14.58 | Limits, Continuity and Differentiability

Match the Columns

Match the conditions/expression is column I with
statement in column II.

Q6 (1992)

Column-I Column-II
(A) sin (p[x]) (P)
(B) | sin(n(x-[x])) | (q)

(r) | not differentiable at 1 and -1

differentiable every where

nowhere differentiable

Q.7 In the following [x], denotes the greatest integer
less than or equal to x. (2007)

Column-I Column-II

(A | x|¥| (p) continuous in (-1, 1)

(B) [ x| (9) differentiable in (-1, 1)

Q) | x+[x] (n strictly increasing(-1, 1)

(D) | |x-1] + (s) not differentiable at least at
X +1| one pointin (-1, 1)

Analytical and Descriptive Questions

Q.8 Evaluate the following limit
. [ x—1 j
lim| —————
x>1{ 2x2 —7x+5

Q.9 Evaluate lim(1 - x)tan(n—xj
x—1 2

(1978)

(1978)

Q.10 Differentiate from first principle sin(x> + 1)

(1978, 3M)
Q.11 If f(x) = x tan™*x, find f '(1) from first first principle
(1978)
Q.12 Find f' (1) if
Zx;l, when x #1
f(x) = 2x° =7x+5 (1979, 3M)
—%, when x =1
Q.13 Evaluate lim /% (1979)
x>0\ x + cos” x
2 2
Q.14 Evaluate L'E(‘) (a+h) sm(a; h)-a”sina (1980)

. 5x 2
Q.15 Given y = ————=+cos"(2x+1),
3y -x)?
find dy (1980)
dx

Q.16 Let f: R — R be a continuous function defined by

1
)=

Statement-I: f(c) = % for some c eR. Statement-I:

o <f(x) < for all x e R Statement-I:

T2

o<f(x)<i, forall x eR.

"2

(A) Statement-I is true, statement-II is true; statement-II
is not the correct explanation for statement-I

(B) Statement-1 is true, statement-II is false
(C) Statement-I is false, statement-II is true

(D) Statement-I is true, statement-II is true; statement-II
is the correct explanation for statement-I (2010)

Q.17 Let g(x)zlog(f(x)) where f(x) is a twice
differentiable positive function on (O,oo) such that

f(x+l) = xf(x) .Then, for N=1,2,3,.

ettt

(A) -4 l+l+i+...+;2
9 2 (2N-1)
(B) 4 1+l+i+...+;2
9 (2n-1)
1

1 1
€ 4 l+—+—+..+———
2B (N+1)

1

(D) 4 1+l+i+...+—2
92 (2N+1)

(2008)



Paragraph 1:

Consider the function f: (—o0,00)—(—o,) defined by

2_
f(x)=>(2a—x+l,0<a<2.
x“ +ax+1

Q.18 Which of the following is true?
@) (29 (1) + (2~ £(1) -0
() (2+a) f'(1)-(2-a) f'(-1)=0
© F)F ()~ (2-of

(D) f(1)f'(-1)=—(2-a)° (2008)

Q.19 Let

o=

=————~ 0<Xx<2,m
Iogcosm(x—l)

and n are integers, m=0,n>0,and let p be the left
hand derivative of |x—l| atx =1

If lim g(x)=p, then (2008)
x—1"

(Ayn=1m=1 B)n=1,m=-1

@ n=1m=2 D) n>1m=n

Q.20 Let f and g be real valued functions defined
on interval (—1,1)such that g"(x) is continuous

9(0)=0,9'(0)=0,g"(0) =0 and f(x) = g(x)sinx
And
Statement-II: f(O) = g(O)

(A) Statement-Iis True, statement-II is True; statement-II
is a correct explanation for statement-I

(B) Statement-I is True, statement-II is True; statement-II
is NOT a correct explanation for statement-I

(C) Statement-I is True, statement-II is False

(D) Statement-I is False, statement-II is True (2008)
Paragraph 1: Consider the functions defined implicitly
by the equation y>—-3y+x=0o0on various intervals
in the real line. If xe (—oo,—Z) U (2, oo), the equation
implicitly defines a unique real valued differentiable
function y = f(x). if xe (—2,2) , the equation implicitly
defines a unique real valued differentiable functiony =
g(x) satisfying g(0) = 0.
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Q.21 Iff(—lO\/E ) = 242, then f(—1oJ§ ) _ (2008
73 73 73 73

Q.22 For function f(x) = xcosl,x >1
X

(A) For atleast one x in interval |:l,oo),f(x + 2) - f(x) >2

(B) limf'(x)=1

X—>0

(C) For all x in the interval [1,00),f(x+2)—f(x) >2
(D)f(x)is strictly decreasing in the interval [1,00)

(2009)

Q.23 Let p(x) be a polynomial of degree 4 having
extremum at x = 1,2 and

X—>00 X

X
lim f{l +$2)} =2 .Then the value of p(2) is  (2009)

2
X
a—vVal-x* -~

X4

,a>0. If finite, then

Q.24 Let L=1Iim
x—0

(2009)
1 1
AWMa=2 @Ba=1 QL= OLl=x

Q.25 Let f be a real-valued function defined on the
interval (O,oo) by f(x) =Inx +j 1+sintdt.

0
Then which of the following statement (s) is (are) true?
(A) f(x) exists for all x e (O,oo)

(B) f'(x) exists for all f'(Z‘) = |imw

h—0 —h

and f' is continuous (O,oo), but not differentiable on (0, )

(C) there exists o > 1 such that |f'(x)| < [f(x)| for all x €
(L, )

(D) there exists B > 1 such that |f(x)| + |f'(x)| < B for all x

e (0, o) (2010)
-1/x
Q.26 Iflim[1+xln(1+b2)} — 2bsin?6,b >0
x—0
and 0 e (—n, rc], then the value of 0 is
T T T P
A) £— B) +— Q) +— D +—
(A) 7] (B) 3 (@) 6 (D) >
(2011)
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—X—E, X < _E
2 2
Q.27 If f(x) =J—cosx, 0<x<1 then, (2011)
Inx, x>1

(A) f(x) is continuous at x = — /2
(B) f(x) is not differentiable at x = 0
(O) f(x) is differentiable at x = 1

(D) f(x) is differentiable at x = -3/2

Q.28 Let y'(x) + y(x)g'(x) = g(x)g'(x), y(0) = 0, x € R, where
f'(x) denotes df(x) dx and g(x) is a given noncontact
differentiable function on R with g(0) = g(2) = 0. Then
the value of y(2) is (2011 (1))

Q.29 Let f: R — R be a function such that f(x + y) = f(x)
+ f(y), V x, y € R If f(x) is differentiable at x = 0, then
(2011 (1))

(A) f(x) is differentiable only in a finite interval containing
zero

(B) f(x) is continuous V x € R
(C) f'(x) is constant V x e R

(D) f(x) is differentiable except at finitely many points

Q.30 lim

X—>00

{x2+x+1

—ax — b} =4,then (2012 (1))
Xx+1

AJa=1b=4
Qa=2b=-3

(B)a=1b=-4
D)a=2b=3

T
x’lcos—| x#0
X

Q31 Let f(x)= ,x € then fis

0 x=0

(A) Differentiable both atx = 0 and atx = 2

(B) Differentiable at x = 0 but not differentiable at x = 2
(C) Not differentiable at x = 0 but differentiable atx = 2
(D) Differentiable neitheratx =0 noratx =2 (2012)

Q.32 For a € R (the set of all real numbers), a = -1,

(1a + 28 +....+na) 1
lim — - =
n—e (n+l) [(na+1)+(na+2)+ +(na+n)] 60
Thena = (2013)
(A) 5 ®) 7 0= o

Q.33 Which of the following is true for 0 < x < 17?
(2013)
1

m)0<f@)<w $)—%<f@)<—

m)—%<fu)<1 (D) —0 < f(x)<0

Q.34 Let f: { }—) R (the set of all real numbers) be
a positive, non-constant and differentiable function
such that f(x) < 2f(x) and f[%} =1. Then the value of

J f(x)dx lies in the interval
1/2

(2013)

(A) (2-1,2€) (B) (e-1,2e-1)
e-— 1 e-1

Q.35 Let f: [0,2} — R be afunction which is continuous

on [0, 2] and is differentiable on (0, 2) with f(0) = 1.

2

Let F(x)= jf( )dt for xe[0,2]. 1If F'(x)for all

( 2) with f(0 (2014)
(A) e -1 (B) & — Ce-1 (D) e*
Q.36 The value of g(%} is (2014)
) (-1,0)u(0,2) (8) 2"

f'(x)—3g'(x) =

T T
© 0 (D) 7
Q.37 The value of g(%} is (2014)

T T
(A) ) (B) n © ) Do



2
19x for all xeR with
2+sin” X

f@j:o.xf msjzf(x)

of mand M are

Q.38 Let f(x) =

dx M, then the possible values

(2015)
1 1

B)m==M==
) 4 2

(D) m=1,M=12

(A) m=13,M=24

(€O m=-11,M=0

Q39 let f,g:[-1,2]>Rbe continuous functions
which are twice differentiable on the interval (—1,2)
Let the values of f and g at the points —1,0 and 2 be as
given in the following table:

In each of the intervals (—1,0) and (1,0)the function
(f—39)n never vanishes. Then the correct statement(s)
is(are)

(A) f'(x) (x
(-1.0)0(02)

() (-1,0)u(0,2) f'(x)-3g'(x)=0 has exactly one
solution in (~1,0)

=0 has exactly three solutions in

) f'(x)-3g'(x) =0 has exactly one solution in (0,2)

(D) f'(x)-3g'(x)=0 has exactly two solutions in

(~1,0) and exactly two solutions in (0,2)  (2015)
Q.40 The correct statement (s) is (are)
(A) f'(1)<0
(B) f(z) <0

) f'(x)=0forany x(1,3)
(D) f'(x) =0for some x < (1,3) (2015)

Q.41 Let g:R — R be a differential function with
X
—g(x) x=0

9(0)=0,9'(0)and g(l) # f(x) = |x| ( )

0 x=0

And h(x) = e‘x‘ xeR (f o h)(x) denote f(h(x)) denote

f(h(x)) Then which of the following is (are) true?

(A) fis differentiable at x =0
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(B) h is differentiable at x=0
(C) f o h is differentiable at x=0

(D) h o fis differentiable at x=0 (2015)

Q.42 Let a,b eRand R — R be defined by

xsm(‘x + X‘)

(A) Differentiable at x=0if a=0and b=1

(B) Differentiable at x=1if a=1and b=0

(C) NOT differentiable at x=0if a=1land b=0

(D) NOT differentiableatx =1ifa=1land b=1 (2016)

f( )—acos(‘x —x‘)+b Then fis

Q.43 Let

f(x)= lim : =
(W22 2. N 2 n°
(e )(x +4J ..... ( J

for all x > 0. Then

*) f@z (1) ®) f@]s f@

(€ f'(2)<0

(2016)

Q.44 Let f:[—%,Z} — Rand g: [—%,2} — R be
functions  defined by f(x) = [xz - 3} and
= |x|f(x)+|4x—7|f(x

), where [y] denotes the

greatest integer less than or equal toy For ye R. Then
(2016)

(A) fis discontinuous exactly at three points in {—%,2}

(B) f is discontinuous exactly at four points in [—%,2}
(C) g is NOT differentiable exactly at four points in
37

2

(D) g is NOT differentiable exactly at five points in

£
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Q.45 let f: (0,00) — R be a differentiable function such

that f(x):Z—LX):Z—Mfor all xe(O,oo) and
X X

f(l) #1.Then

(A) lim X2f'(£]=l (B) lim xzf'[ijzz
x—0" X x-0 X

© lim x*f'(x) =2

x—=0

(D) f(x)sz‘ for all x € (0,2) (2016)

Q46 Let ' R > R, g R > R and h:R—>Rbe

differentiable functions such that

PlancEssential Questions

JEE Main/Boards

Exercise 1

Limits

Q7 Q13 Q20 Q.22 Q.25
Continuity

Q4 Q9 Q11 Q13
Differentiability

Q7 Q38 Q13 Q14
Exercise 2

Limits

Q1 Q7 Q9 Q.10
Continuity

Q3 Q4 Q6 Q9 Qll1 Ql4
Differentiability

Q3 Q7 Q11 Q15 Q16

Previous Years' Questions

Ql Q6 Qlo

Q13 Q15

f(x):x3+3x+2,g(f(x):x) forall xeR (2016)
() 1 :

A g'(2) =13 (B) (1) =666

(©) h(0)=16 (D) h(g(3)) =36

JEE Advanced/Boards

Exercise 1

Limits

Q.6 Q11 Q17 Q19 Q20

Continuity

Q4 Q7 Q12 Q17 Q19 Q2

Differentiability

Q3 Q.6 Q.9 Qll Q14

Exercise 2

Limits

Q.2 Q4 Q.6 Q8 Q10

Continuity

Q3 Q6 Q8 Q10

Differentiability
Q1

Previous Years' Questions

Q1 Q3 Q7 Q9 Q14 Q15 Q16
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JEE Main/Boards

Exercise 1

Limits
1 3
1 —= .2 =
Q 8 Q 2
Q4Lifx>0'ooifx=0 Q.5 x
2 '
Q.6 (a)n/2ifa>0;0ifa=0and-n/2ifa <0 (b) f(x) = |¥|
3
Q8 > Q92
1
Q.11-3 Ql2 ——
1612
Ql4a=2limit=1 Q.15 0.5
Q.17 % Q.18 cos? a/n cos a+ sin2 a/n sin a
Q-20 does not exist Q.21 (2n-1)
Q231 Q241Ina
Continuity
Qla=0b=1 Q2a=0b=-1

Q.4 y_(x)is continuous at x = 0 for all n and y(x) is discontinuous at x = 0

Q.7 f(0*) = -2; f(0")= 2 hence f(0) not possible to define

Q96 Q109
Q1238 Q.13 6x-2y-5=0
Q.15 ¢ + 2
Differentiability
sec2 \/;
.1 —2x sin(x?+1 .2 —
Q.1 -2xsin(x*+1) Q 2dx

Q.3 j—y =(tan x)[log(tanx)+2x cosec2x]
X

1/ 1
S Q6

Q32

Q.7 5050

Q.10 \2

Q132

Q.16 Does not exist

Q.19+/8 2[/n3P?

1
.22 ——
Q 128r

Q.25c =1n2

Q.3 (a)-2 2 3 (b)K =5 (c) even
Q.5 30

Qllc=1abeR

Q.14 Does not exist

Q.4 2x cos x?
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Q.7 :_y = XX {—sinx logx + COSX} +COSsX SinX[—sinxtanx +COSX - Iogcosx]
X

8x=1 g - X 10 ——sec’x
Q8 x= Q 2+/cosx Q 2+/tanx
Q.11 Not differentiable Q121 Q.135
Exercise 2
Single Correct Choice Type
Limits
Ql1C Q2C Q3C Q4C Q5C Q6D
Q7D Q8B Q9A Q10D Ql11A Q12A
Continuity
Q1D Q2A Q3A Q4D Q5C
Q6D Q7C Q8D Q9D Q.10 D Q11A
Q12C Q13B
Differentiability
Q1D Q2D Q3A Q4D Q5A Q6D
Q7A Q8B Q9B Q10C Q11C Q12A
Q13D Q14D Q15C Q16 B Q17C
Previous Years’' Questions
Q1D Q2A Q3A Q4B Q5C Q6B
Q7D Q8cC QI A Q10C Q118 Q12D
Q13C Q14B Q15D Q.16 A Q17 A Q18 A
Q19D Q20 A Q21D Q228 Q23D Q24 A
Q.25 8B Q.26 D Q27C Q.28 A Q29D Q308

Q31A
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JEE Advanced/Boards

Exercise 1

Limits
1 8 p—q

.1 5050 2a=2r=—;S=—; 3 —
Q Q 2 3 Q >
Q.4 In2 Q.5 324
Q.6 (a) Does not exist (b) does not exist (c) 0 Q.7 —%

1 5

.8 — .9 — .10 1/2
Q > Q > Q101/
Q.11-2 Ql2x-3 Ql3()a=1b=-1(i)a=1 b= —%
Q141 Q.15 —%lnﬂ Q.16 27

e

Q.17 29 Q.18 72 Q.19-1/2 Q.20 16
Differentiability
Q.1 f(x) is continuous but not derivable at x = 0 Q20<n<1
Q32 Q.4 f is cont. but not diff. atx = 0 Q.5
Q6f' (1) =3,f" (1) =-1 Q7a=1/2,b=3/2 Q.85
Q.9 Not derivableatx =0 & x =1
Q.10 Discontinuous & not derivable at x = 1, continuous but not derivable at x = 2
Q.11 fis conti. at x = 1, 3/2 & discount. at x = 2, fis not diff. at x = 1, 3/2, 2
Q.12 24 Q13 a=1b=0,p =% andq=-1 Q145
Exercise 2
Limits
Single Correct Choice Type
Q1A Q2A Q3B Q4 A Q5D Q6B
Multiple Correct Choice Type
Q7A,B,C Q8A, B, C Q9A,BCD Ql1l0C D Q.11A,8B,C Q.12A,B,D

Q13A B CD
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Continuity

Single Correct Choice Type

Q1A
Q7A

Q138
Q198
Q25D
Q318

Multiple Correct Choice Type

Q.36 A, C

Differentiability

Single Correct Choice Type

Q1A

Previous Years' Questions

Q1A B D

Q2C
Q8A
Q14 A
Q20D
Q26D
Q32A

Q2A

Q2B,D

Q3A
Q9D
Q158
Q21C
Q27C
Q33D

Q3A B D

Q7A—>p,qrB-ops;Cors;Dop,q

Q19C
Q26D
Q328,D
Q38D
Q448,C

Q208

Q27A,B,C D

Q33D

Q398B,C
Q45B,C

Q218

Q298B,C

Q34D

Q40 A, B, D

Q.46 A

Analytical and Descriptive Questions

1
Qs -

Wy 2
Q12 fW--2
Qis. | 3d-X

3x—1Y?

> 2sin(4x + 2)

—2sin(4x+2) x>1

Qo 2
T

Q130

Q4 A Q5C
Q10C Q11cC
Q168 Q17 A
Q22A Q23 A
Q.28 C Q298
Q34D Q35D
Q4 A, B Q58B,C
Q16 A Q17 A
Q228,C, D Q24A,C
Q308 Q318
Q358 Q36 A
Q41A B Q42 A, D

Q.10 2x cos (x* + 1)

Q.14 a%cosa+2asina

Q6C

Q12A
Q18C
Q248
Q30C

Q6A—>p,Bor
Q.18 A

Q.25 B, C
Q.31B,D
Q37D

Q43 A, B

A1 —+—
Q 2 4
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JEE Main/Boards

Exercise 1

Limits

o Bax-1 (\’5“—1) ix+1
Sol 1: Im ———— =

= X
x4 y2 4 Ay x4 x(x+4) V5ax+1

_ Iim (5+x—1) 1 _1

X—’J‘x(x+4)(\/5+7x+1) T 4x2 8

=lim =

hﬂOh{ﬂh&} 2

Sol 4: [im
x—0

\/x+h—\/; X+h—-x 1
h

Sol 5: Ilim 1 > 2_ix+2
X—2 X(X—Z) X
—x% +3x-1

i 0 x(=2) = oo
X2 (x—2)2 (x—l).X ’Hzx(x—Z)z (X—l)

Sol 6: (a) lim tan' -2
x—0 X2

Graph of ¥y = tan* x
y

12+ y=tan '

T -1/2

L 1 a
Soin lim tant-<
x—0 XZ

a T T
X=>0 — >0 =|-—, =
As 2 © ( > 2]

Depends upon value of a.

(b) f(x) = tlm [é.tan1 12}

T t

100
> xk -100

Sol 7: lim*xL — —|im

x—1 x-1 x—1 (X—l)

(X+X2+X3+ ..... +X100)

=i
o (x-1)

100x101

=1+2+..+100= =5050

Sol 8: Use Binomial Expansion.

Sol 9:

. 1-tanx 1+\/§sinx
lim X
H%l—\/zsinx 1++/2sinx

(1—tanx)(1+x/zsinx)
= lim
X_’E 1-2sin®x
(1—tanx)(1+\/§sinx)
= lim
X_,% 1—tan’x
1+tan’ x
(1+tan2 x)(l+\/§sinx)
= lim

n (1+tanx)

X—>—
4

=2

Sol 10: Use 1-c0s20 = 2sin’ 0

(2sinx—1)(sinx+1)

Sol 11: fim (25inx—1)(sinx—1) =3

m
N
6
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Sol 12:

\/E—(cose+sine)

ﬁ—ﬁcos(@—ij
Iirr;t > = Iirr71T 5
7 16/0-T 7 16/0-T
4 4

[o-3)
\/5 25inzT4

1
= |lim =
T 2
4 16 (e—“] 1672
4
Sol 13:

. X . .
2sin® = + 2sinx—sin® x —x? + 3x*
lim 3 — 3
x>0 tan® x —6sin® X + X —5x

. X
sin= . .
. 2sinx  2sinx
—2.sm5x2+ - —x+3%°
= lim X 23 X
x—0 i
tan”x  6sin X+1—5x2
X X
=2
. asinx-—sin2x. .. .
Sol 14: " lim————isfinite
x=0 tan’ x
.'.Iimacosx—(c052x).2:0
x—0
—a-2=0
—>a=2
. 2tanx 1-tanx . 2tanx
Sol 15: |im = lim ———

X
©1—tan’x 1l+tanx n 2
o -7 (1+tanx)

2

(2

1
2

Sol 16: Does not exist.

Sol 17:

. T . T

lim ncos| — |sin| —

n—w (4nj (4n)
. T
sin| —

( b1 j [4nj

4n

= lim cos
n—oo

Sol 18: Use L'Hospitals Rule

Sol 19: lim i (3X _1)_1(3X _1)

0
7 \/5 {1 — cos;}

" (3-1)(9-1)
e 225sin? %

(3X —1) 9)( _1
% 8
=lim—* — X -~ Jog3xlog9
x>0 Zﬁsinzg \/5
2
Xonlay

(ay
= 8\/§(|og 3)2

Sol 20: Does not exist.

Hint: Use LHL and RHL.

Sol 21: Iim{nsmx}ﬂim ”ta”"}
x—0 X x—0 X

2 4 ]
nx{l_x_i_x...}
31 5l
= lim

x—0 X x>0 X

=n-1l+n=2n-1

Sol 22: From the diagram,

A
h2+£=b2
4
or,h? =b? - & h
4
ab?
. A . 4r
lim—=1
hI—rfg’P?’ hI_r’%(a+2b)3 B\/C
22
a - 1

2
Iog{(l+x2) —xz}
Sol 23: |lim

x—0 X(eX 1
4

Iog{1+x2 + X }

~—

=1

(XZ +X4
=lim X
2

x>0 (x2+x4) y (ex—lj

X




1 1
Sol 24: = lim n2 {[an —1}—{8”"’1 _1}}
n—o

1 1
. an -1 n? |aml-1
=limn -
n—o l (n+1) 1
n n+1
2
. n . n
= limnloga———loga=logalim—— =loga
n—w (n+1) noon+1

X—>0

X X
X+C
Sol 25: Iim[( )] =4:Iim(1+£] =4

Continuity
l[ax+3] , x<-1
[3x+a] , -1<x<0
Sol 1: f(x) = i
x) bsm2x_2b  Oexen
X
cos’x-3 X227

For x < -1, f(x) = |ax + 3| and it will be continuous.

Atx=-1,

Vi(x =-1) = |-a + 3| = |a- 3]

LHL = |a - 3]

RHL= Ilim |3x+a| =]a-3|
x—>-1*F

At x = =1, function is continuous.
Atx =0,
LHL =VF(x = 0) = RHL

lim |3x+a| = Ja] = lim bS|n2x_2b

x>0 x—0" X

LHL = f(0) = |a|

RHL = lim 2P8IN2X 50 o0 ob =0

x—0" X

~Jal=0=a=0
Atx=p

LHL = f(r) = RHL

lim bSIn2x_2b = costn -3 = lim cos?x -3
X—>n X ot

=>2b=-2=-2=b=1
a=0b=1

tan6x

. 6 )tan5x
Sol 2: LHL = lim (gj

T
X——
2

x=£—h,asx—>£;h—>0
2 2

a

tan6| ——|
[ J —tan6h

5h
LHL = Iim(éjta’ﬁ[] = lim (9] !
h—0| 5 hoot 5

6 —tan6h tan5h
= lim (—j =1
h—0™ 5

f(E] =b+2=LHL
2

N

a

N

=b+2=1

b=-1
[latanx|]
RHL = lim (1+]cosx) b
+
x—L
2
.

x=£+h,asx—>E ,h—>0*
2 2

atan Zin
2

. n b
RHL = lim|1+|cos| =+h

h—0" 2

lacoth] lalcoth
= lim (@+]|sinh]) b = lim (1+]|sinh]) b
h—0" h—0"

(as sin h > 0, forh — 0* and cot h > 0, for h — 0%)

Now, this limit will be of the form equation for non zero

values of a fora = 0,

RHL = lim (1+sinh)° =1 = LHL = RHL = f(ﬁ]
h-0" 2
Sol 3: (a) f(x) = x* = 3x>—4x + 12
=(x—3)(x*-4)
f(x) = (x=2) (x + 2) (x=13)
zeros:2,-2,3
(x—=2)(x+2)(x—3)

(b) h(x) = X—3 '
k ,, x=3

Atx = 3, for the continuity
h(x = 3) = LHL = RHL
LHL=1.5=5=k

X #3
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(c) We have, Thus Vf(x = 0) # LHL, therefore discontinuous
_(=X=2)(—x+2)(—x - 3)
hex) = =3 X#-3 Sol 5: f(x) = [5x] + (3%}
=(x+2)(x=-2),x#3=h(x atx=0,f0)=0
hence even RHL = lim[5x]+{3x} =0
x—0
Atx=-3, . continuous at x = 0
h(x) =-1x-5=5 = h(3) 1
. Atx = —,
Hence, even function 5

2 2 2 1 _ 1 l_ i_ﬁ
Sol 4:y,( = X 4 —— 4 ——— 4. - f(S B R e -

This is summation of a G P with n terms, a = x, LHL = [im [5x]+ {3x}
-
r _ 1 X—)g
1+x? 3 3
n 2 n =0+ o=+
al-r") X 1 5 5
yn(x) = = 1_
1-r 1 1 1+x° 1
1+X2 LHL#VF[ngj
2 2 n
_ X (L+x%) 1_{ 1 j Therefore discontinuous at x = l
1+x%-1 1+x? 5
1
n Similarly discontinuous at —, i. € (1, 24), i # 5, 10, 15, 20
y(x)—(1+x2){1 ( L J] ’
T - 2
1+x Atx= = flx=L]=]2]+13xtl=040=0
3 3 3 3
Fory (x),atx =0
7\ LHL = lim [5x]+{3x} =1 ¢Vf[x :lj
yn(X) =1 1_[_j =1 1” 3
1 xag
LHL = RHL = 1 Therefore, discontinuous
n 1
. imilarly di i ==,ie@d 14,
LHL = I|m(1+x2){1—( 1 j ] -1 Similarly discontinuous at x 3 ie( )
x>0 1+x2
i#£3,69 12

Therefore, y (x) is continuous Now, at Total 10 points

LHL = RHL, as it is an even function fx=1)=[5x1] +{3x 1} =5

Y0 = lim( +x3)| 1 1 LHL= lim[5x]+{3x} =4+1=5
n—o (1+X2)n x—1"
RHL = lim[5x]+{3x} =5+0=5
i y(0)  fim lim (12| 1= —2— | o
R R 1+ %2 “"LHL = RHL = Vf(x = 1), continuous at x = 1
Atx = 0 similarly continuous at x= 2, 3, 4
y(x) will be indeterminate further LHL = RHL . D is continuous at total 20 + 10 = 30 points

X X
2n :0 1:X'
) +1 +

n
1- ! ,as n — o« , approaches ) .
1+%° Sol 6: If |25|nx|<l,f(x)= lim
n_)°°(25inx
s limlimy (x) =1
x—>0n—w



. . 1

If |2sinx| =1,f(x) = lim X X ==X
| | ) n_’°°(2$inx)2n+1 1+1 2
If |25inx| >1,f(x)= [im X X 0.

rHoo(25inx)2 +1 ol
. . 1
But |25|nx|<1 :|sm x|<§
1 . 1 T b
= 2 <sinx<=— D NT——<X<NU+—
2 6 6
1

|25inx| =1= |sinx| :E = sinx=+ =
2 2

:x=nrc+(—l)n.(4_r£j=n7c4_rE
|25inx|>1 :>|sinx|>1
2
. 1 . 1
=sinXx>= or sinx<-—=
2 2

T 5w
SNn+—<X<NU+—.
6 6

Thus, h f(x =X,nTC—£<X<nTE+E
us, we have () 5 6

lx,x=n7ciE
2 6

b 5n
O, Nner+—<x<nu+—
6 6

As polynomial functions are continuous everywhere,

only doubtful points are x=nn* g Clearly,

flnr—240|2f nr-2-0 because nt——= %0
6 6 6

f(nn+%+0]¢ f[nn+g—0] because 0= nn+g

. . T
f(x) is not continuous at x = nnig

.. The function f (x) is continuous everywhere in R

except the set of points {x X=nn i%,nez}

/ncosx
#, X>O
Sol 7: fx) = | V1+x" -1
esin4>< -1
<0

/n(1+tan2x)’
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sin4><_
LHL = fim - —1
<0~ {n(1 + tan2x)
1
"X _1 || sin(L+tan2x | sin*x
LHL= [lim . .
w0~ | sin? x tan2x tan2x
| sindx ﬂ 1 B
o~ 4x T 2x tan2x
2X
RHL = lim f(x) = lim —20<0% 0 ¢
x—0" X_’O+41+TC2—1

Using L Hospital rule.

RHL = lim —= (=sinx)
x-0" COSX l(1 +x° )_3/4 .2X

- Iim 2(sme( x2)3/4——2( I.msmx_1]
x->0COS| X x=0 X

“" LHL # RHL, it is not possible to make the function
continuous. This is jump discontinuity.

Sol 8: lim g(x),=0= lim g(0+h) = lim g(0-h) =0

= r!l_q]og(h) =Ai_rn)g(—h) =0 . ()

lim G(x) exists = lim G(0+h) = lim G(0-h)

= lim G(h) =lim G(-h) = finite ...
Now, lim f(x+h) = lim (x).f(h) = f(x) lim (h)

{ f(x + y) = f(x).f(y)}
= f(x). lim {1+g(h)G(h)},

Using given relation
=f(x). {1 +mg(h).me(h)}

=f(x).{1+0. finite} , using (1) and (2)

=f(x)
Also, lim f( )—mf(x)f( h) = ().mf(-h)
=f(X).r|1lg%{ ( ) ( )} using given relation

= f(x).{l +Ai%g(-h).gi%6(-h)}
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=f(x).{1+0. finite} , using (i) and (i)
=f ()
o lim f(x+h) = lim f(x~h) = f(x).

" f(x) is continuous everywhere.

Sol 9: f(x) = sgn((x> —ax + 1) (bx?— 2bx + 1))

This function will be discontinuous when (x> — ax + 1)
(bx?=2bx +1)=0

Therefore, for this to be discontinuous at exactly one
point if

(x2—ax + 1) (bx? — 2bx + 1) has exactly one root.
Forx?—ax+ 1, D=a’-4

D<0=a’<4

=a=-2-1,012("ae2

forbx?—2bx + 1, D = 4(b?-b) <0
=>b=10""bez

At b =0, bx? - 2bx + 1 = 1, which has no root pairs
(a, b) for which exactly root,

(_11 1)/(01 1)1(11 1)1(_Zr 0)1(2/ 1)1(21 O)
x=1,x=1x=1x=-1,x=1x=1

Total 6 ordered pairs.

Sol 10: Let the common roots be A, and 4,

Then, we have from x* + 2x> + px + g = 0

al, + ok, + LA, =p

a(d, + L) + LA, =p . ()
fromx3+x2+ px+r=0

BA, +A) + Ak, =p (D)
from (i) and (ii)

a, + &) + MA, =B, +4,) + LA,

a(, + &) =B, + 1)

=X, + A, = O(for non zero o, B)

Now, from (@), a + A, + A, = -2 = o = -2

from (b), p + A, + 4, =-1

p=-1

o+ Bl=3,ap=2

Now, for f(x) at x = 0,

LHL = fim f(x) = lim °%n3 = Jim 3¥°%x¢
x>0~ x>0~ x—0"
X
= lim 39900 _ 3 [ i 1093 %) _y
x—>0" x—0 X
RHL
2
X
lim fo) = lim bw
x—0" x—0" tan«/;
2
fn[ex [1+QB\2&N
X
=b limb €
x—0" tan\/;
5 fn[1+a\/ﬂ
= b| fim X+ e ) apyx 1
x—0" tan\/; o \/; tan\/; ex2
2
X

e

X

3/2 fn(1+2\&J 2

X2
5 g tan \/;
x—0 \/; 7 \/; e

e

1
2

=b0/1+1.2.1)=2b
Now, for continuity
LHL= RHL = Vf(x = 0)

. 3=2b=a 3

a=3,b==
2

Hence, 2(a + b) = 2[3+%) =9

ax’ +bx +c+e™

Sol 11: f(x) = lim

X% 1+ce™
Forx =0
. c+1
fx=0) = lim—~
nsol+c
Forx < 0,
2 nx
... ax‘+bx+c+e
LHL = lim lim
x—0~ N® 1+ ce™
asx—>0,e™—0
2
. . ax‘ +bx+c
~LHL= lim lim———— =c¢
x>0~ 140

im lim ax® +bx+c+e™
X~)0+ n—oo

RHL =

1+ce™
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nx nx nx 1
= lim lim£ el e ==
+ N— C
x—0 - +c
e X

For continuity, LHL = RHL = l =c=>c==x1
C

But, for c = -1,

f(x = 0) = indeterminate therefore, c = 1
Sol 12: f (x) will be continuous at x = 0 if

mf(om):hn%f(om):f(o) . ()

Now, lim f(0+h) =lim 0+h
h—0

h=0 /16 +/0+h -4
. Jh
=lim

JE{MM}
= lim

>0 16++h-16

m{M+4}:8

=i
h—0

1-cos4(0-h

Iimf(O—h) = Iim#
h—0 h—0 (O—h)2

. 1-cos 4h _2sin® 2h
=lim——— =|lim——

h—0 h2 h—0 h2

. 2

_ IimZ.(SInZhJ x4 =8

h—0 2h

f(0)=a. by(1),8=8=a; a=8.

Sol 13: We have to check continuity at x = £1 only as
function will be continuous for other points.
Atx =1,

x4 ax® +bx?

LHL = lim >
x"+1

x—1"

asx > 1, x" 150, x>0

3 2
LHL = lim &2 _ 1y
x—=1"
VE(x=1) = l+a+b
1+1

for continuity, LHL = Vf(x = 1)

La+bs= l+a+b =a+b=1 ()
Atx=1
RHL = lim X +ax’ +bx®

x—-1" X2n+1

asx = —1%, x*land x*» - 0

ax® +b?

s RHL = lim

x—>-1F

fx = -1) = -l-a+b
1+1

for continuity RHL = Vf(x = -1)
-1-a+b

=-a+b

L—a+b= =-2a+2b-1-a+b

—a-b=1

Solving (i) and (i), a=1,b =0
~(a,b)=(,0)

Lines 2x-y+6=0

2x-4y +7=0

- (i)

2x+y =6
N 2x-4y +7=0

(1,0 \

We see that origin is on same side as (1, 0) .

.. equation of angle bisector

2x—y+6  2x-4y+7
NG

4x -2y + 12 =2x-4y + 7

foréx-2y-5=0

Sol 14: We have x* < 1= (x+1)(x—1)<0.
From the sign-scheme, x< -1 or x> 1.
Thus, the function is f(x) =x, x < 1
x*-1<x<1

X, Xx>1

Now, lim f(x) =lim f(1+h) =h|imo{1+h} =1

x—1+0 h—0

lim_f(x) = lim f(l—h)zgm(l—h)4 =1

x—>1-0

s lim f(X) exists and it is equal to 1.
x—1
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Next, lim f(x)=lim f(~1+h) =l!ig2)(—1+h)4 _1 = lim
cos(x2 +1).C05(h2 + 2><h)—sin(x2 +1).sin(h2 +2xh) —cos(x2 +l)
Iirpof(x) :r!irr}) f(—l—h) :Air%{—l—h} =-1 h
x—>1- - -
. X“_ml f(x) does not exist. i cos(x2 +1)[cos(h2 +2xh)fl}fsin(x2 +1)‘sin(h2 +2xh)
h—0 h
Sol 15: Atx =10 cos(x2 +1).(cos(h2 +2hx)—1)
= lim X
LHL = Iim_(sinx+cosx)c°secx h—0 h(h+2X)
0 sin(x2 +1).Sin(h2 +2xh)
= Iir?_(l+(sinx+cosx—l))°°secx (h+2x)- h(h+2x) x(h+2x)
X—>
A o cosx- h? + 2h —1}
_ e)(I_I)rr(; cosecx(sinx+cosx-1) _ e1+x|2q0cc;?%1 - r!mg) COS(X2 +1)<h+2X).|:COS(h2 +2h X) ~
- + 2hx
2sin2 X ) sin? X '
1+ |im0f2X 1- lim. 2 oy sm(h2 +2xh)
e X—> 2s|nx§c055 _e COSE e SIh(X +1),(h+2X). h2 o
L2 2 cosx—1 . sinx
X 1 ax 1 al = lim =0 and - lim —=1
RHL = lim f(x) = lim exze#e; 00 Jim =
+ + 3
. 0 ae; +beM cos(x2 +1)(2x)(0)—sin(x2 +1).(2x)
1 1
= |lim ex+1—ex+1 = l :>—2x.sin(x2 +1)
x—0" —=
ae* +b
for continuity, e = a = % Sol 2: f(x) = tan/x
~a=eb=e! a2+b’=e’+e? tan(A-B) =t :atr;':A_iatr;iB
Differentiability £(x) = lim f(X+h2—f(X)
h—0
Sol 1: f(x):cos (x2+1) . tanyx +h —tanv/x
= =]
f(x+h)-f
fl(x):J}imM (1+tan\/x+h.tan\/;).tan(\/x+h—\/;)
-0 h

lim

e (e h—)

. cos((x+h)2 +1j—cos(x2 +1)
:J\I—TJ h :Am(l+tanm.tan«/;)m

B cos[x2 +h? +2xh+1}—cos(x2 +1) (m_\&)

(E ]

B h = lim (1+tan\/x+h.tanx/;) lim
h—0 h—0
cos[x2 +1+h? +2xh}—cos(x2 +1) 1
- h = lim (1+tan\/x+h.tanx/;) Iim—i—“XJrh
h—0 h—>0 2 1

Apply cos(A+B) = cosAcosB —sinAsinB



1 j :_seczx/;
24x 23x

:>(1+tan2 \/;){

Sol 3: e™ + (tan x)* = f(x)

df(x) _ des™ +d(tanx)x
dx dx dx

)

I

Part-I:

des™  de’™ dsinx
dx dsinx~ dx

Part-II:

d(tanx)*
dx
M = (tan x)

= COs x esin

log p = x log (tan x)

1d

X
— = log(tanx) + x sec’ x
dx tanx

j—y =(tan x)*[log(tanx)+2x cosec2x]
X

Sol 4: f(x) = sin x?

sin(x + h)? —sinx?
h

[xz +h? +2xh+x2J . [hz +2xhj
2cos sin

f0) = i
%=

= 2X COoS X?

X

dtan-t 1+x° -1 q 1+x% -1
X X

f'(x) = X —————=
d{ 1+x2—1J dx

1+x° -1
Sol 5: f(x) = tan™*| —

X

2x2
— 22 _(W1+x%-1)
_ 1 201+ %2

2 2
2 X
1_{ 1+x IJ
X

X (x> —1-x% +V1+x%)
= 2W1+xX°(W1+x2-1) x°1+ X2

_ 1
2L +%°)

Alternative

Putx =tan 6

Sol 6: tan_l{x/1+smx +\/1—sme= )

\/1+sinx —\/l—sinx
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2 2
. X X . X X
sin—+cos— | +,/| sSihn—=—cos—
-1 \/( 2 ZJ \/( 2 ZJ
=tan
2 2
. X X . X X
sin-—+cos—| —,|| sin=—cos—
. X X . X X
Sin—+ COS— +Sin— — COS—
—tan! 2 2 2 2
. X X . X X
sin—+ CcoS— —sin—+ CcoS—

2 2 2 2

— tanx tan X = X = f(x)
2 2
e 3%/ 1
dx 2

Sol 7:y = (x)«°* + (cosx)™
y = u(x) + v(x) where u(x) = (x)e
log u = cos x log x

ldu _ cosx

= —sin x log x
u dx
COSX .
% - Xcosx( —S|nX|OgX]
dx

v(X) = (cosx)s™
log v = sin x log cos x
ldv _ sinx

= (=sinx) +cosx log cosx
v dx CcOoSX

dv . sin? x
.. Z¥ =(cosx)s™| cosxlogcosx —
dx CoSX
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dy COSX
S =X 222 _sinxlogx
X

dx
2
sin® x
+ (cosx)sinx[COSX|OgCOSX— cost
1 . sin(x+h)cosx —cos(x +h)sinx
= im
2y/tanx h-0 h(cos(x +h)cos(x))
1 1 . sin(x+h-x)
= X > lim
2Jtanx  cos® x h—0 h
sec’x . smh ssec’ x

2\/tanxh%° h 2+/tanx

Sol 8:In order to examine the continuity at x = 1, we are
required to derive the definition of f (x) in the intervals x
<1,x>1andatx=1,i.e,onandaround x = 1.

Now, if 0<x <1,

log(x+2) - x*"sinx

f(x) = lim

n—» in +1

~ Iog(x+2)—0.sinx
- 0+1

=log (x+2)

Iog(x+2)—1.sinx

IfX:l,f(x): lim :log(X+2)—sinx
n—oo l+1 2

I 2)— 2n _;
¢y 215

iIog (x+2)—sin X
. X2n .
= lim =—sinx
n—»w 1
1+T
X n

Thus, we have

Iog(x+2) o 0<x<l
f(x) = %{Iog(x+2)—sinx} ;ox=1
—sinx x>1

f(1+0) =r!irr2)f(1+h) = Ain})f{—sin(1+h)} =—sinl
f(l—O):rLir%f(l—h) :Airr?) log (1—h+2):log 3
- f(1+0) = f(1-0)

So f (x) is not continuous at x = 1.

Sol 9: f(X) :\/E
f(x+h)-f(x) \/cos(h+x)—\/cosx

R e

li COS(X+h)+Cosx
= lim -
h_’oh(\/cos(x+h)+\/cosx) ( Ratlonal|5e)

1 cos x(cosh—l)—sinx.sinh

= lim .

h—02,/cos x h

. 1 cos x(cosh—1)  sinx.sinh
= lim . -

h—02,/cos x h h

sin x

= —

Sol 10: Here f(x) a/ta?
= f'(x)z lim _—f(x+h)—f(x)}

(h—)O) i h

_1/tan(x+h) —M]
h

s () i \/tan X+h \/tanx \/tan
(h—0) h \/tan

tan(x+h)—tanx

_h(\/tan(x+h) +\/tanx)_

sin(x+h) sinx
cos(x + h) ~ cosx

h(\/tan(x+h) +\/tanx)

:f'(x)z(ii_rg)

\/tanx}
\/tanx

:f'(x):(kl]i:%

~

= f'(x):(rl]i_r)rg)

—

_sin(x+h).cosx—sinx.cos(x+h)

) cos(x+h).cosx
= f'(x) = lim
(h—0 h(\/tan(x+h)+\/tanx)

—




Sf'(x)(r!im)){ sin(x+h—x) }

h cos (x+h).cos x(\/tan(x+h) +\/tanx)

P sin h
= f (X) = (J‘ﬁo){h cos (x+h).COS x(\/tan(x+h) +\/tan X):I

:>f'(x): 1 _ sec® x
cos(x+0).cosx(\/tan(x+0) +\/tan x) 2\/tan X

{ . sinh }
o lim —— =
(h—0) h

-X x<0
Sol 11: f(x){ x=0
X x>0
LH.D. f'(O‘) -1
R.H.D. f'(o+)=1
Sol 12: f'(a) :%
- f(a+2h2)-f(a-2h2)
h—0 h2
i f(a+2h2)_”m f(a—2h2)
h—»0 K2 h—0 K2
L f'(a+2h2).4h . f'(a—2h2).(—4h)
h—0 2h h—0 2h

- ILng)z.f'(a+2hz)+}y§3)2.f'(a—2hz)

1

:>2.f'(a)+2.f'(a) :2& + 2xZ =1

(-5, 5) y
(-2,4)

Sol 13:
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Sol 14: (a) Proof. We consider the function g (x) = f
(x) —x . g is continuous on [a, b], and g(a) = f(a)—az 0
because the range of f is [a, b]. By the same reason,
g(b):f(b)—bso. Now by the intermediate value

theorem, there exists Ce [a, b] such that g(c) =0 je,
f(c)=c.

(b) Let f be continuous on the interval [0, 1] to R and
such that f (0) = f (1). Prove that there exists a point

ce [Ol} such that f(c) = f(c +1j
2 2
Proof. (Paige Cudworth) Define

h(x):f(x)—f(x+%). Then h(o):f(o)—f[%j and
i3 0 -1

1
Case 1: h(O) >0> h(i] . Then by the Location of Roots

1
Theorem, there exists CG{O,E) such that h(c) =0.So

0=f(c)= f(CJr%j = f(c)= f(c+%}
Case 2: h(O) <0< h{%] Similar to case 1.

Case 3: h<0):0:h(%) Then O:f(O):f[%J, o)

f(O)=f(O+%}.

Exercise 2
Limits
Single Correct Choice Type

Sol 1: (C)
Hint : CD? = AD xDB

N



14.78 | Limits, Continuity and Differentiability

Sol 2: (C)

2
lim {1+Iog2 < cost
x—0 cosE

. . log(cosx
limlog Xcosx:llmL
x—0 cos= x—0 X
2 log| cos=
2
—sinx X
4c052§
= lim—S2X_ — lim =4

x=0 . _cin X x=>0 COSX
1 S|né

E COS%

Sol 3: (C)

\ /

NG i N

n n
—a _
=nan1

Sol 4: (C) Use lim 2

X—a X—a

Sol 5: (C) Iinz) logx—x =00
X—>

Sol 6: (D)

1 2
=lim 1+—+—....
x>0 3x?  15%°
Hence, (D).
Sol 7: (D)

im x4 )X+ 4 +4%)
x> Wx+4 +x)
Vx4) 4

=lim —————==—=2
X=0 X+ 4 +\/; 2

Sol 8: (B)

lim In(sin2x) i In(sin2h)

w0t IN(sinx) 0 In(sinh)

Use L'Hospitals rule

Sol 9: (A)

On solving for x and y we get

. 1-C . (1-0@d+c 2

X = lim lim =—

124 C-3C2>1(2+3c)1-c) 5
1
25

Ly =

Now, radius can be found by distance formula.

-
Sol 10: (D) Iim » ==— = lim

i =T A S

k —t et

I;L 4 2 4

r
4 2

r
n 7(r+1 n 2
. . 2r° +2r
I 20 s
= Z‘ r* 4 2r® 4+ r? = r; r*+2r +r?
4
2r(r+l) 2r(r+1)

:Iimi >

o (r2+2r+1)

:>Iimzn:

n—w = r(r+1) nowo r(r+1)

. n . 1
= lim2—=Ilm2—=2
n—w n+ n—o
1+=

n

Sol 11: (A) Take i common and use binomial theorem.

1 sin™— 1
Sol 12: (A) lim xsin= = lim —% [ sin= < 1) =0
x—0 X x>0 1 X
X
But f (0) is not defined
Hence, (A)
Continuity
Single Correct Choice Type
0+h
T -0
_ 1 0+h
Sol 1: (0 + 0) = lim 1OV =FO) _ ;i 1re
h—0 h—0
=lim . 0
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_h)— +e 0-h
f'(O—O)zAim fO-h-f0) _ lim '

-0 -h h—0 —

e L1 1
0 14 14e™ 140

- f'(0+0)=f(0-0).

Hence, f(x) is not differentiable at x = 0.

Sol 2: (A) At x = -1,

LHL = lim f(x) = lim sin(x(x +a))
x—>-1 x—>-1"

=sin(z(-1 + a) ) = sin(r — ma) = —sin na

RHL= lim f(x)= lim b(x]* +[x])+1

x—>-17 x—>-17
=bl-1)+1=1
fx=-1)=-b(1l-1)+1=1
For continuity, at
LHL = Vf(x = -1) = RHL

= -sinma=1

ma = [2n+§)n
2

a=2n+%,ne1,andbeR

[ x e [t | x 1]

, x=0
Sol 3: (A) f(x) = el/"2 —1sgn(sinx)
0 , x=0
LHL = lim f(x)
x—0"

Letx=0-h,asx—> 0, h—> 0"

2
- LHL = ||m [l_hl]e( hy [_h+|_h|]

h—0*

et-h? _ [xsgn(sin(=h))]
forh — 0*
Now, |-h| = h, [h] =0,
sin(-h) = =sin h < 0 V sgn |sin(-h) ) | = -1

“LHL = lim O.-h+hl _

0

2 2
RHL = lim [ x 13 D+ [x]] _ i 0:€Dxax]
1

x—0" - x—0"
X I 2
eX” —| x sgn(sinx) ex” -1

LHL = Vf(x = 0) = RHL

0

f(x) is continuous atx = 0

Sol 4: (D) Consider a function

fx) = X—3, X#3
6, x=3

This function has a isolated point continuity at x = 3.

1
1 Jx-3
fo) | 1
6

Here, the function is not defined at x = 3. Therefore,
g(x) has missing point discontinuity.

X #3

Now, g(x) =
,  x=3

Sol 5: (C) f(x) = |[x= 0. 5] + |[x — 1| + tanx
We know |x — a| is not differentiable at x = a

~ x =0.5and x = 1 are two points of discontinues
further in (0, 2), tan x is not differentiable at x = g

.. Total three points at which function is not derivable.

Sol 6: (D) (A) for f(x) ,atx = 0,

d >

IHD = 92| =2¢x=0
dx

x=0

RHD = 4 |-, =-2x=0
dx -

“" LHD = RHD, f(x) is differentiable
(B) forg(x),atx =0

=1

LHD = i(x)
dx 0

=sec’x =1
x=0

d
RHD = —(tanx)
dx

" LHD = RHD, g(x) is differentiable
(©) forh(x)atx=0

= 2cos™X = 2

LHD = i(sin2x)
dx 3
x=0

RHD = i(2x)
dx

x=0
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" LHD = RHD, g(x) is differentiable
(D) fork(x),atx =1

d
LHD = — (x), ;=1

d
RHD = 2 (2-x)_, =-1
dx( Xt

“" LHD # RHD, k(x) is not differentiable at x = 1

Sol 7: (C) It should also be continuous for continuity.

LHL = RHL= Vf(x = 1)

lime* = lima-bx =a-b=el=a-b
x—1" x—1"
for differentiability
LHD = RHD
i(ex) = i(a—bX) =e=-b
dx 1 dx 1

Puttingin (i),a=0

Sol 8: (D) f(x) must also be continuous at x = 2
- LHL = RHL = Vf(x = 2)

lim x> +2x+3 = lim Esin(1tx)+b=4 +4+3

Xx—2" x—2t T

= 2sn2n+b=11=>b-11
T

for derivability,

LHD = RHD

i(X2 +2x+3)| = i[Esin(nx) + bj

dx o adxim o
(2x+2)|_,=(acos(nx)) ,=6=a

S b=11,a=6
SL2a+brn=12+11ln#7
b+2r=11+2n+3

2a +bn =12 + 11w+ 13

.. No correct option.

X ., x<0
Sol 9: (D) f(x) = X , 0<x<1
C-x+1 , x>0
Atx=0
LHL = lim f(x)= lim x=0
x—0~ x—0~

()

RHL = lim f(x)= lim x> =0

x—0" x—0"
Vix=0)=02=0
“" LHL = RHL = Vf(x = 0), continuous at x = 0

d
for derivability LHD = —(x)

=1
dx 0
RHD = i(xz) =2x=0
dx 0
" LHD # RHD

f(x) is not derivable at x = 0

Atx =1,

LHL = lim f(x) = lim x*> =1

x—1" x—1"

RHL= lim f(x) = lim (¢ -x+1)=1

x—1" x—1t
fx=1)=1
LHL = Vf(x = 1) = RHL, function is continuous atx = 1

=2x| _,

Now, LHD = i(><2)
dx 1

=(3x¢-1) =2

RHD = i(x3 —x+1)
dX x=1

“" LHD = RHD,

f(x) is derivable at x = 1

Sol 10: (D) Discontinuous & also non-derivable at a
finite number of points of f.

| x|

Sol 11: (A) f(x) = < sinx’ x#0
1, x=0
Atx =0,
LHL = lim M
x>0~ SINX

Letx =0-h,asx —> 0%, h > 0*

CLHL = lim AL i R
hoot —Sinh hoot SiNh

We see that LHL = Vf(x = 0), therefore, f(x) is not
continuous and hence not differentiable at x = 0

Sol 12: (C) f(x) = x3, g(x) = |¥|
fog(x) = [x?



gof =[x’
for gof, at x = 0,

gof (x) is continuous , gof(x = 0) = 0

lim gof(0 —h)—gof(0)

LHD =
h—0" -h
3 3
= lim [hy [0 = lim [h71-0
h—0* - h—»ot  —
3
As lim h— =0
h—ot —
RHD = fim 90f0+N =0of®) _ ; [W°[-0 _,
h—0" h h—0™ -

Since LHD = RHD,
gof(x) is differentiable at x = 0
for fog(x), atx =0

— 3_
im fog(0 —h) —fog(0) _ Iim| h|° -0

LHD = i
h—0" -h h—0" -
3
~im T im o 20
h—»0T — h—0"
3 —
RHD = lim 090 +h-fog@) _ . Ih"[-0
h—0" h h—0"
= limh? =0
h—0"

Since, LHD = RHD,
fog(x) is differentiable at x = 0

Sol 13: (B) Function can be discontinuous at x = 0
Atx =0

LHL = lim [x][sinmx]

x—0"

As x — 0, [x] = -1, [sin tx] > -1
SLHL=-1x-1=1
RHL = lim [x][sinnX]

x—0"

asx—> 0% [x]—>0
~RHL=0
“" LHL # RHL, f(x) is discontinuous at x = 0.

It can also be discontinuous at x = %

Atx =

N

LHL = Iim_[x][sinrcx] =0

1
X—=
2

RHL = lim [x][sin7x] =0
1+

2

continuous at x = % (" LHL = RHL)
At x = _—1
2

LHL = Iim_[x][sinrrx]

1
P
2

as x — _—l, [X] = -1,
2

sin tx —» -1,
2 [sinmx] = -1

SHL=-1x-1=1

RHL = lim [x][sinmx]

1t
X—>—
2

.
asx—>%  [x] = -1, sin nix —» 1T

[sin nx] = -1
SRHL=-1x-1=1

“" LHL = RHL, continuous at x = _—1

.. f(x) is continuous in x (-1, 0) U (0, 1)

Differentiability

Single Correct Choice Type

X2

2

Sol 1: (D) Considering the case (A), x| x| = {
—X

this is continuous at x = 0

“RHL=LHL=0
(B) x* is polynomial function which is continuous for x
e R
(C) e is exponential function which is continuous for
x e R
0 x<0
D) f(x) =
(DI {ZX X > 0}
#(07) = fim&erM =0 _ . 2040 _,

h—0 h h—»0 2

x>0

x<0
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f(0) = Iim@ =0

h—0 —h
“" LHD = RHD

.. Function is not differentiable

Sol 2: (D) Considering the case A, f(0*)

(x? +2xh+h2)sin(1hj 1
= lim XTh) - Iimhsin(—j =0
h—0 h h—0 h

(~hy? sin(lhj
f(0) = lim————2 = |im +hsin[lJ =0
h—0 —h h—0 h
" LHD = RHD
.. function is differentiable
(B) x| x|

As function changes the definition at x = 0. So we check
differentiability at x = 0.

-x° x<0
f(X)={ 5
X x>0

+(0+h)? —o} o

f09 = Eﬂa{ h

(0-hy? -0
h

) = fim~ - limh =0

" LHD = RHD
so function is differentiable.

e +e¥

(C) f(x) = cosh x =

_eMie-2 e"-1 [e"-1] 1
+) = - =~ - lim + —-= =
f07) = Jim—— hs0 —2h { | 270
“h h -h h
f0) = fim& e *2 o jim| &L [ L)1EL g
h—0 -2h h—0 —h 2 h
“" LHD = RHD

So, given function is differentiable

So, all the three functions are differentiable.

sinx x>0
-sinx x<0

Sol 3: (A) f(x) = sin | x| = {

lim f(x) = 0 = f(x)

x—0"

lim f(x) =
x—0"

.. Function is continuous atx = 0

other than x = 0 the function is a trigonometric sin
function which is continuous for x € R.

#(09 = lim SN0 _ 4
x—0 -h

#(0%) = lim SN =0 _4
x—0 h

" LHD # RHD

.. Function is not derivable at x = 0

- >
Sol 4: (D) f) = [x—3|= |< 73 *=3
3-x x<3
lim f(x) = lim3-x =0
x—3" x—3"
lim f(x) = limx-3 =0
x—3t x—3"

.. Function is continuous at x = 3

#3) = imE=B=M _ 4
h—0 —h

P = limCTN=3 g
h—0

" LHD # RHD

Function is continuous at x = 3 and not derivable
atx = 3.

_ Ix-1]

Sol 5: (A) We have, f(x) = —1,x¢1,f(1)=1
1 x>1

flx) = -1 x<1
1 x=1

lim f(x) =-1= limf(x) =1

x—1" x—1t

.. Function is discontinuous at x = 1

If function is discontinuous at x = a then it is also not
differentiable at x = a.

o [7-3(0+h)]-7
Sol 6: (D) f'(0) = lIgg)—h
. 7-3h-7
= lim— =

h—0 h

-3
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2x-1 x>1 @+h? 31+h) 1 3
T, T4 1h@2+h) 3
Sol 7: (A) f() = | x| + |x-1| =1 1 0<x<1 = lim—4% 24 2 jplhe@th) 3 _
1_2X X S 0 h—)O —h h~)04 h 2
fl(1) = Lm%% =0 -.LHD = RHD
ol ah—1_1 So function is differentiable at x = 1
f(1%) = im2d+h-1-1 _,
h—0 h
1 x>0
F0) = i L=20-h]-1 Sol 11: (C) f(x) = {_1 x<0}
h—0 h
f(0) = ”ml—l -0 Iimﬁf(x);t Iim+f(x)
h—0 +h x—0 x—0
~. Function is not differentiable at x = 0, 1. - Function is discontinuous and not differentiable at
x=0
1/x
Sol 8: (B) f) = | &+ *X70 2x-a-b  x>b
0 = Sol 12: (A) f(x) = b-a a<x<b; letb>a
11 -h a+b—-2x x<a
im i ex+h _ ax 1 i x(x+h)-1
i T = fim e = et lim lim (2a—a-b) =b-a= lim (b-a)
x—b™ x—b™
—h 1
1 x(xh) _q 1 _ex . Function is discontinuous at x = b
= eX lim > h(—l):—z
oot T X(eh) X lim(@+b-2a) =b-a
X(X+h) X—a
11 1 lim (b —a)
x+h _ ax _ax Im{-a) =b-a
lim f(X) = lim € € = ez x—at
x—0" x—0" X
.function is continuous at x = a
LHL = RHL=f(0) = 0 (o9 = fim 2b+h)—a—b)—(b—a) e
.. Function is discontinuous at x = 0 h—0 h
b = [im = -b-a) _
Sol 9: (B) [x] = x - {(x} = f(x) fb) = Jim=——— =0
lim[x] = a fa*) =0
xaa*’
aecl . [a+b-2(@a-h)]-(b-a
imix =a-1]"" fa) = lim (@a-hi-b-a _ ,
_ h—0 —h

X—a

~. Function is discontinuous at every integer. ~- Function is not differentiable at x = b, a

2x -3 X>2
- 1
1 10: (C) f(x) = |); 3| = Sol13: (D) f(x) = | 1 l<x<?2
Sol 10: () f6) = X, 13 o4 3-2x  x<1
4 2 4
FL) = 1im 3_(1-h)-2 . f(x) is not differentiable at x = 1 & 2
h—>0 -h (1) = =2 and f/(1*) = 0 and f'(2°) = Of (2*) = 2
@+h? 3@+h 13} (1 3 13 (—h) —
- sl il B Sol 14: (D) f/(0) = lim 2XSNCEN =1 _ 4
o i 4 2 4] 4 2 4 im -
=% h 70" =0

given function is not differentiable.
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_h Sol 2: (A) Since, f(x) is continuous and differentiable
1 where f(0) = 1 thus f(x) is decreasing for x > 0 and
h . 1
Sol 15: (C) f(0) = lim 167 = fim 4—=— =y Concavedown
h>0  —h - 1+71 =f"x) <0
h 6h Therefore, (A) is answer.
1
AR | 1+6H T 1 _
F(O7) = Jim 25 === lim —— =0 Sol 3: (A) Given, G(x) = —/25 — x2
1+6h
o limS=G) i, G190

.. function is not differentiable at x = 0

x>l x—1 x>l 1-0
(—h)* sin[lJ (using L' Hospital's rule)
Sol 16: (B) f(0) = lim @S - G = ﬁ
(1
(h)* sm(j
£(0) = lim h 2 G(X) = —V25-x% = G'(X) = X
h>0  (h) 2N25-x°

.. for function to be differentiable )
Sol 4: (B) For f(x) to be continuous, we must have

f(0) = f(0") f(0) = Iing f(x)

. _h a-1 — h o-1
=—(-h) (h) i log(1 + ax) —log(1 — bx)
L))t = ()t g

x—0 X

La=even=a>1 alog+ax)  blog(l-bx)

= lim =a-1+b-1
x—0 ax —bx
0 x>0
Sol 17: (C) f(x) = {ZX .- 0} {using Iin?)I09(1+x) -1
X— X
0 = limZ=0 _ 5 = a+b . f(0) = (a + b)
h—»0 —h

f(0*) =0 Sol 5: Given f(a) = 2,f ' (a) = 1,

. Function is not differentiable at x = 0. g@a)=-1g'(@=2

for x> 0; f(x) = 0 which is derivable lim g(x)f(a) —gla)(x) _ lim g'(x)f(a) — g(a)f'(x)
" xoa X—a x—a 1-0

for x < 0;f(x) = 2x which is a polynomial function
(using L' Hospital's rule)

=g'@f@-g@f @=22)-(-1) 1) =5

So, it is differentiable at x < 0

Previous Years’ Questions

Sol 6: (B) Iim( 1 + 2 +..+ n j
) xo>0(1-n2 1-n2  1-n?

Sol 1: (D) Here f(x) = 2 -ml

1+[x]? _ Iim1+2+3+....+n
Since, we know n[(x — )] = nx and tan nm =0 o (1-n?)
Y1+ [x2#0 — lim nin+1) ~lim " =_l
- f(x) = 0 for all x o 2L=n(d+n) xoe 21 -n) 2
Thus, f(x) is a constant function sin[x]

Sol 7: (D) since, f(x)=| [x] ' [x]#0

0, [x]=0

o f' (x) exists for all x.



sin[x]

X eR-[0,1
S fg=d pg ¢ XERTOD
0, 0<x<
Atx =0
RHL = lim 0 =0 and
x—0" ) ) )
LHL = fim SN0 _ i sinl0=hT _ ) sinG1) _ g
x—0" [X] h—0 [O_h] h—0 -

Since, RHL # LHL

.. Limit does not exist

Sol 8: (C) Given f(x) = f(x) = x(x +/x +1)
= f(x) would exists whenx>0andx+1>0
= f(x) would exist when x > 0

. f(x) is not continuous as x = 0, because LHL does not
exist.

Hence, option (C) is correct

L, X >
Sol 9: (A) Given f(x) = X _Jl+x
1+ x| X
——, x<0
1-x
(1+x)1-—2x~1 50
afpy=d X
(1-x)-1-x(-1) <0
(1-x)7°
;2, x>0
s F() = (L+x)
1
— x<0
L-x) 3
-~ RHDatx=0 lim =1

x—0 (1 + X)2

and LHD atx =0

= lim 1 > =1
x—0 (1—X)

Hence f(x) is differentiable for all x.

Sol 10: (C) Since, y? = P(x)

On, differentiating both sides, we get2yy, = P (x),
Again, differentiating, we get

2yy, + 2y; =P" ()

=2y°y, +2y%y; =y*P (%)

=2y, =y P" () - 2 (yy,)?

Mathematics | 14.85
ron2
=2y%y, = P(x)~P"(x)—@
Again, differentiating, we get
d , p
2&(y3y2): P (x)=P" (x) + P(x) - P "(x)

_2P'(x)-P"(x)
2

d
:2&<y3y2) =P(x)-P""(x)

d( 5 d’
:ZE(y ~§]=P(x)~P (x)

Sol 11: (B) Given f(x) = %x—l forO<x<p

-1, 0<x<?2
0 2<x<n=n

s )] = {

0<x<?2
an0, 2<x<m=x

tan [f(x)] {tatn(_l)’

= lim tan[f(x)] = —tanl
X—2~

and lim tan[f(x)]=0

x—2"

So, tan f(x) is not continuous at x = 2
1
Now, f(x) = EX -1

X—2 1 2
= — =
2 fx) x-2

= f(x)=
Clearly, 1/f(x) is not continuous at x = 2

So, tan[f(x)] and tan 1 are both discontinuous at
X =2 fx)

Sol 12: (D)
1 2

. \/5(1_&5 X | sinx |

limis— = |jm—.>~!

x—0 X er\/E X

Atx =0

RHL |imiﬂ=i and LHL = |imiﬂ=_i
haO\/E h \/5 h—0 2 —h \/5

Here, RHL # LHL

. Limit does not exist.
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Sol 13: (C) Here, f(x) = [XJCOS(ZXZ_ 1)“

(2x—1)
—Cos T
2

0 —1<x<0
;0<x<l1

f(x) = _ '
0 cos(zx2 1jn 1<x<?2
12<x<3

2cos(2x_1jn
2

which shows

RHL = LHL at x = n € Integer as

ifx=1

= lim cos[zx_ljnzo and lim0=0
x—1" x—1"

Also, f(1) = 0

.. continuous atx =1

Similarly, when x = 2

= lim f(x)= lim f(x)=0
x—27" X—2"

Thus, function is discontinuous at no x

Hence, (c) is the correct answer

Sol 14: (B) Given, f(x) = [tan®X]
Now, —45° < x < 45°

= tan (-45°) < tan x < tan (45°)

= —tan 45° < tan x < tan (45°)
=-1l<tanx<1

=0<tan’x <1 =[tan’x] =0
i.e f(x) is zero for all value of x from

x = —45° to 45°. Thus f(x) exists when x=0 and also it is
continuous at x = 0.

Also, f(x) is differentiable atx = 0

and has a value of zero.
3 .
x> sinXx cosx

Sol 15: (D) Given, f(x)=|6 -1 0

p p° P

On differentiating w.r.t.x, we get

3x? cosx -sinx| [x> sinx cosx

f(x)=| 6 -1 0 |[+/0 O 0

p p° p|lp P P

x> sinX cosx

+6 -1 0
0 0 0
3% cosx —sinx
= f'xX)=| 6 -1 0
p p* P
6X —sinXx —cosx
= f"xX)=|6 -1 0 [+0+0
p p° P
6 —cosx -—sinx
and f"'(x) =16 -1 0 [+0+0
p P P
6 -1 0
~f"0)=16 -1 0|=0
p p* p’

f(1+h)-fa
Sol 16: (A) f'(1)=r|]ingw

=f'Q)= Lirrgsin(%}

- fis not differentiable at x =1

.. , L f(h) - f(0)
Similarly, f (O) _LL%T
(h—l)sin(hllj—sin(l)
=f'(0) = lim —
h—0 h

= fis also not differentiable at x =0

Sol 17: (A)
x> —2x*coty—-1=0 .. (i)
Now x =1,

1-2coty-1=0= coty:O:yzg

Now differentiating eq. (i) w.r.t. 'x’

2x* (1+logx) - 2|:XX (—coseczy)%Jr coty x*(1+log x)} =0



1 e

e +2e e +2

Sol 18: (A) f(x) =

(ezx + 2)ex —2e% &

(62x+2 )2

= e +2 = 2%

= e +2 = 2%

201

Maximum f(x) =C -
1

4 2L

O<f(x)s = for some ceR
1
f(c)—§

Sol 19: (D) f(x) is a positive increasing function

22

= 0 < f(x) < f(2x) < f(3x)

f(2x) f(3x)

=<

i) f(x)

) ] f(2x)
= lim1<lim
X—>0 X—>0 (X)

=0<1<

< lim f(3x)
()

By sandwich theorem,

= lim f(2x)

L

Sol 20: (A)
g'(x) = 2(f(2f(x) + 2))(%(f(2f(x) + 2))]
= 2f (2f(x)+2)f'(2f(x) +2).(2f(x))
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2sin? (x—Z) i 2‘sin(x—2)‘
= lim

X—2 x—2 X—2

Sol 21: (D) lim
X—2

RHL =v2 ,LHL= =—2

Limit does not exist.

sin[p+1)+sinx
Sol 22: (B) IimL
x—0

x—0

lim (p+1)cos(p+1)x+cosx=q :%

= +1+1—l:> __3.4-1
p _2 p_ 2’q_2

) (1—cos2x)(3+cosx) X
Sol 23: (D) I = lim >

X 1 “tan4x
. 2 1
_ I:”mZSm x3+cosx- X _o4t_ >
x>0 x2 1 tan4x 4
Sol 24: (A) y = sec(tan‘1 x)
1+ X2 X
0
1
Let tantx =0
y =sec6
y= 1+x°
d_y: ! 22X
dx  14x2
at x=1
dy 1
dx 2
sin(ncos2 x)
Sol 25: (B) lim
x—0 X
sin(rc(l—sin2 x) (n—nsin2 x)
=lim = limsin
x—0 X2 X—0 %2
.2
msin© X
=Iimsin( ) [.'.sin(n—e):sine]
x—0 X
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.2
. . (TESII’] X) TCSIn2X . sinx 2
=lim sin X 5 =limlxn

x-0 (n sin’ x) X x—0

Sol 26: (D) Using, mean value theorem

Sol 27: (C)
(1 —Cos 2x)(3 +Cos x)

x—0 X tan 4x

_2sin? x (3+cosx) cosx
=1m " =2
x>0 y2 sin4d x 4

4x

Sol 28: (A)

( ) kvx+1l 0<x<3
kax+1 3<x<5

(x+1—4) k

g _XLT* (x—3)(ﬁ+2) 4

mx + 2 — 2k

R(g'(S)): lim ~—3

x—3"
Since this limit exists
3m+2-2k=0 =2k =3m+2 ()
So R(g'(B)) =m by L-Hospital rule
Since g(x) is differentiable k = 4m (i)
Solving (i) & (ii)
2 8

m=—k=—
5

k =2 (1
c =k+m (i)

Sol 29: (D) x> +2xy —3y* =0
= 2x+2xy'+2y —-6yy' =0

Xty
= [
Y 3y —x

At x=1,y=1 we have d—yzl
dx

Equation of normal at (1, 1)isy -1 = - (x- 1)

= X+y=2

Solving with curve, ¥2 +2x(2—x)—3(2 —x)2 =0
=x=1,3

= P(@ 1)andQ (3, -1)

So normal meets curve again at (3, -1) in fourth

quadrant.

1
Sol 30: (B) p= lim {1+tan2 &ZXJ thenlog p =

x—0"

lim
21
t b
lim 1 X_)oJr(ani\/;z):eZ
xe0+(1+tan2 \/;—1)— 2(\/;)
p=e X — @
1

logp = IogeE :%

Sol 31: (A) p = lim
X—0

1 2n r
logp==| lim » log| 1+—
gp = Hw; g[ n]

2
logp = Ilog(1+x)dx
0

n2n

[(n+1)(n+2)...(n+2n)J

2
logp = (xlog(l+x))20 X dx

ol+x
1
logp =2log3 - I[l——}dx
1+x
logp = 2log3 - ( —log 1+x)
logp =2log3-(2-log3)
Iogp=3|ogB—2:Iog£
o2
_z
o2

JEE Advanced/Boards
Exercise 1
Limits

Sol 1: Use L'Hospitals rule



Sol 2:

. 1—-tanx —sec® x \5)3

lim ————=lim =2

X_,Tfl \/Esmx X_)Z_ 2.COSX \/5
a=2 1

=1 (cos™t x)? xol 5 coslx[ -1 J

\/72 —— (-2x)
_ lim YL =X i 2V1-x*
x>1\x.costx *x>1 N [ -1 ]Jr cos ™ x

—x24x 1

=lim =

=l 1-x%.costx—-2x 4

r==
4

Now, use the formula for sum of infinite terms in a GP.

Sol 3: ||m{ p _ 9 }:“mp(l—xg)—CI(l—Xp)
x->1 |1 —xP 1—X9 x—1 (1_XP)(1_X9)
— P _pHyd
_lim (P—q)+(9x" —px™)
x>1 1 _yP _x9 4Pt

lim (q PxFLl P.qxq’l)

Pq(xP~* —x91)

= lim

-1 PP 1(x? —1)+9x°1(x" —1)

-1 P-q _

_lim Pg.x" 7 (x 1)

x>1 PxPL(x® —1)+qxa (P -1)

P—q _
ol

i ' (x-1)

- xILq q P
p.xPt [X — 1} +qxd?t {X — 1}
x—1 x—1

_PaP-9) _p-q

P +pq 2

e +e™

Sol 4: lim x—Incoshx = lim x—1In
X—>0 X—>00

. J1+e™
= limx-InJe
X—>0 2
-2x
:Iimx—lnex—ln[lJre J:—In(EJ:InZ
X—>00 2 2
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Sol 5: |im———— >IN 3\/—

x->01 — '/COSX x—0

4.2

34x 1-cosx

_lim {sinB\/;F 34x2(1+\/cosx)

= lim x(L++/cosx) =3*x2? =324
x—0 . 2 X
2.sin 5

-1 2
Sol 6: (a) lim <25 (ZXV1-x7)

X—>—F= X ——
v V2

Use L'hospitals rule.

.COS2Xx 2
(b lim L2YSIN2X _ i 2sin2x -0

x>t T 4x x> —4
4 4

(0) RHL = lim #2=105+56 _
haO sinhsin(1 +h)

LHL = lim 64 -120+56 0
h»oo—smhsm(l h)

Hence. Limit = 0

Sol 7: Using L'Hospitals rule

.sec? x
i 3(tanx)A
im :
x—%‘ —2.2cosx(—sinx)

(—/2)? 1

3.(-17° (—M,{EJ(%} 3

Sol 8:

3 2 2 2 2
lim—-|1-cos— - cos— + cos—.cos—
2 4 2 4

X*)OX
2 2
8 1—cosx— 1—cosx—
) 2 4

= lim

x—0 X8

Now, use 1-cos20 = 2sin’0to get the answer.

Sol 9:

25in(;E + ZhJCOSZh—SSin(g + 2hjcosh+ 6sin(73E + ZhJ
lim

h—0 h4
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25|n[

n—oo ( T ]
45|n{;E J cos’h— 2cosh+1} n+l

w3

+2h coth 4cosh+3} sin( nlj

=lim
h—0

=lim
h—0
4sm(§+2hj (1 - cosh)? Sol 13:
:LI—% h* - x> +1—ax’ —ax—bx—-b
@) lim =0
X—0 x+1
4sin| T 42n | 4.sin® o
. 3 - limitis o
= lim n =—
h—0 h > 2 .. The numerator should not have terms containing x?
2) and x
= a=1 and b=-1
Sol 10

(i) lim Vx*-x+1-ax-b=0
lim 2 /x+2_3x+3 Xm®
X—>00 X X 1 1 1
1 1 ! Tx e e ]
= lim ——=— =
= lim x° 1+z g 1+i ’ X—>—o0 1
X—>0 X X ;

- Use L'Hospitals Rule

= lim x? 1+£.£+ + o
X—>0 2 X 21
B Sol 14:
(1)(—2][3)2 In(L + sin® x) sin® x
23 2 Iy in? . 2 2
_ 1+l(§j+$+ ..... 1 “mw: lim sin’ x X -1
3\ x 21 2 x>0 tan(In“1+x) X_’Otan(In2(1+x))[|n(l+x)]
In(1+x) X
sinl Sol 15:
2 X 3
X3 +2). S X[ 45 i (n4x)-In 234 -3
Sol 11: lim X ol : )
am IXP +|xP +|x]+1 (7 +x)3 —(1+3x)2 |sin(x—1)
3+—+|X|3+5 @1t-1) 1-x
. NV 3-1 (In1 +x)—1In 2)3. +
= lim 3 > = =-2 x-1 x—-1
o x P IxP Ix] 1 -1 = lim
B e ol L sin(x—1)
X X x> X (7+%)3 - (1+3)2 —
x—1
Sol 12:

. (In@+x)-In2)3(In4-1)
— i . T _ — ||m
I Mr; (n+ 1)5|n(n T 2 m [ 1 1}

(7+x)3 —(1+3x)2



Mathematics | 14.91

1
(mJa(lrm ~1)

" (;jB(In4—1)
=|lim =

X%ll -2 3 -1 1(1 3(1
(7+x)3 —5(1+3x)2 3la) 202

=—In—
4 e
Sol 16: 2
e 1|, (27°-1
X: — X
ex2 _33x X2 X
lim =lim
x>0 x2 x—0 G
S|n7—smx sm? ﬁ_ sinx )
X2 2 X
2
. x In 27
= lim
x—0 X2
Z_—x
2
ex _33x
lim
x—0 . [ij .
sin| — |—sin x
2
Apply LH. Rules
2
e .2x-3%(In3)3  0-13.In3

lim =
x—0 X2 0-1
CcOSs ? X—COS X

=3In3 =1In3® =k=27

2

x—1-Vx“-5
Sol 17: im V2x+3-x | 2-5xs6
3 (Yx+1-x+1
_Pax+D)-(4-5)
—lim 2X+3-X° VX+14+X=1 |(x25x+6)((x-1)+Vx2-5)
x>3 | x +1—(x —2x+1) \/2x+3 +X

-2

([X+1J\/X+1+X 1} 2)(x=1)+Vx2=5)

\/2x+3+x

[P0 - -2

3 ax/g
=22 ===
4\/_ C

= lim

Xx—3

=3242244%=29

least

" (a2 +b? +c2)

Sol 18:
lim i 1 _1+ax
x>0 x3 | J1+x L1+bx

~ fim = (1+x)77 —(1+ax)(1+bx)‘1}

—(1+ax)(1 —bx +b?x? —b3x3)
1 [1—£+§x2 —ixg’j
- lim — 2 8 16

—[1 +(@—-b)x+b(b—a)x? —b?(b— a)xﬂ

—x[a—b+lj+x2{§—b2 +ab]
2 8

0 3
X +x3(—%—b3+ab2j

222 pPeap? =242 |12
16 16 16|2| 32

12,3 4 o343/ o7
a | b 3

Sol 19: From the given condition we can write that
a,,b,,c, are roots of a cubic equation

f(n)=x3 —2n+1)x* + 2n—-1)x +1
Clearly 1 is a root to this equation
() = (x=1)(x* —2nx - 1)

wa, <b <c,

a,=n- n?+1, b,=1c¢, =n+vn®+1
. lim na = lim n(n—+n? +1)

X—>00 X—>00
-1 -1

=limn = lim =—

X—>0 X—>00 1
n+vn® +1 14+ 1+7
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Sol 20: lim M 1 & M _4 for function to be not differentiable
x>1 a(x) x>-2a(x) n-1<0-.n<1
= (x-1) & (x+2) are factors of f(x) Alson > 0 (for continuous)
_ _ ~0<n<1
N ”n} a(X( 1)(;)? 2)(;) k) _ 1
X— X =1)(x + _
Sol.3 g(y) = Iim( tanx —tany ] 1
x—y| 1 +tanxtany X
= al-k)= (1) {1 - yj
e tan(x -y) . o
ax-1)(x+2)(x-k) _, = Jim Yoy xf(x) = x
x——2 (x=1)(x+2) hx) = min. (g(y), f))
= a(-2-k)=4 (2) X2 =—xx=0, -1
=> k=2,a=-1
= () =-(x-1)(x+2)(x—=2) =% +x° + 4x -4 V=x
22 2 42
. c2 +d2 _ 42 +42 _16
a“+b 1 +1
Differentiability y=-x
o1 1 00 - 2ein x>0 . h(x) is not derivable at x = -1, 0
o ST = x<0 —X x<-1

hix) = Ix2 =
lim f(x) =0; limf(x) =0 (X)) = <x 1<x<0

x—0" x—0" —X x>0
.. Function is continuous at x = 0 i _
P10 = Jim =L -
#(0) =0 L —
2
e o 2sin(0+h) f-1) = |i (-1-h"-1_,
F0) = Jim=—"—= =2 Akt R
(0 £ (07 F09 =110y =2
.. Function is not differentiable at x = 0
Sol 4:f(0) =0, f(0) =1
X <o 70) = Jim QN =fO) =3 - i, (O =FO) :Lm&% =1
Sol 2:fx) = | 2 . >0 h >0 h -
x"sin= x>0 - lim flh/2) 1 _ 1
X h0 (h/2) 2 2
. . .1
lim f(x) = lim x"sin= =0forn>0 T f(x/2) 1 f(x/3) 1 f(x/k) 1
x—0" x—07 X solim| —+ — X=.. —
, x=0| X x/2 2 x/3 3 (x/k) k
.| =x
lim f(x) = lim|— 1| =0 1
x>0~ X—)O_[ 2 J =1+ % * g o % hence proved.
_(Oz;h)_o h _{E}
R P e Ml xso0
1 Sol 5: f(x) = X x <0
h"sin™ 0 X =0

f(0) = lim h = Jim htsint =0
h—0 h h—0 h



lim f(x) — g — lim fx) = |im X 9
x—0" x—0~ x—0" e

.. Function is continuous at x = 0

(0-h)-0 _

09 = Jim=——0 !
_2
f(0) = lim -0 = Iimizo
h—0 haOez/h

.. Function is not differentiable at x = 0.

Sol 6: f(x) = | x— 1| ([x] - [-X])

x-D[I1-=21=3(x-1) x>1
fx) = |A-x)[0-(-1)]=0-x) x<1

0 x=1
f1 = lim3Ath=D-0 _
h—0 h
(1) = “mw =-1
h—0 -h
(—1j+1
o qimAIth) R 1
SoI7:f(1):IHO h =meﬁzl

fr)=|

-0 -h h—0 -h

- 2a =1 (for f(17) = f(1*) i. e. function to be derivable.

N~

S.oa=

Also function should be continuous at x = 1.

.'.a—b=—1;b=1+a;b=%

x+1 x<0
Sol 8:f(x) = |1-x 0<x<l1
x—1 x>1

f(0) =1

£(07) = -1
f (1) =-1
f (1) =1

~.f(x) is not derivable atx = 0, 1
sm=2

" x+1 x<0
)( =
9 (x-1Y x>0

2 2
[l =h) ~b]-[a-b] _ “m{ah —2ah} o
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. g(x) is not differentiable at x = 0

g)=1
g'(0") =-2
~n=1
X+2
gof=| x°
(x—2)?
f(0) =1
f(0) =0
f(1)=2
fi(1v) =-2

x<0
0<x<l1

x>1

gof is not differentiable at x=0,1

p=2

m+n+p=1+2+2=5

Sol 9: f(x) = {

-1

9(x) = flx| + [f(x)]

0<

-1 -2<x<0
X x<2

fx) = —x-1 -2<x<0
x—-1 O<x<2
1 -2<x<0
[fx)] = |1-x 0<x<1
x—-1 l<x<2
- X -2<x<0
Lo = 0 O0<x<1
2x—2 l<x<2
g'(0) =-1
gl(0+):0
g1)=0
gv(1+)=2

. g(x) is not differentiable at x = 0, 1

Sol 10: f(x) =

fi(1) =
fi(1+) =

f(2) =

0
X
2(x-1)
3(x-1)
0
1
im&=M=2 _
h—0 —

0<x<l

1<x<?2

1

2<x<3
x=3
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. 22+h=1)-2
im—=—=
—0 h

. Function f(x) is not derivable at x = 1,2.

f(21) = | =2
h

lim f(x) =0 lim f(x) = lim x=1
x—1" x—1t x—1"

.. Function is not continuous at x = 1

lim f(x) = 2and lim f(x) =2

X—2" x—27"

.. Function is continuous at x = 2.

3-2x 1<x<3/2
Sol 11: f(x) = | 2X—3 3/2<x<2
sin(m / 2x) x<1

lim f(x) = lim sinfx =1
x—1" x—1"
lim f(x) = lim3-2x) =1
x—1t x—1t

.. Function is continuous at x = 1
3

lim f(x) =3-2x > =0
x>
2
. 3
lim f(x) =2x = -3=0
3+ 2
X"
2
Function is continuous at x = %
lim f(x) =2x2-3=1; lim f(x) =2

X—2" x—2"

.. Function is not continuous at x = 2
f(1) = Zcos| = | =0

2 2
f'(1*) = =-2;f'(2) = 2,;f(29) = 0

2 2

.. Function is not derivable at x = 1, % 2.

-1 —1£sinx<_—3
4

0 — <sinx < —
4 2

Sol 12:f(x) = | 1 _—1£sinx<_—
2 4

-1 .
2 — <sinx<0
4
3 sinx=0
L . . -3
.. Function is discontinuous at sin x = T

and so is not differentiable at these points.

' ! _1[_3J

SoX =T+ sinTt — |,

4
-3

21 —sin™t 4 , T+ sint ,
-1 -1

21 —sin™t o , T+ sin™t l
-1

cin-l| ——
21— sin [4J

T, 2T

|
NIRR

;SumcﬁaHx=1Zr=24g
Ans. = 24

ax(x-1)+b x<1
Sol 13: f(x) = x—1 1<x<3
px2+qx+2 X >3

lim f(x) = lim f(x)
x—1" x—1"

al-1)+b=1-1=b=0

lim f(x) = lim f(x)

x—3~ x—3*
3-1=9p+3gq+2
3p+qgq=0

(1) = 2ax——aL:1 =a
ff(1r) =1 sLaxl

fx) = 2px+q x>3
1 1<x<3

~2px3+qg=1
bp+qg=1

-1

71

-1

4
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1 1
.'.p=§,q=—1,b=0,a¢1 O=§—k:k=§
(ty| (P =h)+ ¢n(l +h) Sol 2: (C) We have,
Sol 14: £(0) = i sec(-h) —cos(-h)
ol 14: 1(0) = o (~h) f(x) = VI+x-31+x _ Iim\/m-%/m
- X B x—0 X
i /ML -h)1+h) h 0
B h'ﬂ?) (1-cos?h) cos This is 0 form, using L'Hospital rule, limit becomes
1 2
_ ||m _fn(l—hz)x COSh _ _l ||m%(1+x)_5 _i(l_’_x)_g = l — l = l
h—0 (_hZ) (l_cosz h) x—0 3 2 3 6
h2 Similar for LHL and RHL
f(0)=a*-3a+1 ) f(O)—l
na‘t-3a+2=0 6
_ onl/3
(@-2)(-1=0 Sol 3: (A) limf(x) = lim_2/—2)" =3
a=12 x>0 x>09 3(243 +5x)"/°
a=1a,=2 this is % form

raf+a’=1l+4=5 using L'Hospital rule

1(27 —2x)23(=2)

Continuity “r%f(x) _ Iinr(w)
X - T2 (243 +5x) Y (5)
5—1 , 0<x<1
Sol 1: (A) f(x) = 1 lxllx )
2 , lsx<2 =L:ix81x5xg=2
3 1 5 27 3 5
g(x) = (2x+1) (x—k) +3,0<x < 0 X5y (™)
glf(x) 1 = (2f(x) + 1) (f(x) — k) + 3, Similar for LHL and RHL
0 <) < o0 .. For function to be continuous,
« f(0) = 2
forO<x <1, f(x) = 5 -1
) ) Sol 4: (A) limf(x) = lim 29 +2ax)~10g(1 ~bx)
g(f(x)) = {2(5—1}1} [5—1—@ +3 x=0 x=0 X
~ lim log(l + 2ax).2a B log(1 + (—bx).(-b)
= (x-1) [g—(uk)j +3,0<x<1 x>0 2ax (—bx)
1 :Za+b£'.' |Imw=lj
x—0 X

Forl<x <2 f(x) = 0

1 1 1 Similar for LHL and RHL
g(fx)) = (2'54_1) (E_kj +3=2 (E_kJ +3 .. For function to be continuous

For continuity at x = 1, LHL = RHL f(0) = limf(x) = 2a + b

1

1 1 . . oex -1
1-1)|=2-@Q+k)|+3=2|=—k| +3 Sol 5: (C) LHL = lim f(x) = lim =
2 2 x—0" x—>0" =

ex+1

x=0-h,asx—>0,h—-0*
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1 .. for continuity,
_eh -1 _eh et
S LHL= lim & = imIZ€ = im = f(0) = LHL = RHL = 0 = k.
hoot L o 1+e"  hootet/M+1
eh +

This is 2 form, using L Hospital Sol 8: (A) f(0)=x=0

1t In neighbourhood of x,
hTeh for rational x,
LHL = —|im—1 =-1
01 o LHL= lim x =0
hTe x—0"
e/ _q RHL= limx =0
RHL = lim ——— x-0"
x>0t e +1 For irrational x,
RHL = 1(using result of LHL) LHL = lim (x) = 0
Since, RHL = f(0) , this is right continuous x>0
RHL= lim(-x) =0
x—0"

Sol 6: (C) Atx =1,
Since, all limits are 0, Iirrgf(x) =0

f(x=1)=1+sin§=2

LHL = lim f() = lim 1 +sinZx Sol 9: (D) f(x) = [x]* - [x]
x—1" x—1"
forx =1,
RHL= Ilim f(x) = limax+b =a+Db fx=1)=1-1=0
x—1t x—1"
for continuity at x = 1, LHL = lim f(x) = lim[x]*=[x*] =0-0=0
a+b=2 (I) x—1 x—1 ) )
RHL = |j = i - =1-1=0
Ax=3, im0 = lim 61~ 1)
fx=1)=6 tan%. 63 =06 “" RHL = LHL = (1)

LHL = lim ax+b =3a +b continuous atx = 1

x—>37 Atx=N,NeZ N=1
RHL = lim 6tan’> =6 f(N) = [N]2=[N?] =0
x—3t 12
- 2 127 — _
for continuity atx =3,3a+b =6 ()} RHL = XI_':LL[X] ~XT =N -N2=0
from (i) and (i), a=2,b=0 LHL = lim [ —[x%] = (N=1)2— (N?—1)
x—N~
Sol 7: (A) LHL = lim f(x) =0 (QI(N) 2] = N2-1
x x0 SN2+ 1-2N-N2+1 =2(1-N)#0, Nfor N1
lim cosm-- . f(x) is discontinuous for x = N
x—0" [X] T
cos| 75 Sol 10: (C) Atx = 2,
atx — 0, [x] =-1; SHL= —————<2 =0
-1 fx=2) =4
RHL= lim foo= lim SniX LHL = lim (x) = lim (x+2) =4
<0 woot [X]+1 x—2 x—2
RHL = lim f(x) = lim (3x-2) =4
atx—> 0, [x1=0 XLTJf ™ anzl( X2
sin[0] _ - LHL = Vf(x = 2) = RHL, continuous at x = 2.

- RHL =

0+1
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For x > 2, continuous as 3x — 2 is continuous . - |sin x| is also continuous for all x € R
.. f(x) is continuous for x > 2. - 1+ [sin x| is continuous for all x € R.
Sol 11: (C) It can be discontinuous only at x = 1. Sol 15: (B) Let f(x) = [x] and g(x) = {x}
Atx=1 we see that both f(x) and g(x) are discontinuous .
fx=1)=51)-4=1 But, h(x) = x, which is a continuous function.
LHL = lim f(x) = lim5x—-4 =1 Thus, sum of two discontinuous functions may be
X1~ x>1 continuous.
RHL = limf(x) = lim 4x®+3bx =4 + 3b 1
x>l x-1" Sol 16: (B) We have, limf(x) = limx*cos=
x—0 x—0 X

for continuity

LHL= RHL = Vf(x = 1)

leta=nn>0

Then, limf(x) = limx" cos1 = 0. lim COSE: 0
x—0 x—0

=4+3b=1=b=-1 X x—0 X
.. continuous
Sol 12: (A) Discontinuity can arise only atx = 0 foro =0
Now, for x # 0 . . 1
. I|rT(1)f(x) = Imrg’cos—,
- X—> X—> X
x| 2SI X sin!x L .
X 2- which is indeterminate
f(x) = = X1
tan~! x tan!x fora.=-n,n>0
X| 2+ 2+ 1
X X cos=
.4 .1 limf(x) = lim—2X
sin~ x . sinTTXx x—0 x50 N
2— 2-1lim
limf(x) = lim X = 0 x _2-1_1 L .
x>0 Hoz tan~L x . tantx 2+1 3 This is indeterminate
" X +xm X .. For f(x) to be continuous, o > 0
1
.. For continuity, f(0) = = ) —si
y10r=3 Sol 17: (A) LHL = lim f(x) = lim S'Z”X
n - m—-2X
. . 1-cos*x 2 Hg
Sol 13: (B) LHL = lim f(x) = lim — - -
X0~ X0~ X letx==-h,asx— =, h—> 0"
2 2
.2 . 2
= lim 25'”2 X _ 3 lim (s'”ixj 4 =8 l—sin(n—hj
x>0~ X x50~ \ 2X CLHL = 1im 2 _ iy Lo cosh
\/’ h—0* -2 (ﬂ? _ hj hoot  2h
RHL = lim f() = lim ——2_ 2
x—0" x—>0+1[16+\/7_4 h N 5
25in? h sin—
\/; 1/16+\/;+4 = lim = lim 4 —2 =0
= lim =38 hoot  2h hoot 4 h
0" 16++/x 16 2
. For continuity, RHL = [im L=Sinx
f(0)=a=LHL=RHL =8 Hg* ™ 2X
T TEJr
Sol 14: (A) f(x) = 1 + |sin x| X=o *+hasx—> -, ho>0

We know, modulus function is continuous for all x € R
and sin x is also continuous.
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nlsinz
= lim — =0
hot 4 b
2

.. For continuity,

T

1
Sol 18: (C) LHL = lim xsini =0. limsin= =0

x—0"

f(E] =k=LHL=RHL=0

X

h—0"

1-cosh

2h

x—0"

RHL = Ilim xsinl = x lim sinl= 0
x—0" X x—0"

.. For continuity,
f(0) =k = LHL=RHL =0

Sol 19: (B) f(x) can be discontinuous atx =N, N e Z

At x =z, zis an integer

X

]n =(2-1.0=0

LHL = lim f(x) = lim [x]cos(zx_l
X—Z X—Z
RHL = lim f(x) = lim [x]cos[zx_ljn =2.0=0
X*)Z+ X*)Z+
fx=2)"=0
" LHL = Vf(x = z) = RHL,
f(x) is continuous
T
Sol 20: (D) At = —
4
LHL = lim f(x) = lim x+a\/§sinx
xaﬁ_ xe37
4 4
=T a2
TN
LHL= = + 3
4
flx="|=2.Zcot T +b="1p
4 2
RHL = lim f(x) = lim 2xcotx + b = Tip
TE+ TE+ 2
X—>— X—>—
4 4

Now, for continuity at x =

Aa

1

LHL = Vf(x:E]
4
I ia=Iip=a-b==1
4 2 4
Sol 21: (C) m = sgn(x), which is discontinuous at
x = 0. X
| x|

Hence, f(x) = |x| + — , will be discontinuous
W "

Continuous at discontinuous

x=0x=0

atx=0

Sol 22: (A) We have, atx = 0

.2 . 2

. SIN™ ax . Sinax

RHL = lim = lim azx[—j =a20.1=0
x—0" X x—0" ax

andf(x=0)=1

Now, since RHL = Vf(x = 0) it is a discontinuous function

Sol 23: (A) Atx =7,

. . 1-sinx+cosx

LHL = lim f(x) = lim ——————
xort x>~ L+ SINX + COsX

letx=n-h,asx—>n, h—>0*

S LHL = lim 1—Sin(n—h)+cos(n—h)
hoot L+ sin(mt—h) + cos(n—h)

lim 1-sinh+ cosh
hosot L+ sinh—cosh

This is % form, using L hospital rule.

LHL = Iim cosh+s!nh -1
ho0* COSh+sinh

. . 1-sinx+cosx
RHL = lim f(x) = lim ——————
xomt vt L+ SINX +cosX

letn=n + h,asx > n*, h —> 0"

CRHL = lim 1—s!n(n+h)+cos(n+h)
vort L+ sin(m+h)+cos(n+h)

= lim M = -1 (same expression as in LHL)
hoot 1+ sinh—sinh

Now, for continuity,
f(n) = LHL = RHL = -1
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Sol 24: (B) At =0,

. . sin3x . [sin3x 1 3x
lim f(x) = lim — = lim — | =
x—0 x—0 sinX x—0{  3x sinx X

X
=3x1x1=3

for continuity, f(0) = limf(x)=3 =k
x—0

Sol 25: (D) At x = 0, lim f(x) = lim 25X
x—=0 x—0 X
L
2sin® = sin®
= lim Cim2l 2 1t
x>0  y x—0 4 X 2 2
2
Now, for continuity,
fix=0) = k= limfox) = =
x—=0 2
Sol 26: (D) At x = 0,
. _ ,
LHL = lim f(x) = lim x[x]"log,,,, 2
x—0" Xx—0"

Atx >0, [x]=-1=[x]*?=1

Letx=0-h,asx—> 0, h—> 0"

LHL = lim —-h.log,; ;,2 = lim ————.log2
h-0" A= et log(L—h) ?
=log 2 lim ) = log 2

hosot log(L+(-h) "

) In(eX2 +24/{x})
lim ———— 207
tan/x

RHL = lim f(x) =

x—0" x—0"

forx - 0%, {x} =p

2
X
©RHL = lim D€ £2¥%)
x—0" tan«/;

In[eX2 [l + 2\/;]]

2
me* + Kn[l +

lim

24

e

32

|

tanv/x

/n| 1+
= |lim X’ +
x—>o+tan\/; 2\/;

2

e

tanx/;

x—0"

23x

2
e*

] 2x 1
. o “tanv/x

2 .1

lim . lim 2:O.(1)+1><2><1=2
x—0T tanvXx x—o0" eX

LHL = RHL, this is an irremovable discontinuity.

Sol 27: (C) f(x) = [2 + 3 sinx], x € [0, @]
f(x) will be discontinuous at where f(x) € z
we need to find x for which f(x) = z

Now, for x € (0, n) , f(x) = z,

; 1

Discontinuous for 5 values of x marked in graph of sin
x for x € (0, n)

forsinx = 0, E,
3

2/3
1/3

SRS X3

Sol 28: (C) We have limf(x) = 0, as graph of f(x) passes
through (a, 0) e

log, (1 +3f(x))
2f(x)
Letf(x) =g,asx—a, f(x) =0

Now, L = lim

X—a

Ioge(1+3y)><3 _ ilim Ioge(1+3y)
2yx3

L= lim =
2y-0 3y

y—0

,_
1]
N w

Sol 29: (B) We have, X2 + f(x) — 2x — V3 f() + 2¢/3-3
=0

¢ +2x+2V3-3) _ -(x-VB)x-(2-+3)
x-3 (x-+3)

Now, since f(x) is continuous

(x—3)x—2++/3)
(x_\/§)

=-(3-2+3)=20-3)

fx) =

f(\3) = im_f(9 = lim

X—>V3 x—>x/§
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Sol 30: (C) We have
2
fo) = 4%
11

for any real number k, in the neighbour of k, for
irrational numbers.

x isirrational
X is rational

LHL = RHL = limx® = k2

x—k

For rational number,

LHL=RHL = lim1=1

x—k
f(x) = will be continuous if both of these limits are equal,

Lekl=1=k==+1

n H n
Sol 31: (B) f(x) = lim>——>""%__ |im

nowy Lsinx"  noe {sinx”}

H n
1_(smx j
Xn
lim lim

x—1~ N2* 1+ sinx"
"

Asx —>1-andn—oo, x" >0

H n
... | sinx
[im lim =1
xo1~ el X"

Now, at x = 1,

LHL =

LHL = 1-1 =
1+1
H n
1_[smx J
Xn
RHL = Ilim lim ——<%
X*)1+n—)00 [Slnxn]
1+ 220
Xn
Axx — 1*and n = o, X" = o and sinx" € [-1,1)
H n
lim 1im 22X~ o
1t N> Xn
- RHL = ﬁ =1
1+0
“" LHL # RHL

The function has a finite discontinuity at x = 1

Sol 32: (A) |sin x| is not differentiable at x = 0. Therefore,
for f(x) to be differentiable, a = 0

e is not differentiable at x = 0. Therefore for f(x) to be
differentiable atx = 0, b = 0.

|x|® is differentiable at x = 0. Therefore c can be any real
number for f(x) to be different.

a=0,b=0,ceR

Sol 33: (D) f(x) = a[le, a > 1 will be differentiable at
points where [x?] is not continuous . Now, for x (1, 3),

[x?] will not be continuous at x = \/5 \/g \/Z 2, \/g
6,7, 8 i.e.total 7 points. for which x?is an integer.

Sol 34: (D) Noting the definition of [x], f[x] becomes

X, -1<x<0

0, 0<x«<l1
fx)=4x 1<x<2

2X, 2<x<3

3x, x=3

from def" of f(x) , we note that f(x) is discontinuous at
x =1, 2, 3 and at these points only, the function will be
non-differentiable.

Sol 35: (D) At x = 0,

LHL = lim x+{x} + xsin{x}

x—0"

atx—>0,{x}=1

LHL = lim x+1+xsinl=1
x—0"
RHL = lim x+{x} + xsin{x}

x—0"

asx— 0%, {x}=0

S RHL = limx=0
x—0"
.. LHL = RHL

f(x) is not continuous atx = 0

At, x =2

LHL = lim x+{x} + xsin{x}

x—2"

atasx—> 2, {x}=1

o LHL = lim x+1+xsinl
X—2"

=3+2sinl

RHL = lim x+{x}+ xsin{x}

x—2"

asx— 2%, {x}=0

S RHL= lim x+0+xsin0 =2

x—2t



“" RHL # LHL, f(x) is not continuous at x = 0

Therefore, the function is not continuous at x = 0 and

X = 2.

Multiple Correct Choice Type

xIn(cos x) 40
Sol 36: (A, €) f(x) = { In(1+x2)
0, x=0
Atx=0
LHL = lim xIn(cosx)

x—0" In(1 + X2)

x=0-h,asx—>0,h— 0"

ZLHL= lim —hIn(cos(—h))
h>ot  In(l+h?)

== lim . oo >
h—0* —25in2b Inl+h*)  h*
2 h2 4
=1x1x-2x 2 zglimsnh o
4 h—»0 h

RHL = lim xIn(cosx)

-0+ In(1+x?)
Proceeding similar to LHL, we get RHL = 0
Since, LHL = Vf(x = 0) = RHL,
f(x) is continuous atx = 0

Now, let L = nmw
h—0 h

lim hin(cosh) ~ lim In(cosh)

h>0In(L+h?h  h-0|n(1 +h?)

lim

2
In 1—25in2b -2 sin2b
2 1 2

h? 2

>0t _ogip2 D In1+h?) h)
2 2

1
1x1x(=2)x =
(=2) 7

Since L exists, f(x) is differentiable at x

) = —L
f(x)—2

. oh
In| 1| 2sin® = . 2h
”( [ sin 2)} 1 -2sin 5 h

4

1
4
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Exercise 2
Limits

Single Correct Choice Type

Sol.1: (A)
im 1°n+2%(n-1)+ 3°(n-2) +.... + n*(n— (n— 1))
n—>e0 P+ +..+0°
_ lim N2 +22+3F +.+n?) = (22 4232 +34% + .+ (n-1)n?)

e n?(n+ 1)

4
nwf(l +22 433+ n)A 422+ 4 40P)

= lim

n—>o0 nz(n+ 1)2

(+1) n(n+1)@2n+1) n’(n+1)” 1 1
n—o n? (n+ 1) 1 3
4 4

2
n—o m+x

_ Iim{z—x}—l
N> X% + 2% + X

[,2
m = lim { (Wx?=2x +X) ﬂ
n—o ,X2—2X—X

= lim {_—ZX} =0
=% [ \Jx? = 2x —x
Sol 3: (B) lim x* {\/xz +x* +1 —ﬁxj

X—00
x3(x2 +x*t +1 —2X2)
= lim

T X +1 +/2x
xg(\/x4+1—x2j
= lim
IR At 1 ++/2x
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i xa(x4+1—x4)

Hw(\/x +4/X +1+\fx] x* +1+x

= |lim

“w[mwx] s

= |lim

X—>00 4\/5

Ve L [1+l+1
X4 )(4

Sol.4: (A)

lim tan™* [Ztanij = limtan™! (Ztan(n _th
x—>1—0 2 h—0 2

= limtan™ [2 cotbj _T

h—0 2 2

lim tant (Ztanil = limtan™ (Ztan(7T b h]]
x—>1+0 2 h—0 2

= limtan (—2cothj =T

h—0 2 2

Sol 5: (D) x, =X, 1 +X,

n-2

=| :>|:1+l:,|2—|—1:o

n—o0 Xn—l

\/§+1

| = > (as 1>0)

1£5
== 2 =

1
Sol 6: (B) lim(L+ax? +bx+c)x = e

X—a

. alx—o
(1+ax’+bx+¢) = lim

X—a

k= lim
Xx—=a X — Ol

Multiple Correct Choice Type
Sol 7: (A,B,C)

1-]cos(x—1)|
(x—1)?

[— 2 —
_lim 1-cos“(x—1)

(a) lim
x—1 (x— ]_)2 1+ | cos(x—1) |)

x—1

_lim sin (x 1) E
x>1 (x—1)%(1+ | cos(x—1)|) 2
sec’x -1

1/x
. tanx
lim =
x—07" X x—0" X
= lim ———= |

2
x—0" X x—0" 2 X

(b)

(©) lim >

Xx—wo X
=0(as -1 < sinx < 1)
(d) lim

X—>00 X

=not defined

Sol 8: (A,B,C) | = lim (cos x)*/* = &

ok = lim l[ta”""xj
X

X _ 0 xsineo = 0x something defined

X 0 xsineo = 0xsomething not defined

x—0"
.1 . =2sin’x/2
K= lim =(cosx—1) = lim —2/.x:0
x—0t X x—0" X
. 1/x% _ _a
m = lim (cos x) =e
x—0"
2sin’x /2 1
a= lim —(cosx 1) = lim —2/.x: =
x%O*’X x—0" X 2
sin Xx—x
Sol 9: (A,B,C,D) (a) lim (cot x) **
x—0"
sinx—x 1 X X
= || X——4+—+..|-X
x4 x4 31 5l
1(1 %2
== == +...
x| 3! 5!
. sin x—x
. sinx—x . o
= lim =—o0; lim (cot x) )
x—0" X x—0"
X
(b) lim (cot x)*" *7*
x—0"
sin X —X 1+x2 x4
31 5 710
3 x?
= lim — =—6; lim (cotx)*"*™* =0® =0
x—0T SIN X=X x—0%



2,12
(c) Iim\/x2+1—x:limw

X—>00 X—>00 ,X2+1+X

2 2
. XS+ 2X—X
d) lmvx%+2x —x =lim —=2-"
X—>00 X—>0 'X2+2X+X

Sol 10: (€, D) f(x) = 22 —%
of 20 1% 1-cos x

2
x| [ 1+xIn2+ % (In2?2 +.. | -1
x2* —x . 2!

lim =lim

x>01—cos X x—0 2 4
1—P—X+X“}
2! 4l
In2+i|(ln2)2 +...
= lim : =2In2
x—0 1 X2

T

g(x)=2xsin(|n—2j as X >0 =>-X—>-0=>2">50
2X

sIHnZXQnGEzj:IHnﬂDQdDEz:InZ
X—»00 2X yA)O y

Sol 11: (A,B,C)

. sin(tant . sin(tant t tant
(@) lim (, )=I|m ( )>< — x——=1
t>0 sint t>0 tant sint sint

(b) lim sin(cos x) 1 [
x—>n/2  COS X

cosx—>Oasx—>n/2}

(©) lim L+x- 1_X—Iim 2 —g—l
x—0 X x>0 1+ x —/1—=x 2
W x] .y

(d) im——=lim— (limit doesn't exists)
x—0 X x—0 X

Sol 12: (A, B, D)

1
1 sin— -3

@ lim x4 —Xx= =lim x4 =0

X—>0 L X X—>00
X
(b) lim(1 -sinx)tanx

X—>=
2

2 .
. X . X sinx
= lim| cos=-sin—
x—)g 2 2 [ 2X ZXJ

cos” ——sin
2 2
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X . X .
COS——sSIn— [.SINX

= lim =0
Hg cos> +sin>
2 2
2
(©) lim fx—+3.sgn(x)
x>% - x“4+x-5
2+i2
= lim X_ sgn(x) = 2
X—>00 1+1_£
X X2
(d) lim w_o

0 (3+hP -9

Hence A, B and D

Sol 13: (A, B, C, D)

@) Iim(

x—0

1 l} . tanx—x
—- = lim

X tanx x—>0 Xxtanx

. sec’x—1 ) tan® x
= lim = lim >
x>0 tanx 4+ x.sec” x  *>0tanx + xsec” x
7sinx sinx
. 2 .
. sin“ x .
=lim ———> =|im —X— =0
x=>0 SINX.COSX+ X x—0 SINnX X
—cox+=-
X X

3 3
2 %—x 2 lim T
(b) lim [3X2+1J —(Iim 3x +1Jx—>wl X

x| 2x° —1 e 22 -1

tan2x —0
(©) lim {tan{x+£j} :(tanf—nD =0
o 8 8

X—>—

2 2 2 2
(d) lim (x°-1) _lim (x-1)(x+1)

=0
Ol —1)(x2 +x+1) L(x—1)(x% +x+1)

Hence A, B, C and D.

Differentiability

Sol 1: (A) lim f(x) = lim fl-x) =1

x—0" x—>0"
lim f(x) = Iim e =e’=1
x—0" x—0"

.. function is continuous at x = 0
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forx <1, f(x) =1-x
x>1fx)=x-1
.. function is not differentiable at x = 1.

(-h)

f() = |im - =1
#(07) = fim L=0=1 4
h—0 h

f/(0) = £/(0%)

.. Function is not differentiable at x = 0.

sint(1-h)-sint1
-h

Sol 2: (A) f'(1") = Lirr(])

sint(1+h)-sin1
h

f'(1*) = lim
h—0

.. Differentiation of sin"'x is not defined for x > 1
. sinXx is not differentiable at x = 1

All other function are continuous at x = 1 and derivable
atx =1

dtanx da*
= sec’; =aYlog a
dx dx
e +e
dcoshx 2 _ et er e-e”
dx dx 2 2 2

Previous Years’ Questions

Sol 1: (A, B, D) Sincex + |y| = 2y

- X+y =2y,
X—y =2y,

wheny >0
wheny <0
y

N

S

¢’;f y = XI X >

Y€ A45°
< e

L7 (0]

> X

----

v

1

y=x wheny >0 =x>0
=

y:%,wheny<0 =>x<0

which could be plotted as,

Clearly, y is continuous for all x but not differentiable
atx =0,

x>0

"dx  (1/3,

dy 1,
Also, —=
>0 { x<0

Thus, f(x) is defined for all x, continuous at x = 0,
differentiable for all

X € R—{O},d—yzl forx <0
dx 3

Sol 2: (B, D) We know, f(x) = 1 + |sin x| could be plotted
as,

(i)y = sinx ..(0)

(i) y = [sin x[..(ii)

12 y = +1[sinx|

...................

Clearly, y=1 + [sin x| is continuous for all x, but not
differentiable at infinite number of points

Sol 3: (A, B, D) We have, for-1<x < 1
=0<xsinnx<1/2 ..[xsinnx] =0

Also, x sin mx becomes negative and numerically less
than 1 when x is slightly greater than 1 and so by
definition of [x] f(x) = [xsinnx] = -1, whenl <x<1+h

Thus, f(x) is constant and equal to 0 in the closed interval
(-1, 1) and so f(x) is continuous and differentiable in the
open interval (-1, 1)
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At x = 1, f(x) is discontinuous, since Lirrg)(l—h) =0
—

and lim(@l+h)=1,
h—0

. f(x) is not differentiable at x = 1

Hence, (A) (B) and (D) are correct answers.

| x=3], x>1
Sol 4: (A, B) Here, f(x) =12 3% 13
———+—, xx<l1
4 2 4
o RHLatx =1,
= lim|1+h-3]=2
h—0
LHLatx =1
' 1-h? 31-h) 13 1 3 13 14 3
h—-0 4 2 4 4 2 4 4 2
~.f(x) is continuous at x = 1
—(x—3), 1<x<3
Again, f(x)=1{ (x-3), X>3
3 13 x<l
4 2 4’
-1, 1<x<3
s =41, Xx>3
5_3 x<1
2 2
RHD atx=1= -1 ]
LHD atx=1= 13
2 2

differentiable atx = 1

. RHDatx=3 = 1|
Again not
LHD atx=3 = —1_

differentiable at x = 3

Sol 5: (B, C) The function f(x) = tan x is not defined at

X = g so f(x) is not continuous on (0, n).

Since, g(x) = x sin 1 is continuous on (0, nr) and the
X

integral function of a continuous function is continuous,

© f(x) = .[Oxt(sin%]dt is continuous on (0, wt)

1, O<x£3—7r
4

Also, f(x) =
25in{2—xj, 3—Tc<x<rc
9 4

We have, |lim f(x)=1
3n
X—>—
4

lim f(x)= lim 25inf[§j=1
3" 3l 9
L3

4

X

So, f(x) is continuous at x = 34—n

=f(x) is continuous at all other points

Finally, f(x):gsin(x+n) = f[gj:_g
lim f00 =limf{ Z—h| = limZsin[ 3F_p|= T
_ h—0 h—0 2 2 2
4

and lim f(x)=Lirr(1)f(§+h] :Lirrggsin(%n+hj:g
— —

So, f(x) is not continuous at x :g

Sol6:A—>p;B—or
We know [x] € I, V x € R. Therefore,

sin(n[x]) = 0, V x =R, by theory we know that sin (n[x])
is differentiable everywhere, therefore (A) <> (p).

Again, f(x) = sin (n(x— [x]))
Now, x — [x] = (x) then 7t (x — [x]) = 7(X)
Which is not differentiable at x e I

Therefore, (B) <> (r) is the answer

Sol7: A > p,aqrB—->ps C—ors;D—>pqg

(A)x|x| is continuous, differentiable and strictlyincreasing
in(-1, 1)

(B) /| x| is continuous in (-1, 1) and not differentiable
atx =20

(C) x+[x] is strictly increased in (-1, 1) and discontinuous
atx=0

= Not differentiable at x = 0
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D) |x=1] +|x+1=2in(-1,1)

= The function is continuous and differentiable in

(_11 1)

sol 8 lim| — =Y | jm—t -1
x>l (x=1) 2x-5) ] x>1(2x-5) 3
. ™

Sol 9: Im(l—x)tan(—j
x—1 2

— limhtanZ(1-h) = Iimhcot(n—hj

h—0 2 h—0 2

nth

_jim—2_m _2

h—0 [nhj
tan| —
2

Sol 10: Let y = sin (x*+ 1)

2
xZ
T

Cdy sin[(x + 8x)% + 1] - sin(x? +1)

dx -0 OX

dX
2COS|:X2 + X'6X+%(5X)2 +1}sin[x~8x+(2)}

3x—0 OX

sin[x~8x+%(6x)2] x-6X+%(5X)

=2cos(x? +1) lim X

0 X+ OX + %(Sx)2 Ox

X OX + l((‘Sx)2
= 2cos(x? +1)-1 lim
x—0 OX

Sol 11: Given f(x) = x tan™ x

using first principle

f,(l)zlm{f(l+hg—f(l)}

-1 -1
_ “m{(lJrh)tan (L+h)—tan (1)}
h—0 h

1 1 1
) “m{tan (@+h)-tan’(@) htan (1+h)}
h—0 h h

= |lim Etan’l L +tant@ +h)
h—0| h 2+h

= 2x cos (x> +1)

h—0 (2+h) h 4
2+h
21( h
1 2+ r 1
= i +—=—+
h—»02 +h h 4 4
(2+h)

-= ,whenx=1
f(1+h)-~(1)
h

| 1+h-1 _(_1)}
2_ 3
i L2A R~ 7 +h)+5
h—0 h

RHD = lim
h—0

[3h+20+h? 7@ +h)+5
h=0| 3h{2(1+h)? —7(1 +h) + 5}

. 2h? 2
= lim| —=—— |=-2%
h—0{ 3h(-3h + 2h?) 9

- fa-h-f@)

LHD = li
h—0 -h
[ 1-h-1 _(_1]}
—h?-71- 3
- lim 20-h)*=7(1-h)+5
h—0 -h

~ l.m—3h+2(1+h2—2h)—7(1—h)+5

h—>0  _3h[2(1—h)? —=7(1—h)+5]
2

im—2"  __2 . |HD=RHD

h-0_3h(2h? +3h) 9

Hence, required value of f (1) is _?2

1/2

: lim(x —sinx)
. / X —sinx
Sol 13: |lim — = Xx20 7
=0\ x +cos?’x  lim(x+cos® x)*/
x—0
. 1/2
. sinx
lim| x| 1-—=
x—0 X 0.0

= = _:0
lim(0 +1)*/2

x—0




(a+h)?sin(a+h)-a’sina
h

. lim
Sol 14: Here, h|—>0

a’[sin(a+h) —sina] . h[2asin(a+h) +hsin(a+h)]

h—0 h h
a’ -2cos(a + 2] . sinb
= lim +(2a+h)sin(a+h)
h—0 Zb
2

= a?cosa + 2a sin a

Sol 15: Given, y = +cos?(2x +1)

5x
311-x]|

+ c052(2x +1), x<1
3(1-x)

+ cosz(2x +1), x>1
3(x—-1)

The function is not defined at x = 1

é{w}_ZSin(4x+z), ‘<1

3 _ 2
:j_y: 1-x)
X — _
E{M}_zsin(4x+2), ‘o1
3 (x-1)7?
4 2—25in(4x+2), x<1
:d_y: 3(1—5x)
A _2sin(4x+2), x>1
3(x -1y

Clearly at x = 1, dy / dx is not defined
Sol 16: (A) x™ —2x*coty -1=0
Now x =1,
1—2coty—1:03coty:0:>y:§

Now differentiating eq. (i) w.r.t. ‘X'

232 _ (1 +log x) - 2{xX (—coseszy) jy + city x* (1 + Iogx)} =0

dx
Now at (lﬁj
2

2(1+logl)-2 1(—1)[3—0 +0|=0
t,E

:>2+2d_y =0= dy =-1
dx tE dx tE
2 2

Sol 17: (A) g(x+1) = Iog(f(x + 1)) =log+ Iog‘(f(x))

= g"(x+1)—g"(x) =logx

Summing up all terms

Hence, g"[N+EJ—g"(EJ:4 1+l+ ..... t—

Sol 18: (A)
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4ax(x2ax + 1)2 - 4ax(x2 - 1)(2x + a)(x2 +ax+ 1)

(x)= :
(x2+ax+1)

(1) 4a () —4a

W

(2+a) f'(1)+(2-a) f'(-1)=0

Sol 19: (C) From graph, p = -1

= lim g(x) =-1

x—1T

= Iimg(1+h)=—1

x—0

hn
= lim| ——— |=-1
x-0{ Jogcos™h

\ Xx+1

x-1

nhnfl n hnfl
= lim— =—| —|lim| — |=-1,
x—>0(—tanh) m Jh—0| tanh

which holds if n=m=2
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Sol 20: (B) f(x) = g(x)cosx+ sinx.g'(x)
= f'(0)=g(0)
f'(x)=29'(x)cosx—g(x)sinx+sinxg"(x)
=f'(0)=2g'(0)=0

But lm[g(x)cotx _9(0)cosech - l'E(‘) sinx
_ i 9 (¥)cosx=g(x)sinx _ g'(0)=0=F(0)

x—0 COSX

Sol 21: (B) Differentiating the given equation, we get
3y2y'— 3y+1=0

= y'(—lO\/E) =——
Differentiation again we get 6yy? + 3y’y"—3y" =0

_ f"(—loﬁ) _ 622 a2

(21)° 73

Sol 22: (B, C, D) For f(x) = xcos(lj,x >1
X
F’f(x) = xcos[lJ+lsin[£J —>1for x > o
X) X X

isin E —isin l —i—cos E
x° x) x? x) x3 X
1

= ——cos(l) <0 forx=>1
x> X

Also f'(x)=

= (x) is decreasing for [1,00)

= f'(x+2) < f'(x) . Also,

)!ig;f(x+2)—f(x) = le{(x+2)cosx12 —xcosﬂ =2

f(x+2)—f(x) >2vx>1

Sol 23: Let P(x —ax? +bx® + o +dx+e

1)=p'(2)=0

R
i <2002

g(x)cosx—g(0)

=p(0)=0=d=0

i 52

=c=1

Onsolving, a=1/4,b=-1
4

So, p(x):XT—x3+x2

:>p(2):0

Sol 24: (A, Q)

Numerator — 0 if 3=2 and then L = i

2

Sol 25: (B, C) f(x) = Inx+Jx/l+ sintdt
0

f'(x) = —+\/1+ sinx

00 = = cosXx

x_2+m

(A) f" is not defined for x = _7“+nn, nel, (A) is wrong
(B) f'(x) always exist for x > 0

@ <

Sincef'>0andf>0 f <f

X
l+\/1+ sinx < Inx+J'\/1+ sinx dx
X

0

LHS is bounded RHS is increasing with range o« so
there exist some o beyond which RHS is greater than
LHS

(d) |f|+|f'| <b is wrong as f is M1 and its range is not
bound while B is finite.



2 2
Sol 26: (D) €)= 2bsin 0 = 1 ;;)

1+b?

=sin0=1as 5 >1

0=xm/2.

Sol 27: (A, B, C, D) lim f(x)=0=f(-n/2)

x>l
2
lim f(x)=cos| -Z|=0
T () [ ZJ
X———
2
-1 x<-n/2
f‘(x): sinx, —m/2<x<0
1 O<x<1
1/x x>1

Clearly, f (x) is not differentiable at x = 0 as f(0-) = 0
and f'(0+) = 1. f (x) is differentiable at x = 1 as f¢ (1-) =

f(1+) =1

Sol 28: y'(x)+y(x)g'(x) :g(x) (x)

y(x) = eg(x) = Ieg(x)g(x)g‘(x)dx
= Jettdt, where g(x) = t

=(t-1et+c

y(x)eg(x) = (g(x) —l)eg(x) +C
Putx=0_0=0-1).1+c=>c=1
Putx=2=y((2).1=0-1).(1) +1
Y(2)=0

Sol 29: (B, C) ~+f(0) =0

And f'(x): lim (x_+h)—f(x)
h—0 h
f(h
-l = 0] =k

2
Sol 30: (B) Given Iim[x +X+1—ax—b]:4
X—>00 x+1

x> +x+1-ax’ —ax—bx-b

jlm (x+1) =t
~ im (l—a)x2 +(1—a—b)x+(l—b) 4

X—>00 (x+1)
=1l-a=0andl-a-b=4b=-4a=1
) . f(0+h)—f(0)
Sol 31: (B) f'(0) —

=lim
h—0

h?|cos ™| -0
=lim———1  =lim hcos[ﬁj =0
h—0 h h—0 h
so, f(x) is differentiable at x = 0

f.(2+)= Iimf(2+h)-f(2)

h—0 h
T T
| (2+h2)cosm—0 | (2+h2)cos[2+hj
=lim =lim
h—0 h h—0 h
2
f'(2+):lim(2+h) sin| T
h—»0 h 2 2+h
| (2+h) . h
=lim sin
h>0 1h 2(2+h)
2
:Iim(2+h) sin rh LI
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h—0 -h h—0 —h
i (2 - h)2 nth T
= 1im sin = —
h>0 zh 2(2—h) 2(2—h)
2(2-h)
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Sol 32:(B, D) Required limit is

1
jxadx , ,

2a+1)(a+1) 120

1
J‘ a+x
0

:>a—7or—1—7
2

Sol 33: (D) Let g (x) = e—x f (x)
andg”(x)>1>0

So, g (x) is concave upward and g (0) =
Hence,g(x) <0 V x € (0, 1)

= e‘xf(x) <0

f(x) <0vxe(01)

g@) =

Alternate solution

)20+ ¢
:{f(x)e‘x _éj >0

3(0)-0.9(1) =%

Since g is concave up so it will always lie below the

chord joining the extremities whichisy =y = —g

X
< —=

2
:f(x)e’x —X? 5

(XZ _X)ex <0Vx e (0,1)

Sol 34: (D) Given f' (x)
2X

-2f(x) <0
:>f(x)<ce

1 1
Put Xx==—=cCc>—
2 e

Hence f (x) <e?*1

:>0<j dx<je2X1dx
1/2 1/2
0< j dx < -_—
1/2

Sol 35: (B) F'(x) = 2xf(x) =f(x)

f(X) — ex2+c

Sol 36: (A) g(%]— lim j 124t

h—0* }
1
1
todt ¢ dt Y R
= = —sin| —2
ox/t—t2 0 |1 12 1
a2 2 e
1_

Sol 37: (D) We have g(a)=g(l-a)and g is
differentiable

Hence g[%] =0

Sol 38: (B, C) Let H (x) = f (x) —
H(-1)=H(@©)=H(2)=3.
Applying Rolle’s Theorem in the interval [ ~1,0]
H'(X) = f'(X) - 39'(X) =0 for atleast one ce (—1,0)
As H"(x) never vanishes in the interval

1,0) for which H'(x) =

39 (x)

= Exactly one ce(-
Similarly, apply Rolle’s Theorem in the interval [0,2].
= Exactly one ce (—1,0) for which H'(x) =

Similarly, apply Rolle’s Theorem in the interval [0, 2].

= H'(x) =0 has exactly one solution in (0, 2)

Sol 39: (A, B, ©) (A)f(x) =

F'(1)=F(1)+F'(1)

f'(1)=F(1)<0

F(x)+xF'(x)

f'(1)<0



(B) f'(2) =2F(2)

f(x)is decreasing and F(1)=0
Hence F(2) <0

=f(2)<0

(@) f(x):F(x)+xF'(x)
F(x)<0vxe(1,3)

F'(x) <0vxe(1,3)

Hence, F(x) < 0vx e (1,3)

Sol 40: (A, B) p(RedBall) =p(1).p(R|1)+p(1I).p(R 1)

p(II|R)=1: p(II).p(R 1)
3 p(1)p(RI(RIL)+p(1)p(R|M))
N
1 n3 +n3
E
nl +n2 n3 +n4

Of the given options, A and B satisfy above condition

Sol 41: (A, D) Differentiability of f(x) at x=0

LHD f(O’) = lim {M} - |im0+g—(_6) =0

-0 o c—0 o

RHD f'(0*) = |im—f(o+6)_f(o)( )= im) g
60 o >0 ©

= f(x) differentiable at x =0

Differentiability of h(x)x =0

h'(0) = lg(e‘x‘)v eR

LHD
f(n(o))- li%f(h(o))‘i(h(o—")) _ mg(l)‘cg(ec) o)
RHD
) -y L0 o)y

Since g(l) 0= f(h(x)) is non diff. atx = 0

Differentiability of h(f(x)) at x=0

(i) {1 20

1 x=0
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LHDh'(f(0-5)) = lim h(f(0))-h(f(0-o))

c—0 o

1ol

Ja(=o)
B

(e

= lim =0

c—0

g

RHD h‘(f(0+c)) = lim h<f(o+c))_h(f(o))

c—0 o

= lim e -1 9(-o)

c—0 g(c) fe] =0

Sol 42: (A, B) f(x) = acos(|x - || +b|x|sin(| +x)
[AJ1f a=0b =1, (x) =[xsin(jx* x|

= f(x) = sin(j® + x|

Hence f(x) is differentiable.

[B11f a=1,b=0 f(x) = cos(jx’| -x|

= f(x) = cos(x* ~x) Which is differentiable at x = 1

and x = 0.

Sol 43: (B, C)

—-
VY
x
+
= |3

[y

.X
In f(x) = lim=In
n—o N

_‘
'L S |=
|

>

N

+
—:N‘DN
Ne—
=
I >
-
N\
= |3
N—

Inf(x) = lim > In

n—>on ‘on [n)
n 1 =1 r

1 n
=x lim —Zlnln

n—>aonr:l r
Xx+—| +1
n
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Sol 45: (A) f'(x) Q =

oo ~
Put, tx = p, we get + 1 - = xf'(x)+f(x) = 2x :Jd(x.f(x)):jzxdx
Inf(x Iln[lﬂojdp \ :>xf(x):x2+c; f(x):x+z(c¢0asf(1¢1))

0 1+p For this function, only (A) is correct.
jm:m(l”} Sol 46: (B, C)
f(X) 1+x°
f(x)=x3+3x+2, f(1)=6 g(6)=
sign scheme of ' (x)
Also, f' (1) = 0 9(f(x)) =x=g'f(x)xf'(x) =1
x=0, g'(f(0))f(0)=1
Aot o
3 3 ' - - _=
I (2) f(0) 3
Q_f 2) [ij_/ ( j f(3)=38
f3) 1@ 0 ’ ~.g(38)=3
( j £ 3) £(2) f(2) =16 = g(16) =2
=In <0=
f(3) f(z) h(g(g16)) =h(0)
16 =h(g(q16)) = h(0)
Sol 44: (B, C) (c)lscorrect
f(x)=[x2-3|=|x*]-3 (6)L
(x) [x ] [x J f'(6)=11Lf(1)=6=g9 (6)2
f(x) is discontinuous at x = 1, v/2, v/3, 2 h g(g(x))) =X
g(x)=(|x|+|4—7|)([x2J—3) :h'(g(g(x)))xg'(x):l
_1_.._
142432
T () T T T T
14 —o
2T —o0
_3_.._
O O
15x - 21 x<0
% 9x - 21 0<x<1
g=— 6x - 14 1<x<y2
X;‘ 3x-7 2 <x<\3
0 3<x<2
3 Xx=2

g(x) is not differentiable, at x = 0, 1, V2,43



