Evaluate: lim a (JEE MAIN)

x—0 X
Sol: Add and subtract 1 with numerator.

imd =2 i@ D=0 -1)
x—0 X x—0 X

(ax 1 b*-1

= lim

x—0 X X x>0 X x—=0 X

]:Iima “1jim2=L Ioga—Iogb:IogE

Illustration 40: Evaluate: lim € -
x—0 X

(JEE ADVANCED)

. o et -1
Sol: Reduce given limit in the form of lim .
x—>0 X

2x 2x
T Tt T S 201) =2
x—0 X x—0 X x>0 X x—>0gX x—0 2X eO

sinx
Illustration 41: Evaluate lim L (JEE ADVANCED)

x—0 X

Sol: By multiplying and dividing by sinx.

. esmx _ . e
lim = lim—
x—0 X x—0 SINX X

SMX_1 sinx
X

. e —-1 _ sinx .oe™ 1
= lim— x lim = |lim -
x=0 SsInX x—=0 X sinx—>0  SINX

x1=1
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MASTERJEE CONCEPTS

lim f(x) =1 and lim g(x) = then
X—a

X—a

lim g(x)| f(x)-1
lim [f(x)]g = ex—a [ ]

X—a

lim a" =0, if |a] < 1 Does not exist if |a| > 1.

n—o0

A common mistake made by students pertains to indeterminate limits. Consider a function f(x) = g(x)
h(x). We are given that Iin(w) g(x) =0. What is the value of Iing) f(x) ? Many students would say that it
X—> X—>

is 0. However, the actual answer depends on Iing) h(x)=0. If it is not finite, then the limit of f(x) is
X—>

indeterminate. The point we are trying to make is that in calculating the limit of a function which is the
product of two or more functions, if one of the function tends to 0, then that does not make it necessary
for the entire limit to be 0 as well. Similar, remarks hold for other indeterminate forms. For example, if f(x)
= g(x)"™, and g(x) — 1 as x — a, it does not necessarily imply that f(x) — 1 as x — a, because if lim h(x)
is not finite, then the limit on f(x) is indeterminate. e

Akshat Kharaya (JEE 2009, AIR 235)

2. CONTINUITY

2.1 Introduction

The word ‘continuous’ means without any break or gap. If the graph of a function has no break or gap or jump, then
it is said to be continuous. A function which is not continuous is called a discontinuous function.

Ex.

(i) (i) (i) (iv)
y y y
/L\ by =X /[L_ T = [X]
f\ > > >
/I w 0 - 1.| 123
y—smx f(x) = 1/x —e
(Continuous function) (Continuous function) (Discontinuous at x = 0) (Discontinuous) At Every integer
Figure 14.6
Following are examples of some continuous functions:
(i) f() = x (Identity function)
(ii) f(x) = ¢ (Constant function)
(iii) f(x) = ax" + a,x™ + .. +an (Polynomial function)
(iv) f(x) = sin x, cos x (Trigonometric function)

(v) f(x) = a*, e*, e (Exponential function)



(vi) f(x) = log x (Logarithmic function)

(vii) f(x) = sinh x, coshx, tanhx (Hyperbolic function)

(viii) f(x) = [x|, x + [x], x = |x], x [x] (Absolute value functions)

Following are example of some discontinuous functions:

No. Functions Points of discontinuity
0} [X] Every Integer
(ii) X — [X] Every Integer
(iii) 1 x=0

X 3
(iv) tan x, sec x x=i£,J_r—Tc ............

2 2
(v) cot x, cosec x x=0, £ 7w + 2m..
(vi) sinl,cosl x=0
X X

(vii) ewx x=0
(viii) coth x, cosech x x=0

2.2 Continuity of a Function at a Point

A function f(x) is said to be continuous at a point x = a, if

(@

(b) (i) limf(x) exists and is finite

f(a) exists

So lim f(x) = lim f(x)
x—at X—a

(c) (i) limf(x)="f(a) or
X—a
Function f(x) is continuous at x = a
If lim f(x) = lim f(x) =f(a)
x—a’ X—a

i.e. If right hand limit at ‘a’ = left hand limit at ‘a" = value of the function at ‘a".

If limf(x) does not exist or limf(x) = f(a), then f(x) is said to be discontinuous at x = a
x—a X—a

2.3 Continuity from Left and Right

Function f(x) is said to be

(i) Left continuous at x = a if, lim f(x) = f(a) i.e. f(a) = f(a)

i.e. f(a*) = f(a)

(i) Right continuous at x = a if, lim f(x) = f(a)

x»a*
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Thus, a function f(x) is continuous at a point x = a, if it is left continuous as well as right continuous at x = a.
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X+av2sinx 0<x<n/4
Illustration 42:f(x) = 2xcotx+b %S X Sg is continuous in [0, p]. Find a and b. (JEE MAIN)
acos2x —bsinx g<x§n

Sol: By checking left continuous and right continuous for x = % and x :g we can obtain value of a and b.

fll=24p;f|Z |=Z+a=> Zia=Zib=a-b==Z
4) 2 4 4 4 2 4

T

N
f(%]:b;f[E ]z—a—b:: a-b=b=2D=-a = a=

2x2+2, Xx<2

, at the point x = 2 (JEE MAIN)
2X, x>0

Illustration 43: Examine the continuity of the function f(x) = {

Sol: By obtaining Left hand limit and right hand limit we will get to know that given function is continuous or not.

f2)=22+2=6 . ()
LHL.HZ):E%KZ—MZ+D:5 .. (i)
RHLfQW=g%2Q+m=4 ... (iii)

2 -0)# (2 + 0) = f(2)

. f(x) is not continuous at x = 2

X+XA, x<3
Illustration 44: If f(x)=< 4, x =3 ,is continuous at x = 3, then the value of A is (JEE MAIN)
3x-5,x>3

Sol: As given function is continuous at x = 3, hence its left hand limit will be equal to its right hand limit f(x) is
continuous at x = 3

f(3) = lim f(x) = lim f(x) = 4=Lirr2)((3—h)+k)=3+k:>%=l

Xx—>3" x—3"

2.4 Continuity of a Function in an Interval

(@ A function f(x) is said to be continuous in an open interval (a, b), if it is continuous at every point in (a, b). For
example, function y = sin x, y = cos x, y = e* are continuous in (-, )

(b) A function f(x) is said to be continuous in the closed interval [a, b], if it is:
(i)  Continuous at every point of the open interval (a, b)
(i) Right continuous at x = a, i.e. RHL| __ = f(a)
(iii) Left continuous at x = b, i.e. LHL| _, = f(b)



2.5 Reasons of Discontinuity

(@) Limit does not existi.e. lim f(x) = lim f(x) 2T

X—a x—>a+

(b) f(x) is not defined at x = a 16—
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N

(©) limf(x) = f(a)

Geometrically, the graph of the function will exhibit a break at x = a, if the

function is discontinuous at x = a. The graph as shown is discontinuous at x = —e -1
1,2 and 3.
-2
v YI
3 DIFFERENTIABILITY Figure 14.6

3.1 Meaning of a Derivative

A\ 2

The instantaneous rate of change of a function with respect to the dependent variable is called the derivative. Let 'f’
be a given function of one variable and let Dx denote a number (positive or negative) to be added to the number

x. Let Df denote the corresponding change of 'f’, then

Df = f(x + Dx) - fx) = A = x40 =09
Ax AX

Af - e _ . —
If e approaches a finite value as Dx approaches zero, this limit is the derivative of ‘f" at the point x. The derivative
X

of a function ‘' is denoted by symbols such as

. df d — dy . df . A f(x+ Ax) - f(x)
f (x),&,&(f(x)) orif y =f(x) by I ory' = vl A|>I<TO ~ AI)I(TO—AX

The process of finding derivative of a function is called differentiation. We also use the phrase differentiate f(x) with

respect to x which means to find f ().

MASTERJEE CONCEPTS

The fact that f(x) is differentiable at x = a means that the graph is smooth as x moves from a-to a to a*.
Derivative of an even function is always an odd function.
Anvit Tawar (JEE 2009, AIR 9)

3.2 Existence of Derivative at x = a

(a) Right hand derivative:
The right hand derivative of f(x) at x = a, denoted by f ' (a*) is defined as:

w, orovided the limit exists & is finite. (h>0)

f'@) =lim
h—0

(b) Left hand derivative:

The left hand derivative of f(x) at x = a, denoted by f’ (a) is defined as:

fla—h)—f(a)
“h

f'@)= ||1im , provided the limit exists & is finite. (h > 0)
—0

Hence f(x) is said to be derivable or differentiable at x = a if
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f'(@*) = f'(a") = finite quantity and it is denoted by f'(a);
Right hand and left hand derivative at x = a is also denoted by Rf'(a) and Lf'(a) respectively.

MASTERJEE CONCEPTS

e If afunction is not differentiable but is continuous at a point, it geometrically implies there is a sharp
corner or a kink at that point.

e If a function is differentiable at a point, then it is also continuous at that point.

e If a function is continuous at point x = a, then nothing can be guaranteed about the differentiability
of that function at that point.

e If a function f(x) is not differentiable at x = a, then it may or may not be continuous at x = a
e If a function f(x) is not continuous at x = a, then it is not differentiable at x = a
e If the left hand derivative and the right hand derivative of f(x) at x = a are finite (they may or may not

be equal), then f(x) is continuous at x = a.

Chinmay S Purandare (JEE 2012, AIR 698)

ax+b x<-1 . P
is differentiable for xIR find ‘a’ & ‘b (JEE ADVANCED)

Illustration 45: f(x) = 3
ax’ +x+2b x>-1

Sol: By equating left hand limit to its right hand limit we can obtain ‘a’ & ‘b.

f(-1-h)—f(-1) _ Iim(a(—l—h)+b)—(b—a)= . —ah

lim—=a
-h h—0

FE) = lim h h0 _h

3
(1% = lim f(-1+h)-f(-1) _lim (a(h-=1)°> +(h-1)+2b)—(b—a)

h—0 h h—0 h

= ||m[a(h2 _3h+3)+1+mj =3a+1+ ||m[Ej
h—0 h h—o{ h

Forf'(-1*) to existb = 1

Given f(x) is differentiable = 3a+l=a=a=-1/2

3.3 Derivative Formula (Theorem)

If a function f(x) is derivable at x =a, then f(x) is continuous at x = a. i.e. every differentiable function is continuous.

f(a+h)—f(a) f(a+h)—f(a) h

exists. Also f(a + h) - f(a) = -

Proof: f'(a) = lim [h = 0]
h—0

fa+h)—f(a)
h

o lim [f(a+h)—-f(@)] = lim h=f'@).0=0
h—0 h—0

= Pl]mg) [f@a+h) -f(@)]=0 = rI1in?)f(a+h) =f(a) = f(x) is continuous at x = a
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MASTERJEE CONCEPTS

(i) Converse of the theorem above is not true.

(i) Every differentiable function is necessarily continuous but every continuous function is not necessarily
differentiable i.e. Differentiability = continuity

but continuity % differentiability

(iii) All polynomial, trigonometric, logarithmic and exponential functions are continuous and differentiable
in their domains.

(iv) If f(x) & g(x) are differentiable at x = a then the functions f(x) + g(x), f(x) — g(x), f(x) g(x) will also be
differentiable at x = a & if g(a) # 0, then the function f(x) / g(x) will also be differentiable at x = a

B Rajiv Reddy (JEE 2012, AIR 11)

Illustration 46: Show that f(x) = [x — 3], “x € R, is continuous but not differentiable at x = 3. (JEE ADVANCED)

Sol: If left hand limit and right hand limit of the function is equal then the function is continuous and if the left
hand limit and right hand limit of the derivative of the function is equal then the function is differentiable otherwise
not differentiable.

x=3 ifx>3 L
f(X)=I(X—3)I2f(X)={_(X_3) ifX<3'XILT-f(X)_X|Lr?— (x-3)=0
lim f(x) = lim(x-3)=0 and f3) =3 -3 =0; .. lim f(x) = lim f(x) =f(3)

x—3" x—3" X—3" x—3t

fx)-f(3) —(x-3)-0 _

So, f(x) is continuous at x = 3 Lf'(3) = lim = lim -1
x—»3~ X~ x—3" x-3
REE) = lim (X =fG) _ i X=3-0_1. 1t 3R 3)

x—3" X— x—3" X—

So, f(x) is not differentiable at x = 3.

3.4 Differentiability in an Interval

(@) f(x) is said to be derivable over an open interval (a, b), if it is derivable at each & every point of the interval (a, b).
(b) A function f(x) is differentiable in a closed interval [a, b] if it is:

(i) Differentiable at every point of interval (a, b)

(i) Right derivative exists at x = a

(iii) Left derivative exists at x = b.

MASTERJEE CONCEPTS

If a function is said to be differentiable over an interval, it is differentiable at each and every point in the
interval. If it is not so, even at a single point, then we cannot say that it is differentiable over the interval.

Rohit Kumar (JEE 2012, AIR 79)
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3.5 Differentiable Functions and their Properties

A function is said to be a differentiable function, if it is differentiable at every point of its domain

(a) Examples of some differentiable functions:
(i) Every polynomial function

(i) Exponential functions: a*, e e™......

(iii) Logarithmic functions: log_x, log x .......

(iv) Trigonometric functions: sinx, cosx,

(v) Hyperbolic functions: sinhx, coshx, .......

(b) Examples of some non-differentiable functions:
(i) |x]atx =0

(i) x £ |x|atx =0

(i) [x], x £ [x] at everyn € Z

(iv) xsin(l) atx=0
X

(v) cos(lj, atx=0
X

X+2, x>3
Illustration 46: Check the differentiability of the functionf(x) =4 5 =~ x=3 atx=3
8-x, x<3
Sol: For the given function to be differentiable f'(3 + h) =f'(3 — h).
For function to be differentiable f'(3 + h) =f'(3 = h)
h—0 h h—0 h h—0h
FE-h) = lim GO i, 82C=N=5 b _ 4
h—0 -h h—0 —h h—0 —h
f"B+hy=f"(3-h)
So function is not differentiable.
1, x<0
Illustration 47: Check the differentiability of the function f(x) = 1 +sinx,

Sol: Similar to above problem, Given function is differentiable if f(g + hj = f'[

ohL f,[g+]:f(n/2+h)—f(n/2) 24/ 2+h=/ 27 ~(Ltsing/2)

h h—0 h

= ) f((x/2)-h)-f((n/2
Cim2tN 2 koo LHL f'(f ]: ((x/2)-h)-f((r/2)
h—0 h h—0 2 _h

L

(JEE MAIN)

0<x<n/2 ,atx=mn/2

2+(x—m/2)? n/2<x<m

}

(JEE ADVANCED)



_1+sin((n/2)=h)=(1+sin(x/2)) . 1+cosh-2 . cosh-1 .
= lim = lim———— =1lim =lim sinh
h—0 —h h—0 —h h—»0 —h h—0

So, the function is differentiable at x :g

xsin(l/x), x=0

Illustration 48: Check the differentiability of the function f(x) = { 0 0
I X=

Sol: Here for the function to be differentiable f'(0*) =f'(07).

For the function to be differentiable

f'(0+h)—f(0) —lim hsin(1/h)-0

FO=FO) =—— hﬁof:msi”@

Which does not exist.

f'(07) = fO-h-f0) _ lim (—h)sin(—(l/h))—O = limsin —l
- h " ho0 “h  hs0 h

Which does not exist. So the function is not differentiable at x = 0

Illustration 49: A differentiable function f satisfies f(x +y) = f(x) f(y) V x, yiR find f(x)

Sol: As given f(x +y) = f(x) f(y), By using this obtain f'(x).

f(x +h) —f(x) —lim
h

f'(x) = lim
h h—0

—0

f(x) - ()~ f(x) _ “mf(x)( (f(h)_l)j
h h—0 h

= f(x)=ff(O) ;x=0= f(0)=(f(0) = f(0)=0 or f(0)=1
f(0)=0 = f'(x) =0 = f(x)is constant
()

f(0)=1= f'x)=f(x) = ﬁzl = Inf(x) = x+c = f(x) = ae

v f0)=1= f(x) =&

MASTERJEE CONCEPTS
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=0

atx=0  (JEE ADVANCED)

(JEE ADVANCED)

The sum, difference, product, quotient (denominator 0) and composite of two differentiable functions is

also differentiable.

Chen Reddy Sandeep Reddy (JEE 2012, AIR 62)

3.6 Rolle’s Theorem

If a function f defined on the closed interval [a, b], is:

(i) Continuous on [a, b],

(ii) Derivable on (a, b) and

(iii) f(a) = f(b), then there exists at least one real number ¢ between aand b (a < ¢ <

Geometrical interpretation

b), such that f' (¢) = 0
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Let, the curve y = f(x), which is continuous on [a, b] and derivable on (a, b), be drawn.

The theorem states that between two points with equal ordinates on the continuous graph of f, there exists at least
one point where the tangent is parallel to x-axis.

MASTERJEE CONCEPTS

We can use this theorem to check if an equation has more than one root.

Consider an equation f(x)=0, where function f is continuous and differentiable and has more than 2
roots, then f satisfies all three conditions of Rolle’'s theorem and so we can say that the derivative f'(x)
must be zero somewhere.

If the sign of the function doesn’t change then the function can’t have more than one root.

B Rajiv Reddy (JEE 2012, AIR 11)

3.7 Mean Value Theorem

If a function 'f' defined on the closed interval [a, b] is
(i) Continuous on [a, b] and
(i) Derivable on (a, b), then there exists at least one real number c between a and b (a < ¢ < b), such that

f(b) —f(a)

f'(c) =
b-a
Geometrical interpretation

The theorem states that between two points A and B on the graph of 'f' there exists at least one point, where the
tangent is parallel to the chord AB.

Illustration 50: Verify Rolle’'s Theorem for the function f(x) = x> — 3x? + 2x in the interval [0, 2] (JEE MAIN)
Sol: By checking that the given function satisfies all the condition of Rolle’s Theorem as mentioned above, we can
verify Rolle’s Theorem for the given function.

Given that f(x) is a polynomial function. So, it is always continuous and differentiable.
f(0)=0,f2)=23-3.(2?+22)=0= f0) =1(2)

Thus, all the conditions of Rolle’s Theorem are satisfied.

So, there must exist some ¢ e (0, 2) such that f'(c) = 0

= f(c)=3c?-6c+2=0=c= liL
3

Where both c=1 ii € (0, 2) thus Rolle’s Theorem is verified.
3

Illustration 51: Verify the mean value theorem for the function f(x) = x — 2 sin x, in the interval [-%, p].(JEE MAIN)
Sol: Similar to above, by checking that the given function satisfies all the conditions of mean value Theorem as
mentioned above, we can verify mean value Theorem for the given function.

Since x and sin x are everywhere continuous and differentiable, therefore f(x) is continuous on [-r, p] and
differentiable on (-x, ©). Thus, both the conditions of mean value theorem are satisfied. So, there must exist at least
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one c € (-m, ) such that f'(c) _fm-fm)
n—(-m)
Now, f(x) = x = 2 sin x
= 1-2cosc=2"M 1 _2cosc=1
n—(-m)

= cosc=0= c=+mn/2
Thus, c = + (n/ 2) € (-n, ) ; Hence the mean value theorem is verified

Illustration 52: Find c of the mean value theorem for the function f(x) = 3x> + 5x+7 in the interval [1, 3].

(JEE MAIN)
Sol: By using mean value theorem.

Given f(x) = 3x> + 5x + 7 .. (i)
=>f1)=3+5+7=15andf(3) =27 +15+7 =49 ;f(x) =6x+ 5
Now, from the mean value theorem

b)-f@  ,  c_f@-f1)_49-15_

fio)=" 17 = c=2
b-a 3-1 2

PROBLEM SOLVING TACTICS

Above we have discussed L'HOpital's rule by an example. Let us consider the same example again

X2 +sinx

lim >

X—>0 X

These kind of problems where oscillating functions are involved and x — o are solved using the sandwich theorem.

It states that Let I be an interval having the point a as a limit point. Let f, g, and h be functions defined on I, except
possibly at a itself. Suppose that for every x in I not equal to a, we have:

g(x) < f(x) < h(x)
and also suppose that: limg(x) = limh(x) =L
X—a X—a

Then limf(x) =L

X—a

. -1 sinx 1 -1 X2 +sinx _x*+1
Now we know that —1SS|nxs1:>—2£—2£—2: > < > < >
X X X X X X
X2+l . 1 X2 -1 . 1 . x° +sinx
lim =lim|{l+—=|=1; lim =lim{l-—|=1 = lm———=1
x—0  y2 X—>00 X2 x—0  y2 X—>00 X2 X—>00 X2

While examining the continuity and differentiability of a function f(x) at a point x = a, if you start with the
differentiability and find that f(x) is differentiable then you can conclude that the function is also continuous. But
if you find f(x) is not differentiable at x = a, you will also have to check the continuity separately. Instead, if you
start with the continuity and find that the function is not continuous then you can conclude that the function is
also non-differentiable. But if you find f(x) is continuous, you will also have to check the differentiability separately.
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FORMULAE SHEET

Let f and g be two real functions with a common domain D, then.

Q) lim(f + g)(x) = lim f(x) + lim g(x)
(ii) lim(f —g)(x) = lim f(x) — lim g(x)
(iii) lim(c-f)(x) = climf(x) [cis a constant]
(iv) lim(fg) (x) = limf(x) - lim g(x)
f lim f(x)

lim| — [(x) =X=22
V) Ha[gj lim g(x)
i) im (70)" = im )
(vii) If f(x) < = g(x), then limf(x) < limg(x)
(viii) lim X" —a =na"*t

Xx—>a X—a
(i) jim X2 _Mmen

x—a X" —g" n
) limSNX _q

x—=0 X
(x) im& =L _1

x=>0 X
(xii) Iim(1+ax)1/x =e? = lim [1+EJ

x—0 X—>00 X

- . . g(x) lim g f00-1]

(xiii) if lim f(x)=1 and lim g(x) = then lim [f(x)} = exa

sin X < X < tanx

Expansions of Some Functions

2
L (1+x)”={1+nx+n(n_l)x +n(n—l)(n—2)X3+m} [|x]<1]

2! 3!
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2 X3 n
2 e =l X+ —t— .. AT
2! 3l 3!
2
3. a =1+x(|oga)+;(|oga)2 F oo
203 4
4. log(l+x) = x—~—+ XX .
gl +x)=x=Z+3-7
2 3 4
5 logl—x)=—x-~ - XX _ .
g(1-x) 3 2
3 5 7
6 SinX = X — LS
3 5 71
2 L4 U6
7 cosx=1->_ X X . .
2! 41 6!
3 5
8 tanx:x+—+2i ......
15
2
9. a* =1+ x(log, a) + ;(Ioge a) 4o
3 5
10. sinix = x+lx—+léx—+....(—l<x<1)
23 245
35
11. tanlx=x-2 4+ (1<x<1)
3 5
L'Hopital’s rule
For functions f and g which are differentiable: if limf(x) =limg(x) = 0 or e and Iimw has a finite value
i X—C X—C x—>c g "(x)
o fx . f'(x)
then lim—==lim——

x=>cg(x) x-cg'(x)

Common Indeterminate Forms

oo

o0
,—,0x00,00—00,0°,1° and o°
o0

Differentiation

df . Af . f(x+ Ax) —f(x)
— = lim — = lim ——m~~
dx Ax=0AX  Ax—0 AX

Continuity

Function f(x) is continuous at x = a if lim f(x) = lim f(x) = f(a)
x—at X—a
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Differentiability

f(x) is said to be derivable or differentiable at x = a if f'(a*) = f'(a") = finite quantity

Rolle’s theorem

If a function f defined on the closed interval [a, b] is continuous on [a, b] and derivable on (a, b) and f(a) = f(b),
then there exists at least one real number c between a and b (a < ¢ < b), such thatf’'(c) =0

Mean Value Theorem

If a function f defined on the closed interval [a, b], is continuous on [a, b] and derivable on (a, b), then there
f(b) - f(a)
b

exists at least one real number c between a and b (a < ¢ < b), such that f'(c) =




