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Match the Columns

Match the conditions/expression is column I with 
statement in column II.

Q.6  (1992)

Column-I Column-II

(A)  sin (p[x]) (p) differentiable every where

(B) sin (π(x-[x])) (q) nowhere differentiable

(r) not differentiable at 1 and –1

Q.7 In the following [x], denotes the greatest integer 
less than or equal to x.  (2007)

Column-I Column-II

(A) x|x| (p) continuous in (–1, 1)

(B) | x | (q) differentiable in (–1, 1)

(C) x + [x] (r) strictly increasing(–1, 1) 

(D) |x –1| +

 |x +1|

(s) not differentiable at least at 
one point in (–1, 1)

Analytical and Descriptive Questions 

Q.8 Evaluate the following limit

2x 1

x 1lim
2x 7x 5→

 −
 

− + 
  (1978)

Q.9 Evaluate 
x 1

xlim(1 x)tan
2→

 π
−  

   
 (1978)

Q.10 Differentiate from first principle sin(x2 + 1)  
  (1978, 3M)

Q.11 If f(x) = x tan–1x, find f ‘(1) from first first principle   
                    (1978)

Q.12 Find f ‘ (1) if 

2

x 1 , when x 1
2x 7x 5f(x)

1 , when x 1
3

 −
≠ − += 

 − =

  (1979, 3M)

Q.13 Evaluate 
2x 0

x sinxlim
x cos x→

−

+
 (1979)

Q.14 Evaluate 
2 2

h 0

(a h) sin(a h) a sinalim
h→

+ + −

 
 (1980)

Q.15 Given 2

2

5xy cos (2x 1)
3 (1 x)

= + +
−

, 

find 
dy
dx

   (1980)

Q.16 Let f: R R→  be a continuous function defined by 

( )f x
x x

1
e 2e−

=
+

.

Statement-I: ( ) 1f c
3

= , for some c R∈ . Statement-I:

 ( ) 1o f x
2 2

≤ , for all x R∈ Statement-I:

 ( ) 1o f x
2 2

≤ , for all x R∈ .

(A) Statement-I is true, statement-II is true; statement-II 
is not the correct explanation for statement-I

(B) Statement-I is true, statement-II is false

(C) Statement-I is false, statement-II is true

(D) Statement-I is true, statement-II is true; statement-II 
is the correct explanation for statement-I (2010)

Q.17 Let ( ) ( )( )g x log f x=  where ( )f x  is a twice 

differentiable positive function on ( )0,∞  such that 

( ) ( )f x 1 xf x+ = . Then, for N 1,2,3,.=  

1 1g" N g"
2 2

   
+ − =   

   

(A) 
( )2

1 1 14 1 ...
9 25 2N 1

 
 − + + + + 
 − 

(B) 
( )2

1 1 14 1 ...
9 25 2N 1

 
 + + + + 
 − 

(C) 
( )2

1 1 14 1 ...
9 25 2N 1

 
 − + + + + 
 + 

(D) 
( )2

1 1 14 1 ...
9 25 2N 1

 
 + + + + 
 + 

  (2008)
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Paragraph 1:

Consider the function ( ) ( )f : , ,−∞ ∞ → −∞ ∞  defined by

( )
2

2

x ax 1f x ,0 a 2
x ax 1

− +
= < <

+ +
.

Q.18 Which of the following is true?

(A) ( ) ( ) ( ) ( )2 2
2 a f ' 1 2 a f ' 1 0+ + − − =

(B) ( ) ( ) ( ) ( )2 2
2 a f ' 1 2 a f ' 1 0+ − − − =

(C) ( ) ( ) ( )2
f ' 1 f ' 1 2 a− = −

(D) ( ) ( ) ( )2
f ' 1 f ' 1 2 a− = − −   (2008)

Q.19 Let  

( ) ( )
( )

n

m

x 1
g x ;0 x 2

logcos x 1

−
= < <

−
,m 

and n are integers, m 0,n 0≠ > ,and let p be the left 
hand derivative of x 1−  at x = 1.

If ( )
x 1
lim g x p

+→
= , then (2008)

(A) n 1,m 1= =  (B) n 1,m 1= = −

(C) n 1,m 2= =  (D) n 1,m n> =   

Q.20 Let f and g be real valued functions defined 
on interval ( )1,1− such that g″(x) is continuous 

( ) ( ) ( )g 0 0,g' 0 0,g" 0 0≠ = ≠  and ( ) ( )f x g x sinx=

And 

Statement-II: ( ) ( )f 0 g 0=

(A) Statement-I is True, statement-II is True; statement-II 
is a correct explanation for statement-I

(B) Statement-I is True, statement-II is True; statement-II 
is NOT a correct explanation for statement-I

(C) Statement-I is True, statement-II is False

(D) Statement-I is False, statement-II is True  (2008)

Paragraph 1: Consider the functions defined implicitly 
by the equation 3y 3y x 0− + = on various intervals 
in the real line. If ( ) ( )x , 2 2,∈ −∞ − ∪ ∞ , the equation 
implicitly defines a unique real valued differentiable 
function y = f(x). if ( )x 2,2∈ − , the equation implicitly 
defines a unique real valued differentiable function y = 
g(x) satisfying g(0) = 0.

Q.21 If ( )f 10 2 2 2− = , then ( )f 10 2− =   (2008)

(A) 
3 2

4 2
7 3       

(B) 
3 2

4 2
7 3

−
      

(C) 
3

4 2
7 3

 (D) 
3

4 2
7 3

−  

Q.22 For function ( ) 1f x xcos ,x 1
x

= ≥

(A) For atleast one x in interval ) ( ) ( )1, , f x 2 f x 2 ∞ + − >

(B) ( )
x
lim f ' x 1
→∞

=

(C) For all x in the interval ) ( ) ( )1, , f x 2 f x 2 ∞ + − >

(D) ( )f x is strictly decreasing in the interval )1, ∞

 
(2009) 

Q.23 Let p(x) be a polynomial of degree 4 having 
extremum at x = 1,2 and 

( )
2x

p x
lim f 1 2

x→∞

 
 + =
 
 

.Then the value of p(2) is  (2009)

Q.24 Let 

2
2 2

4x 0

xa a x
4L lim ,a 0

x→

− − −
= > . If finite, then

 (2009)

(A) (1) a 2=   (B) a 1=     (C) 
1L
64

=
 

(D) 
1L
32

=   

Q.25 Let f be a real-valued function defined on the 

interval ( )0,∞
 
by ( )

x

0

f x lnx 1 sint dt= + +∫ . 

Then which of the following statement (s) is (are) true?

(A) f′′(x) exists for all ( )x 0,∈ ∞

(B) f′(x) exists for all ( ) ( ) ( )
h 0

f 2 h f 2
f ' 2 lim

h
−

→

− −
=

−
 

and f’ is continuous ( )0,∞ , but not differentiable on (0, ∞)

(C) there exists α > 1 such that |f′(x)| < |f(x)| for all x ∈ 
(α, ∞)

(D) there exists β > 1 such that |f(x)| + |f′(x)| ≤ β for all x 
∈ (0, ∞)  (2010)

Q.26 If ( ) 1/x
2 2

x 0
lim 1 xln 1 b 2bsin ,b 0

−

→
 + + = θ >  

and ( , θ ∈ −π π , then the value of θ is

(A) 
4
π

±
  

(B) 
3
π

±
  

(C) 
6
π

±
 

(D) 
2
π

±  

 (2011)
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Q.27 If ( )
x , x

2 2
f x cosx, 0 x 1

lnx, x 1

 π π
− − ≤ −

= − < ≤
 >


then,  (2011)

(A) f(x) is continuous at x = − π/2 

(B) f(x) is not differentiable at x = 0

(C) f(x) is differentiable at x = 1

(D) f(x) is differentiable at x = -3/2  

Q.28 Let y′(x) + y(x)g′(x) = g(x)g′(x), y(0) = 0, x ∈ R, where 
f′(x) denotes df(x) dx and g(x) is a given noncontact 
differentiable function on R with g(0) = g(2) = 0. Then 
the value of y(2) is  (2011 (II))

Q.29 Let f: R → R be a function such that f(x + y) = f(x) 
+ f(y), ∀ x, y ∈ R. If f(x) is differentiable at x = 0, then
 (2011 (I))

(A) f(x) is differentiable only in a finite interval containing 
zero

(B) f(x) is continuous ∀ x ∈ R

(C) f′(x) is constant ∀ x ∈ R

(D) f(x) is differentiable except at finitely many points  

Q.30 If 
2

x

x x 1lim ax b 4
x 1→∞

 + +
− − =  + 

, then (2012 (I))

(A) a = 1, b = 4    (B) a = 1, b = –4

(C) a = 2, b = – 3   (D) a = 2, b = 3  

Q.31 Let ( )

2x cos x 0
x

f x ,x
0 x 0

 π
≠

= ∈
 =


 then f is 

(A) Differentiable both at x = 0 and at x = 2

(B) Differentiable at x = 0 but not differentiable at x = 2

(C) Not differentiable at x = 0 but differentiable at x = 2

(D) Differentiable neither at x = 0 nor at x = 2  (2012)

Q.32 For a ∈  R (the set of all real numbers), a ≠ ‒1,

( )
( ) ( ) ( ) ( )

a a a

a 1n

1 2 .... n 1a 1, lim
60n 1 na 1 na 2 .... na n

−→∞

+ + +
≠ − =

 + + + + + + + 

Then a = (2013)

(A) 5   (B) 7   (C) 15
2

−

          
(D) 17

2
−  

Q.33 Which of the following is true for 0 < x < 1 ?
 (2013)

(A) ( )0 f x< < ∞
   

(B) ( )1 1f x
2 2

− < <

(C) ( )1 f x 1
4

− < <
   

(D) ( )f x 0−∞ < <   

Q.34 Let 1f : ,1 R
2

 
→ 

 
 (the set of all real numbers) be 

a positive, non-constant and differentiable function 

such that ( ) ( )f x 2f x< and 1f 1
2

 
= 

 
. Then the value of 

( )
1

1/2

f x dx∫  lies in the interval (2013)

(A) ( )2 1,2e−
     

(B) ( )e 1,2e 1− −

(C) e 1 ,e 1
2

 −
− 

     
(D) e 10,

2
 −
 
 

  

Q.35 Let f : 0,2 R  →   be a function which is continuous 

on [0, 2] and is differentiable on (0, 2) with f(0) = 1.

Let ( ) ( )
2x

0

F x f t dt= ∫  for x 0,2 ∈   . If ( )F' x for all 

( )x 0,2∈ with f(0) = 1. (2014)

(A) 2e 1−         (B) 2e 1−          (C) e 1−     (D) 4e   

Q.36 The value of 1g
2

 
 
 

 is  (2014)

(A) ( ) ( )
( ) ( )
1,0 0,2

f ' x 3g' x 0

− ∪

− =

       (B) 2π

(C) 
2
π

          
(D) 

4
π   

Q.37 The value of 1g'
2

 
 
 

is  (2014)

(A) 
2
π

              
(B) π                 (C) 

2
π

−
           

(D) 0  
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Q.38 Let ( )
2

4

19xf x
2 sin x

=
+ π

 for all x R∈  with 

1f 0
2

 
= 

 
. If ( )

1

1/2

m f x dx M≤ ≤∫ , then the possible values 

of m and M are (2015)

(A) m 13,M 24= =   (B) 1 1m ,M
4 2

= =

(C) m 11,M 0= − =   (D) m 1,M 12= =   

Q.39 Let f,g : 1,2 R − →  be continuous functions 
which are twice differentiable on the interval ( )1,2−
Let the values of f and g at the points 1,0− and 2 be as 
given in the following table: 

In each of the intervals ( )1,0−  and ( )1,0 the function 

( )n
f 3g− never vanishes. Then the correct statement(s) 

is(are)

(A)  ( ) ( )f ' x 3g' x 0− =
 

has exactly three solutions in 

( ) ( )1,0 0,2− ∪

(B)  ( ) ( ) ( ) ( )1,0 0,2 f ' x 3g' x 0− ∪ − =  has exactly one 
solution in ( )1,0−

(C) ( ) ( )f ' x 3g' x 0− =  has exactly one solution in ( )0,2

(D)  ( ) ( )f ' x 3g' x 0− =
 

has exactly two solutions in 

( )1,0− and exactly two solutions in (0, 2)  (2015) 

Q.40 The correct statement ( )s  is (are)

(A) ( )f ' 1 0<

(B) ( )f 2 0<

(C) ( )f ' x 0≠ for any ( )x 1,3∈

(D) ( )f ' x 0= for some ( )x 1,3∈   (2015)

Q.41 Let g : R R→ be a differential function with 

( ) ( )g 0 0,g' 0= and ( ) ( ) ( )x g x x 0
xg 1 f x

0 x 0


≠

≠ = 
 =

And ( ) xh x e= x R∈ (f o h)(x) denote ( )( )f h x  denote 

( )( )f h x Then which of the following is (are) true?

(A) f is differentiable at x 0=

(B) h is differentiable at x 0=

(C) f o h is differentiable at x 0=

(D) h o f is differentiable at x 0=   (2015)

Q.42 Let a,b ∈R and R →  R be defined by 

( ) ( ) ( )3 3f x acos x x b xsin x x= − + + Then f is

(A) Differentiable at x 0= if a 0= and b 1=

(B) Differentiable at x 1= if a 1= and b 0=

(C) NOT differentiable at x 0= if a 1= and b 0=

(D) NOT differentiable at x 1= if a 1= and b 1=     (2016)

Q.43 Let 

( )
( )

( )

n

2 2n
2 2 2 2

2

n nn x n x .... x
2 n

f x lim
n nn! x n x ..... x
4 n

→ ∞

     + + +       =      + + +       
    

, 

for all x > 0. Then  (2016)

(A) ( )1f f 1
2

 
≥ 

 
 (B) 1 2f f

3 3
   

≤   
   

(C) ( )f ' 2 0≤  (D) 
( )
( )

( )
( )

f ' 3 f ' 2

f 3 f 2
≥

Q.44 Let 1f : ,2
2

 
− → 

 
 R and 1g : ,2

2
 
− → 

 
 R be 

functions defined by ( ) 2f x x 3 = −   and 

( ) ( ) ( )g x x f x 4x 7 f x= + − , where [y] denotes the 

greatest integer less than or equal to y For y∈  . Then 
 (2016)

(A) f is discontinuous exactly at three points in 1 ,2
2

 
− 

 

(B) f is discontinuous exactly at four points in 1 ,2
2

 
− 

 

(C) g is NOT differentiable exactly at four points in 

1 ,2
2

 
− 

 

(D) g is NOT differentiable exactly at five points in 
1 ,2
2

 
− 
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Q.45 let ( )f : 0, R∞ → be a differentiable function such 

that ( ) ( ) ( )f x f x
f x 2 2

x x
= − = − for all ( )x 0,∈ ∞  and 

( )f 1 1≠ . Then 

(A) 2

x 0

1lim x f ' 1
x+→

 
= 

   
(B) 2

x 0

1lim x f ' 2
x→ +

 
= 

 

(C) ( )2

x 0
lim x f ' x 2
→ +

=

(D) ( )f x 2≤  for all ( )x 0,2∈   (2016)

Q.46 Let f: R →  R, g: R →  R  and h : R R→ be 
differentiable functions such that 

( ) ( )( )3f x x 3x 2,g f x x= + + =  for all x R∈      (2016)

(A) ( ) 1g' 2
15

=
   

(B) ( )1 666=

(C) ( )h 0 16=
   

(D) ( )( )h g 3 36=   

PlancEssential Questions
JEE Main/Boards

Exercise 1

Limits

Q.7          Q.13        Q.20          Q.22           Q.25

Continuity

Q.4         Q.9          Q.11            Q.13

Differentiability

Q.7         Q.8           Q.13          Q.14

Exercise 2

Limits

Q.1       Q.7         Q.9           Q.10

Continuity

Q.3        Q.4          Q.6            Q.9        Q.11      Q.14

Differentiability

Q.3        Q.7         Q.11           Q.15       Q.16

Previous Years’ Questions

Q.1        Q.6         Q.10           Q.13 Q.15

JEE Advanced/Boards

Exercise 1

Limits

Q.6         Q.11         Q.17      Q.19     Q.20

Continuity

Q.4          Q.7         Q.12      Q.17     Q.19       Q.22

Differentiability

Q.3          Q.6         Q.9        Q.11     Q.14

Exercise 2

Limits

Q.2         Q.4          Q.6          Q.8      Q.10

Continuity

Q.3       Q.6         Q.8        Q.10

Differentiability

Q.1

Previous Years’ Questions

Q.1          Q.3           Q.7         Q.9     Q.14      Q.15    Q.16
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Answer Key

JEE Main/Boards

Exercise 1 

Limits

Q.1 1
8

−
 

Q.2 3
2

 Q.3 2

Q.4 1

2 x
 if x > 0; ∞ if x = 0 Q.5 ∞ 

Q.6 (a) π/2 if a > 0 ; 0 if a = 0 and –π/2 if a <0 (b) f(x) = |x| Q.7 5050

Q.8 3
2

 Q.9 2 Q.10 2

Q.11 –3 Q.12 1

16 2  
Q.13 2

Q.14 a = 2; limit = 1 Q.15 0.5 Q.16 Does not exist 

Q.17 
4
π

 
Q.18 cos2 α/n cos α+ sin2 α/n sin a Q.19 28 2[ n3]

Q.20 does not exist Q.21 (2n–1) Q.22 
1

128r
Q.23 1 Q.24 ln a Q.25 c = ln2 

Continuity

Q.1 a = 0, b = 1 Q.2 a = 0, b = –1 Q.3 (a) –2, 2, 3 (b) K = 5 (c) even

Q.4 yn (x) is continuous at x = 0 for all n and y(x) is discontinuous at x = 0 Q.5 30

Q.7 f(0+) = –2; f(0–)= 2 hence f(0) not possible to define

Q.9 6 Q.10 9 Q.11 c = 1, a, b ∈ R

Q.12 8 Q.13 6x – 2y – 5 =0 Q.14 Does not exist

Q.15 e2 + e–2

Differentiability

Q.1 –2x sin(x2+1) Q.2 
2sec x

2 x
−

Q.3 
dy
dx

=(tan x)x[log(tanx)+2x cosec2x]  Q.4 2x cos x2

Q.5 2

1 1
2 1 x

 
 

+ 
                                          Q.6 1

2
−  
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Q.7 cos x sinxdy cosxx sinx logx cosx sinx tanx cosx logcosx
dx x

 
 = − ⋅ + + − + ⋅   

 
  

Q.8 x = 1 Q.9 
sinx

2 cosx
−  Q.10 

21 sec x
2 tanx

 

Q.11 Not differentiable Q.12 1 Q.13 5

Exercise 2 

Single Correct Choice Type

Limits

Q.1 C Q.2 C Q.3 C Q.4 C Q.5 C Q.6 D

Q.7 D Q.8 B Q.9 A Q.10 D Q.11 A Q.12 A

Continuity

Q.1 D Q.2 A Q.3 A Q.4 D Q.5 C

Q.6 D Q.7 C Q.8 D Q.9 D Q.10 D Q.11 A

Q.12 C Q.13 B 

Differentiability

Q.1 D Q.2 D Q.3 A Q.4 D Q.5 A Q.6 D

Q.7 A Q.8 B Q.9 B Q.10 C Q.11 C Q.12 A

Q.13 D Q.14 D Q.15 C Q.16 B Q.17 C

Previous Years’ Questions 

Q.1 D   Q.2 A Q.3 A Q.4 B  Q.5 C Q.6 B 

Q.7 D Q.8 C  Q.9 A Q.10 C Q.11 B Q.12 D 

Q.13 C  Q.14 B  Q.15 D Q.16 A Q.17 A  Q.18 A

Q.19 D  Q.20 A  Q.21 D  Q.22 B   Q.23 D Q.24 A

Q.25 B Q.26 D  Q.27 C Q.28 A Q.29 D Q.30 B

Q.31 A
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JEE Advanced/Boards

Exercise 1 

Limits

Q.1 5050 Q.2 1 8a 2; r ; S
4 3

= = = ;  Q.3 p q
2
−

Q.4 ln2 Q.5 324 

Q.6 (a) Does not exist (b) does not exist (c) 0 Q.7 
1
3

−
 

Q.8 
1
32  

Q.9 3
2  

Q.10 1/2

Q.11 –2 Q.12 π – 3 Q.13 (i) a = 1, b = –1 (ii) a = 1, 1b
2

= −

Q.14 1 Q.15 
9 4n
4 e

− ln9 4n
4 e

− 
 Q.16 27

Q.17 29 Q.18 72 Q.19 –1/2  Q.20 16

Differentiability

Q.1 f(x) is continuous but not derivable at x = 0 Q.2 0 < n ≤ 1

Q.3 2 Q.4 f is cont. but not diff. at x = 0 Q.5

Q.6 f ‘ (1+) = 3, f ‘ (1–) = –1 Q.7 a = 1/2, b = 3/2 Q.8 5

Q.9 Not derivable at x = 0 & x = 1

Q.10 Discontinuous & not derivable at x = 1, continuous but not derivable at x = 2

Q.11 f is conti. at x = 1, 3/2 & discount. at x = 2, f is not diff. at x = 1, 3/2, 2 

Q.12 24 Q.13 
1a 1,b 0,p
3

≠ = =  and q = –1 Q.14 5

Exercise 2 

Limits

Single Correct Choice Type

Q.1 A Q.2 A Q.3 B Q.4 A Q.5 D Q.6 B

Multiple Correct Choice Type

Q.7 A, B, C Q.8 A, B, C Q.9 A, B, C, D Q.10 C, D Q.11 A, B, C Q.12 A, B, D

Q.13 A, B, C, D 
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Continuity

Single Correct Choice Type

Q.1 A Q.2 C Q.3 A Q.4 A Q.5 C Q.6 C

Q.7 A Q.8 A Q.9 D Q.10 C Q.11 C Q.12 A

Q.13 B Q.14 A Q.15 B Q.16 B Q.17 A Q.18 C

Q.19 B Q.20 D Q.21 C Q.22 A Q.23 A Q.24 B

Q.25 D Q.26 D Q.27 C Q.28 C Q.29 B Q.30 C

Q.31 B Q.32 A Q.33 D Q.34 D Q.35 D

Multiple Correct Choice Type

Q.36 A, C

Differentiability

Single Correct Choice Type

Q.1 A  Q.2 A

Previous Years’ Questions 

Q.1 A, B, D Q.2 B, D Q.3 A, B, D Q.4 A, B Q.5 B, C Q.6 A → p; B → r

Q.7 A → p, q, r; B → p,s; C → r, s; D → p, q Q.16 A Q.17 A Q.18 A 

Q.19 C Q.20 B Q.21 B Q.22 B, C, D Q.24 A, C Q.25 B, C

Q.26 D Q.27 A, B, C, D  Q.29 B, C Q.30 B Q.31 B Q.31 B, D 

Q.32 B, D Q.33 D Q.34 D Q.35 B Q.36 A Q.37 D

Q.38 D Q.39 B, C Q.40 A, B, D Q.41 A, B Q.42 A, D Q.43 A, B

Q.44 B, C Q.45 B, C Q.46 A 

Analytical and Descriptive Questions

Q.8 
1
3

−   Q.9 
2
π

 Q.10 2x cos (x2 + 1) Q.11 1
2 4

π
+

Q.12 
2f '(1)
9

= −   Q.13 0 Q.14 a2 cos a + 2 a sin a 

Q.15.
2

2

5 2sin(4x 2) x 1
3(1 x)

5 2sin(4x 2) x 1
3(x 1)


− + ≤

−

− − + >
 −



Mathematics  |   14.67

So in 1
2x 0

alim tan
x

−

→

As 2

ax 0 ,
2 2x

 π π
→ →∞ ⇒ − 

 

Depends upon value of a.

(b) ( ) 1
2t 0

2x xf x lim . tan
t

−

→

 
=  π 

( )f 0 x x= − =
     

( )f ∞ =∞

Sol 7: 

100
k

k 1

x 1

x 100
lim

x 1
=

→

−

−

∑ ( )
( )

2 3 100

x 1

x x x ..... x
lim

x 1→

+ + + +
=

−

( ) ( ) ( ){ }
( )

2

x 1

x 1 1 1 x 1 x x ......
lim

x 1

100 1011 2 .... 100 5050
2

→

− + + + + + +
=

−

×
= + + + = =

Sol 8: Use Binomial Expansion.

Sol 9: 

( )( )

( )( )

( )( )
( )

x
4

2
x

4

2
x

4
2

2

x
4

1 tanx 1 2 sinx
lim

1 2 sinx 1 2 sinx

1 tanx 1 2 sinx
lim

1 2sin x

1 tanx 1 2 sinx
lim

1 tan x
1 tan x

1 tan x 1 2 sinx
lim 2

1 tanx

π
→

π
→

π
→

π
→

− +
×

− +

− +
=

−

− +
=

 −
  + 

+ +
= =

+

Sol 10: Use 21 cos2 2sin− θ = θ

Sol 11: 
( )( )
( )( )x

6

2sinx 1 sinx 1
lim 3

2sinx 1 sinx 1π
→

− +
= −

− −

Solutions

JEE Main/Boards

Exercise 1

Limits

Sol 1:
2x 4

5 x 1lim
x 4x→−

+ −

+

( )
( )x 4

5 x 1 5 x 1lim
x x 4 5 x 1→−

+ − + +
= ×

+ + +

( )
( )( )x 4

5 x 1 1 1lim
4 2 8x x 4 5 x 1→−

+ −
= = = −

− ×+ + +

Sol 2: 
( )( )

( )( )

1

2x 2

x x 2 x 2
lim

x 2 x 2x 4

−

→

 − + 
 

− + +  1 1
2 4 2 3
12 3 2

− −
   ×

= = =   
   

Sol 3:
( ) ( )

( )

2

x 1

x 1 x 1 lnx
lim 2

x 1→

− − −
=

−

Sol 4:
{ }x 0 h 0

x h x x h x 1lim lim
h 2 xh h x→ →

+ − + −
= =

+ +

Sol 5: 
( )2 2 3x 2x 2

1 1lim
xx x 2

− +→

 
 − −  

( ) ( )
( ) ( ) ( ) ( )

2

2 2x 2 x 2

x 1 x x 2 x 3x 1lim lim
x 2 x 1 .x x x 2 x 1→ →

− − − − + −
= = = ∞

− − − −

Sol 6: (a) 1
2x 0

alim tan
x

−

→

Graph of 1y tan x−=

y

x

y=tan x
-1

1/2

1

-1

-1/2
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Sol 12: 

( )
2 2

x x
4 4

2 2 cos2 cos sin 4
lim lim

16 16
4 4

π π
→ →

 π
− θ − − θ + θ  =

   π π
θ − θ −   

   

2

2
x

4

4
2 2sin

2
1lim

16 2
16.

4

π
→

  π
θ −  

  
 
 
  = =

 π
θ − 

 

Sol 13:

2 3 2 4

3 2 3x 0

3

3 2x 0 2

x2sin 2sinx sin x x 3x
2lim

tan x 6sin x x 5x
xsin 2sinx 2sinxx2 .sin 2 x 3x

x 2 x xlim
tan x 6sin x 1 5x

x x
2

→

→

+ − − +

− + −

× + − − +
=

− + −

=

2 3 2 4

3 2 3x 0

3

3 2x 0 2

x2sin 2sinx sin x x 3x
2lim

tan x 6sin x x 5x
xsin 2sinx 2sinxx2 .sin 2 x 3x

x 2 x xlim
tan x 6sin x 1 5x

x x
2

→

→

+ − − +

− + −

× + − − +
=

− + −

=

Sol 14: 

( )
3x 0

x 0

asinx sin2x
lim isfinite

tan x
lim acosx cos2x .2 0

a 2 0
a 2

→

→

−

∴ − =

→ − =
→ =



( )
3x 0

x 0

asinx sin2x
lim isfinite

tan x
lim acosx cos2x .2 0

a 2 0
a 2

→

→

−

∴ − =

→ − =
→ =



Sol 15: 
( )

( )

2 2
x x

4 4

2

2tanx 1 tanx 2tanx
lim lim

1 tanx1 tan x 1 tanx

2 1
22

π π
→ →

−
× =

+− +

= =

( )

( )

2 2
x x

4 4

2

2tanx 1 tanx 2tanx
lim lim

1 tanx1 tan x 1 tanx

2 1
22

π π
→ →

−
× =

+− +

= =

Sol 16: Does not exist.

Sol 17: 

n

n

lim ncos sin
4n 4n

sin
4n

lim cos
4n 4 4

4n

→∞

→∞

   π π
   
   

 π
  π π π = × =   π 

 
 

Sol 18: Use L’Hospitals Rule

Sol 19: 
( ) ( ) ( )( )

( )

( )
( )

( )

x x x x x

x 0 x 0 2

x x

x 0 2

2 2

2

2

9 3 1 1 3 1 3 1 9 1
lim lim

xx 2 2 sin2 1 cos
42

3 1 9 1
8x xlim log3 log9

x 22 2 sin
4

x 4
4

8 2 log3

→ →

→

− − − − −
=

 
− 

 

− −
×

= = ×

×

=

( ) ( ) ( )( )

( )

( )
( )

( )

x x x x x

x 0 x 0 2

x x

x 0 2

2 2

2

2

9 3 1 1 3 1 3 1 9 1
lim lim

xx 2 2 sin2 1 cos
42

3 1 9 1
8x xlim log3 log9

x 22 2 sin
4

x 4
4

8 2 log3

→ →

→

− − − − −
=

 
− 

 

− −
×

= = ×

×

=

Sol 20: Does not exist.

Hint: Use LHL and RHL.

Sol 21: 
x 0 x

2 4 2

x 0 x 0

0

4

nsinx ntanxlim
x x

x x x 2xnx 1 nx 1
3! 5! 3 15

lim li

li

m
x x

n 1 n 2n

m

1

→

→ →

→

   
+   

   
         − + + +      
         = +   
   
   
   

= − + = −

 

x 0 x

2 4 2

x 0 x 0

0

4

nsinx ntanxlim
x x

x x x 2xnx 1 nx 1
3! 5! 3 15

lim li

li

m
x x

n 1 n 2n

m

1

→

→ →

→

   
+   

   
         − + + +      
         = +   
   
   
   

= − + = −

 

Sol 22: From the diagram,
2

2 2

2
2 2

ah b
4

aor ,h b
4

+ =

= −    

A

B C

h

          ( )

2

3 3h 0 h 0

2

3ah
2

ab
4rlim lim

P a 2b

aa. 14lim
128r4r.8a

→ →

→

∆
=

+

= =

Sol 23: 
( )

( )
{ }
( )

( )

22 2

xx 0

2 4 2 4

x2 4x 0
2

log 1 x x
lim

x e 1

log 1 x x x x
lim 1

e 1x x x
x

→

→

 
+ − 

 
−

+ + +
= × =

 −+
  
 

( )
( )

{ }
( )

( )

22 2

xx 0

2 4 2 4

x2 4x 0
2

log 1 x x
lim

x e 1

log 1 x x x x
lim 1

e 1x x x
x

→

→

 
+ − 

 
−

+ + +
= × =

 −+
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Sol 24:  

( )

1 1
2 n n 1

n

1 1
2n n 1

n

lim n a 1 a 1

a 1 n a 1lim n
1 1n 1
n n 1

+
→∞

+

→∞

        = − − −         
   
   − −   = −   

+   
      + ( )

1 1
2 n n 1

n

1 1
2n n 1

n

lim n a 1 a 1

a 1 n a 1lim n
1 1n 1
n n 1

+
→∞

+

→∞

        = − − −         
   
   − −   = −   

+   
      + 

( )
2

n n

n nlim nloga loga loga lim loga
n 1n 1→∞ →∞

= − = =
++

Sol 25: 
( ) x x

x x

2clim
cx 1 2cx

x c 2clim 4 lim 1 4
x c x c

e 4 e 4 c ln2

→∞ →∞

→∞ −

 +    = ⇒ + =  − −  

⇒ = ⇒ = ⇒ =Continuity

Sol 1: f(x) = 

2

| ax 3 | , x –1
| 3x a | , 1 x 0

bsin2x 2b , 0 x
x

cos x 3 , x

 + ≤
 + − < ≤
 − < < π


− ≥ π

For x < –1, f(x) = |ax + 3| and it will be continuous. 

At x = – 1,

Vf(x = –1) = |-a + 3| = |a – 3|

LHL = |a – 3|

RHL = 
x 1
lim | 3x a |

+→−
+  = |a – 3|

At x = –1, function is continuous. 

At x = 0, 

LHL =VF(x = 0) = RHL

x 0
lim | 3x a |

−→
+  = |a| = 

x 0

bsin2xlim 2b
x+→

−

LHL = f(0) = |a|

RHL = 
x 0

2.bsin2xlim 2b
2x+→

− = 2b – 2b = 0

∴|a| = 0 ⇒ a = 0

At x = p

LHL = f(π) = RHL

x

bsin2xlim 2b
x−→π

−  = cos2π – 3 = 2

x
lim cos x 3

+→π
−

⇒–2b = –2 = – 2 ⇒b = 1

∴ a = 0, b = 1

Sol 2: LHL = 

tan6x
tan5x

x
2

6lim
5−π

→

 
 
 

x = 
2
π  – h, as x → 

2
π ; h → 0

∴LHL = 

tan6 h
2

tan5 h
2h 0

6lim
5

 π
− 

 
 π

− 
 →

 
 
 

 = 

tan6h
cot5h

h 0

6lim
5

−

+→

 
 
 

= 
tan6h tan5h

h 0

6lim
5

−

+→

 
 
 

 = 1

f
2

 π
 
 

 = b + 2 =LHL

⇒ b + 2 = 1

b = – 1

RHL = 
|a tanx|

b

x
2

lim (1 | cosx)
 
 
 

+π
→

+

x = 
2
π + h, as x → 

2

+π , h → 0+

RHL = 

atan h
2

b

h 0
lim 1 cos h

2

 π
+ 

 

+→

  π
+ +     

= 
|acoth|

b

h 0
lim (1 | sinh |)

+→
+  = 

|a|coth
b

h 0
lim (1 | sinh |)

+→
+

(as sin h > 0, for h → 0+ and cot h > 0, for h → 0+) 

Now, this limit will be of the form equation for non zero 
values of a for a = 0,

RHL = 
h 0
lim (1 sinh)º

+→
+ = 1 = LHL = RHL = f

2
 π
 
 

Sol 3: (a) f(x) = x3 – 3x2 – 4x + 12

= (x – 3) (x2 – 4) 

f(x) = (x – 2) (x + 2) (x – 3) 

zeros : 2, –2, 3

(b) h(x) = 
(x 2)(x 2)(x 3) , x 3

x 3
k , , x 3

 − + −
≠

−
 =

Atx = 3, for the continuity

h(x = 3) = LHL = RHL

LHL = 1. 5 = 5 = k
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(c) We have,

h(x) = ( x 2)( x 2)( x 3)
( x 3)

− − − + − −
− −

, x ≠ –3

= (x + 2) (x – 2) , x ≠ 3 = h(x) 

hence even

At x = –3, 

h(x) = –1x – 5 = 5 = h(3) 

Hence, even function

Sol 4: yn(x) = 
2 2 2

2
2 2 2 2 n 1

x x xx .....
1 x (1 x ) (1 x ) −

+ + + +
+ + +

This is summation of a G P with n terms, a = x2, 

r = 
2

1
1 x+

∴ yn(x) = 
na(1 r )

1 r
−
−

= 
n2

2

2

x 11
1 1 x1

1 x

   −   + −  
+

= 
n2 2

2 2

x (1 x ) 11
1 x 1 1 x

  +  −   + − +  

yn(x) = (1 + x2) 
n

2

11
1 x

   −   +  
For yn(x) , at x = 0

yn(x) = 1
n

11
1

   −     
 = 1

LHL = RHL = 1

LHL = 
n

2
2x 0

1lim(1 x ) 1
1 x→

   + −   +  
 = 1

Therefore, yn(x) is continuous

LHL = RHL, as it is an even function 

y(x) = 2
2 nn

1lim(1 x ) 1
(1 x )→∞

 
+ − 

+ 

n
2

2x 0 x 0 n

1lim y(x) lim lim(1 x ) 1
1 x→ → →∞

   = + −   +  
At x = 0

y(x) will be indeterminate further LHL = RHL

1 – 
n

2

1
1 x

 
 

+ 
, as n → ∞ , approaches

∴ nx 0 n
lim lim y (x) 1
→ →∞

=

Thus Vf(x = 0) ≠ LHL, therefore discontinuous

Sol 5: f(x) = [5x] + {3x}

at x = 0, f(0) = 0

RHL = 
x 0
lim[5x] {3x}
→

+  = 0

∴ continuous at x = 0 

At x = 
1
5

,

f 1
5

 
 
 

 = 15
5

 
× 

 
 + 13

5
 

× 
 

= 1 + 
3
5

 = 
8
5

LHL = 
1x
5

lim [5x] {3x}
−

→

+  

= 0 + 
3
5

 = 
3
5

 

LHL ≠ VF 1x
5

 
= 

 

Therefore discontinuous at x = 
1
5

Similarly discontinuous at 
1
5

, i. ∈ (1, 24) , i ≠ 5, 10, 15, 20

At x = 
1
3

, f 1x
3

 
= 

 
 = 5

3
 
 
 

 + 13
3

 
× 

 
= 0 + 0 = 0

LHL = 
1x
3

lim [5x] {3x}
−

→

+  = 1 ≠ Vf 1x
3

 
= 

 

Therefore, discontinuous

Similarly discontinuous at x =
1
3

, i ∈ (1, 14) , 

i ≠ 3, 6, 9, 12 

Now, at Total 10 points 

f(x = 1) = [5 × 1] + {3 × 1} = 5

LHL = 
x 1
lim [5x] {3x}

−→
+  = 4 + 1 = 5

RHL = 
x 1
lim [5x] {3x}

+→
+  = 5 + 0 = 5

∴
 LHL = RHL = Vf(x = 1) , continuous at x = 1

similarly continuous at x= 2, 3, 4

∴ D is continuous at total 20 + 10 = 30 points

Sol 6: If ( )
( )2nn

x x2sinx 1,f x lim x.
0 12sinx 1→ ∞

< = = =
++
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If ( )
( )2nn

x x 12sinx 1,f x lim x.
1 1 22sinx 1→ ∞

= = = =
++

If ( )
( )2nn

x x2sinx 1,f x lim 0.
12sinx 1→ ∞

> = =
∞ ++

But 
12sinx 1 sin x
2

< ⇒ <

1 1sinx
2 2

⇒ − < <
 

n x n
6 6
π π

⇒ π − < < π +

12sinx 1 sinx
2

= ⇒ =
 

1sinx
2

⇒ = ±

( )n
x n 1 . n

6 6
 π π

⇒ = π + − ± = π± 
 

12 sin x 1 sin x
2

> ⇒ >

1 1sin x or sin x
2 2

⇒ > < −
 

5
n x n .

6 6
ππ

⇒ π + < < π +

Thus, we have ( )f x x,n x n
6 6
π π

= π − < < π +

1 x,x n
2 6

π
= π±

5
0, n x n

6 6
ππ

π+ < < π +

As polynomial functions are continuous everywhere, 

only doubtful points are x n
6
π

= π± . Clearly,

f n 0 f n 0
6 6

   π π
π − + ≠ π − −   

   
 because n 0

6
π

π − ≠

f n 0 f n 0
6 6

   π π
π + + ≠ π + −   

   
 because 0 n

6
π

≠ π +

( )f x∴  is not continuous at x n
6
π

= π±

∴ The function f (x) is continuous everywhere in R 

except the set of points x x n ,n Z
6

 π = π ± ∈ 
  

Sol 7: f(x) = 
4 2

4sin x

ncosx , x 0
1 x 1

e 1 , x 0
n(1 tan2x)


>

+ −

 −

< +





LHL = 
4sin x

x 0

e 1lim
n(1 tan2x)−→

−
+

LHL= 
4sin x 4

4
x 0

1
e 1 sin xsin(1 tan2xlim . .

tan2x tan2xsin x−→

 
   − +   
   
   

 

= 
x 0

sin4x 4x 1lim . .
tan2x4x 2x

2x
−→

 = 2

RHL = 
x 0
lim f(x)

+→
 =

4 2x 0

ncosxlim
1 1+→ + π −

 , 
0
0

 form

Using L Hospital rule. 

RHL = 
( ) 3/42x 0

1 ( sinx)lim
1cosx 1 x .2x
4

−+→

−

+

= 
x 0

2 sinxlim
cos x→

 −
 
 

(1 + x2) 3/4  = –2
x 0

sinxlim 1
x→

 
= 

 


∴
 LHL ≠ RHL, it is not possible to make the function 

continuous. This is jump discontinuity. 

Sol 8: ( ) ( ) ( )
x 0 h 0 h 0
lim g x , 0 lim g 0 h lim g 0 h 0
→ → →

= ⇒ + = − =

( ) ( )
h 0 h 0
lim g h lim g h 0
→ →

⇒ = − =  .....(i)

( )
x 0
lim G x
→

 exists ( ) ( )
h 0 h 0
lim G 0 h lim G 0 h
→ →

⇒ + = −  

( ) ( )
h 0 h 0
lim G h lim G h
→ →

⇒ = − =  finite  ….(ii)

Now, ( ) ( ) ( ) ( ) ( )
h 0 h 0 h 0
lim f x h lim f x .f h f x lim f h
→ → →

+ = =

( ) ( ) ( ){ }f x y f x .f y+ =

( ) ( ) ( ){ }
h 0

f x . lim 1 g h G h ,
→

= +

Using given relation

( ) ( ) ( )
h 0 h 0

f x . 1 lim g h . lim G h
→ →

 = + 
 

( ) { }f x . 1 0. finite= + , using (1) and (2)

= f (x)

Also, ( ) ( ) ( ) ( ) ( )
h 0 h 0 h 0
lim f x h lim f x .f h f x . lim f h

→ → →
− = − = −

( ) ( ) ( ){ }
h 0

f x . lim 1 g h .G h ,
→

= + − −  using given relation

( ) ( ) ( )
h 0 h 0

f x . 1 lim g h . lim G h
→ →

 = + − − 
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( ) { }f x . 1 0. finite= + , using (i) and (ii)

= f (x)

( ) ( ) ( )
h 0 h 0
lim f x h lim f x h f x

→ →
∴ + = − = .

( )f x∴  is continuous everywhere.

Sol 9: f(x) = sgn((x2 – ax + 1) (bx2 – 2bx + 1) ) 

This function will be discontinuous when (x2 – ax + 1) 
(bx2 – 2bx + 1) = 0

Therefore, for this to be discontinuous at exactly one 
point if 

(x2 – ax + 1) (bx2 – 2bx + 1) has exactly one root. 

For x2 – ax + 1, D = a2 – 4

D ≤ 0 ⇒ a2 ≤ 4

⇒a = -2, –1, 0, 1, 2 (
∴

 a ∈ z) 

for bx2 – 2bx + 1, D = 4(b2 – b) ≤ 0

⇒ b = 1, 0(
∴

 b ∈ z) 

At b = 0, bx2 – 2bx + 1 = 1, which has no root pairs  
(a, b) for which exactly root,

 (–1, 1) , (0, 1) , (1, 1) , (–2, 0) , (2, 1) , (2, 0) 

 x = 1, x = 1, x = 1, x = –1, x = 1,x = 1

Total 6 ordered pairs. 

Sol 10: Let the common roots be λ1 and λ2. 

Then, we have from x3 + 2x2 + px + q = 0 

αλ1 + αλ2 + λ1λ2 = p

α(λ1 + λ2) + λ1λ2 = p    ... (i) 

from x3 + x2 + px + r = 0 

β(λ1 + λ2) + λ1λ2 = p    ... (ii) 

from (i) and (ii) 

α(λ1 + λ2) + λ1λ2
 = β(λ1 + λ2) + λ1λ2

α(λ1 + λ2) = β(λ1 + λ2) 

⇒λ1 + λ2 = 0(for non zero α, β) 

Now, from (a), α + λ1 + λ2 = – 2 ⇒ α = –2

from (b), β + λ1 + λ2 = –1

β = –1

∴|α + β| = 3, αβ = 2

Now, for f(x) at x = 0,

LHL = 
x 0
lim f(x)

−→

 = x log 31 x

x 0
lim e +

−→

 = x log e1 x

x 0
lim 3 +

−→

= 
x

log(1 x)

x 0
lim 3 +

−→
= 3 

x 0

log(1 x)lim 1
x→

 +
= 

 


RHL 

x 0
lim f(x)

+→
 = 

2x

x 0

n(e x )lim b
tan x+→

+ αβ

= b 

2x
2x

x 0

xn e 1
elim b

tan x+→

  αβ  +
    



= 
22 x

2xx 0
2x

xn 1
x x 1eb lim . .

tan x x tan x e
e

+→

  α  +
  αβ + 
αβ 

 
  



=

3/2
2x

2xx 0
2x

2 xn 1 2x
1eb lim tan xtan x

2 x exx
e

+→

  
  +         +    
    

   
  



= b(0/1 + 1. 2. 1) = 2b

Now, for continuity 

LHL= RHL = Vf(x = 0) 

∴ 3 = 2b = a ∴ a = 3, b = 3
2

Hence, 2(a + b) = 2 33
2

 
+ 

 
 = 9

Sol 11: f(x) = 
2 nx

nxx

ax bx c elim
1 c.e→∞

+ + +

+

For x = 0

f(x = 0) = 
n

c 1lim
1 c→∞

+
+

For x < 0,

LHL = 
2 nx

nxnx 0

ax bx c elim lim
1 ce− →∞→

+ + +

+
as x → 0–, enx → 0

∴LHL = 
2

nx 0

ax bx clim lim
1 0− →∞→

+ +
+

 = c

RHL = 
2 nx

nxnx 0

ax bx c elim lim
1 ce+ →∞→

+ + +

+
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= 

2

nx nx nx

nx 0
nx

ax bx c 1
e e elim lim

1 c
e

+ →∞→

+ + +

+
 = 

1
c

For continuity, LHL = RHL ⇒ 
1
c

 = c ⇒ c = ± 1

But, for c = –1, 

f(x = 0) = indeterminate therefore, c = 1

Sol 12: f (x) will be continuous at x = 0 if

( ) ( ) ( )
h 0 h 0
lim f 0 h lim f 0 h f 0

→ →
+ = − =     … (i)

Now, ( )
h 0 h 0

0 hlim f 0 h lim
16 0 h 4→ →

+
+ =

+ + − 

h 0

hlim
16 h 4→

=
+ −

{ }
h 0

h 16 h 4
lim

16 h 16→

+ +
=

+ −
 

{ }h 0
lim 16 h 4 8

→
= + + =

( ) ( )
( )2h 0 h 0

1 cos 4 0 h
lim f 0 h lim

0 h→ →

− −
− =

−

2h 0

1 cos 4h
lim

h→

−
=

 

2

2h 0

2sin 2h
lim

h→
=

2

h 0

sin2h
lim 2. 4 8

2h→

 
= × = 

 

( )f 0 a= ∴ by (1), 8 = 8 = a;  a = 8.

Sol 13: We have to check continuity at x = ±1 only as 
function will be continuous for other points. 

At x = 1,

LHL = 
2n 1 3 2

2n
x 1

x ax bxlim
x 1

−

−→

+ +

+

as x → 1–, x2n – 1→ 0, x2n → 0

LHL = 
3 2

x 1

ax bxlim
1−→

+
 = a + b

Vf (x = 1) = 1 a b
1 1
+ +

+

for continuity, LHL = Vf(x = 1) 

∴ a + b = 1 a b
2

+ +  ⇒ a + b = 1 ... (i) 

At x = 1

RHL = 
2n 1 3 2

2n
x 1

x ax bxlim
x 1

−

+→−

+ +

+

as x → –1+, x2n–1 and x2n → 0

∴ RHL = 
3 2

x 1

ax blim
1+→−

+
 = –a + b

f(x = –1) = 1 a b
1 1

− − +
+

for continuity RHL = Vf(x = –1) 

∴ – a + b = 1 a b
2

− − +

  
⇒ –2a + 2b – 1 – a + b

⇒ a – b = 1 ... (ii) 

Solving (i) and (ii) , a = 1, b = 0

∴(a, b) = (1, 0) 

Lines –2x – y + 6 = 0

2x – 4y + 7 = 0

(1, 0)

2x - 4y + 7 = 0

2x + y  = 6

We see that origin is on same side as (1, 0) . 

∴ equation of angle bisector

2x y 6

5

− +
 = 

2x 4y 7

2 5

− +

–4x – 2y + 12 = 2x – 4y + 7

for 6x – 2y – 5 = 0

Sol 14: We have ( )( )2x 1 x 1 x 1 0.< ⇒ + − <

From the sign-scheme, x 1 or x 1.≤ − ≥

Thus, the function is ( )f x x, x 1= ≤
4x , 1 x 1− < <

x,x 1≥

Now, ( ) ( ) { }
x 1 0 h 0 h 0
lim f x lim f 1 h lim 1 h 1
→ + → →

= + = + =

( ) ( ) ( )4

x 1 0 h 0 h 0
lim f x lim f 1 h lim 1 h 1
→ − → →

= − = − =

( )
x 1
lim f x

→
∴  exists and it is equal to 1.
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Next, ( ) ( ) ( )4

x 1 0 h 0 h 0
lim f x lim f 1 h lim 1 h 1
→ + → →

= − + = − + =

( ) ( ) { }
x 1 0 h 0 h 0
lim f x lim f 1 h lim 1 h 1
→ − → →

= − − = − − = −

( )
x 1
lim f x
→ −

∴  does not exist.

Sol 15: At x = 0

LHL = cosec x

x 0
lim (sinx cosx)

−→
+

= cosec x

x 0
lim (1 (sinx cosx 1))

−→
+ + −

= 
lim cosec x(sinx cos x 1)

x 0e
+ −

→  = 
cos x 11 lim

sinxx 0e
−

+
→

= 

x22sin
21 lim

x xx 02sinx cos
2 2e

+
→

 = 

x2sin
21 lim
xx 0 cos
2e

−
→

 = e

RHL = 
x 0
lim f(x)

+→
 = 

31 2
|x|x x

32x 0
|x|x

e e elim

ae be
+→

+ +

+

= 

1 1
x x

1
x 0

x

e e 1lim

ae b

− −

−+→

+ +

+

 = 
1
b

for continuity, e = a = 
1
b

∴ a = e, b = e–1 a2 + b2 =e2 + e–2

Differentiability

Sol 1: ( ) ( )2f x cos x 1= +

( ) ( ) ( )
h 0

f x h f x
f ' x lim

h→

+ −
=

( ) ( )2 2

h 0

cos x h 1 cos x 1
lim

h→

 + + − + 
 =

( )2 2 2cos x h 2xh 1 cos x 1

h

 + + + − + =

( )2 2 2cos x 1 h 2xh cos x 1

h

 + + + − + =

Apply ( )cos A B cosAcosB sinAsinB+ = −

( ) ( ) ( ) ( ) ( )
h 0

2 2 2 2 2

lim

cos x 1 .cos h 2xh sin x 1 .sin h 2xh cos x 1

h

→
⇒

+ + − + + − +

( ) ( ) ( ) ( )2 2 2 2

h 0

cos x 1 cos h 2xh 1 sin x 1 .sin h 2xh
lim

h→

 + + − − + +  ⇒

( ) ( )( )
( )

( ) ( ) ( )
( ) ( )

2 2

h 0

2 2

cos x 1 . cos h 2hx 1
lim

h h 2x

sin x 1 .sin h 2xh
h 2x h 2x

h h 2x

→

+ + −
⇒ ×

+

+ +
+ − × +

+

( )( )
( )

( ) ( ) ( )

2
2

2h 0

2
2

2

cos h 2hx 1
lim cos x 1 h 2x .

h 2hx

sin h 2xh
sin x 1 , h 2x .

h 2hx

→

 + −  ⇒ + + −
+

+
+ +

+

x 0

cosx 1lim 0
x→

−
=  and 

x 0

sinxlim 1
x→

=

( )( )( ) ( ) ( )2 2cos x 1 2x 0 sin x 1 . 2x+ − +

( )22x.sin x 1⇒ − +

Sol 2: ( )f x tan x=

( ) tanA tanBtan A B
1 tanA tanB

−
− =

+ +

( ) ( ) ( )
h 0

f x h f x
f ' x lim

h→

+ −
=

h 0

tan x h tan x
lim

h→

+ −
⇒

( ) ( )
( ) ( )

h 0

1 tan x h. tan x . tan x h x
lim x h x

h x h x→

+ + + −
× + −

+ −

( ) ( )
h 0

x h x
lim 1 tan x h. tan x

h→

+ −
⇒ + +

( ) ( )
h 0 h 0

x h x
lim 1 tan x h. tan x lim

h→ →

+ −
⇒ + +

( )
h 0 h 0

1
1 x hlim 1 tan x h. tan x lim
2 1→ →

+⇒ + + −
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( )2 11 tan x
2 x

 
 ⇒ + −
 
   

2sec x

2 x
⇒ −

Sol 3: esinx + (tan x)x = f(x)

df(x)
dx

 = 
sinx xde d(tanx)

dx dx
+

↓↓

III

Part-I:
sinxde

dx
 = 

sinxde dsinx.
dsinx dx

 = cos x esinx

Part-II: 
xd(tanx)

dx
µ = (tan x)x

log µ = x log (tan x)

∴ 1 dµ
µ dx

 = log(tanx) + 2x sec x
tanx

×

∴
dy
dx

=(tan x)x[log(tanx)+2x cosec2x]

Sol 4: f(x) = sin x2

f′(x) = 
2 2

h 0

sin(x h) sinxlim
h→

+ −

= 

2 2 2 2

h 0

x h 2xh x h 2xh2cos sin
2 2

lim
h→

   + + + +
      
   

= 

2 2

2
2h 0

h hsin xh xh
2 2

2cosx lim
hh xh

2

→

   
+ +      

   ×
 

+  
 

 = 2x cos x2

Sol 5: f(x) = tan–1

21 x 1
x

 + − 
 
 

f′(x) = 

2
1

2

1 x 1dtan
x

1 x 1d
x

−
 + − 
 
 

 + − 
 
 

 × 

21 x 1d
x

dx

 + − 
 
   

= 
2

2

1

1 x 11
x

 + − +
 
 

2
2

2

2

2x ( 1 x 1)
2 1 x

x

 
− + − 

 +
 
 
  

= 

2

2 2

x

2 1 x ( 1 x 1)+ + −

2 2 2

2 2

(x 1 x 1 x )

x 1 x

− − + +

+

= 
2

1
2(1 x )+

Alternative

Put x = tan θ

Sol 6: 1 1 sinx 1 sinxtan
1 sinx 1 sinx

−
 + + −
  + − − 

= f(x)

⇒

2 2

1

2 2

x x x xsin cos sin cos
2 2 2 2

tan
x x x xsin cos sin cos
2 2 2 2

−

 
    + + −        

     + − −        

⇒ 1

x x x xsin cos sin cos
2 2 2 2tan
x x x xsin cos sin cos
2 2 2 2

−

 
+ + − 

 
 + − + 
 

⇒ tan–1x tan x
2

 = x
2

 = f(x)

∴ f′(x) = 
d(x / 2)

dx
 = 1

2

Sol 7: y = (x)cosx + (cosx)sinx

y = u(x) + v(x) where u(x) = (x)cosx

log u = cos x log x

1 du
u dx

 = cosx
x

 – sin x log x

∴ 
du
dx

 = xcosx
cosx sinxlogx

x
 

− 
 

v(x) = (cosx)sinx

log v = sin x log cos x

1 dv
v dx

 = 
sinx ( sinx)
cosx

− +cosx log cosx

 ∴ dv
dx

=(cosx)sinx
2sin xcosxlogcosx

cosx

 
−  
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 ∴ 
dy
dx

= xcosx cosx sinxlogx
x

 
− 

 

+ (cosx)sinx

2sin xcosxlogcosx
cosx

 
−  

 

 = 
h 0

1 sin(x h)cosx cos(x h)sinxlim
h(cos(x h)cos(x))2 tanx →

+ − +
+

= 
2 h 0

1 1 sin(x h x)lim
hcos x2 tanx →

+ −
×

= 
2

h 0

sec x sinhlim
h2 tanx →

 = 
2ssec x

2 tanx

Sol 8: In order to examine the continuity at x = 1, we are 
required to derive the definition of f (x) in the intervals x 
< 1, x > 1 and at x = 1, i.e., on and around x = 1.

Now, if 0 x 1< < ,

( ) ( ) 2n

2nn

log x 2 x sinx
f x lim

x 1→∞

+ −
=

+

( ) ( )
log x 2 0.sinx

log x 2
0 1

+ −
= = +

+

If ( ) ( )
n

log x 2 1.sinx
x 1, f x lim

1 1→ ∞

+ −
= =

+
 

( )log x 2 sinx

2

+ −
=

If ( ) ( ) 2n

2nn

log x 2 x sinx
x 1,f x lim

x 1→ ∞

+ −
> =

+

( )2n

n

2n

1 log x 2 sin x
xlim sinx

11
x

→ ∞

+ −
= = −

+

Thus, we have 

( )
( )

( ){ }
log x 2 ; 0 x 1

1f x log x 2 sinx ; x 1
2

sinx ; x 1

 + < <
 
 = + − = 
 

− > 
 

( ) ( )
h 0

f 1 0 lim f 1 h
→

∴ + = + ( ){ }
h 0
lim f sin 1 h sin1
→

= − + = −

( ) ( )
h 0

f 1 0 lim f 1 h
→

− = −
 

( )
h 0
lim log 1 h 2 log 3

→
= − + =

( ) ( )f 1 0 f 1 0∴ + ≠ −

So f (x) is not continuous at x = 1.

Sol 9: ( )f x cos x=

( ) ( ) ( ) ( )
h 0

cos h x cos xf x h f x
f ' x lim

h h→

+ −+ −
= =

( )
( )( )h 0

cos x h cosx
lim

h cos x h cosx→

+ +
⇒

+ +  ( )Rationalise∴

( )
h 0

cos x cosh 1 sinx.sinh1lim .
h2 cos x→

− −
⇒

( )
h 0

cos x cosh 1 sinx.sinh1lim .
h h2 cos x→

 −
 ⇒ −
  

sin x

2 cos x
⇒ −

Sol 10: Here ( )f x tan x=

( )
( )

( ) ( )
h 0

f x h f x
f ' x lim

h→

 + −
 ⇒ =
  

( )
( )

( )
h 0

tan x h tanx
f ' x lim

h→

 + −
 ⇒ =
 
  

( )
( )

( ) ( )
( )h 0

tan x h tanx tan x h tanx
f ' x lim .

h tan x h tanx→

 + − + +
 ⇒ =
 + +    

( )
( )

( )
( )( )h 0

tan x h tanx
f ' x lim

h tan x h tanx→

 
+ − ⇒ =  
+ +  

( )
( )

( )
( )
( )( )h 0

sin x h sinx
cosxcos x h

f ' x lim
h tan x h tanx→

 +
− 

+ 
⇒ =  

+ + 
 
 

( )
( )

( ) ( )
( )
( )( )h 0

sin x h .cosx sinx.cos x h

cos x h .cosx
f ' x lim

h tan x h tanx→

 + − +
 

+ 
⇒ =  

+ + 
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( )
( )

( )
( ) ( )( )h 0

sin x h x
f ' x lim

h cos x h .cos x tan x h tanx→

 
+ − ⇒ =  

+ + +  

( )
( ) ( ) ( )( )h 0

sin h
f ' x lim

h cos x h .cos x tan x h tan x→

 
 ⇒ =  

+ + +  

( )
( ) ( )( )

( )

2

h 0

1 sec xf ' x
2 tan xcos x 0 .cosx tan x 0 tan x

sinh
lim 1

h→

⇒ = =
+ + +

 
= 

 


Sol 11: ( )
x : x 0

f x 0 : x 0
x : x 0

− <
= =
 >

L.H.D. ( )f ' 0 1− = −  

R.H.D. ( )f ' 0 1+ =

Sol 12: ( ) 1f ' a
4

=

( ) ( )2 2

2h 0

f a 2h f a 2h
lim

h→

+ − −

( ) ( )2 2

2 2h 0 h 0

f a 2h f a 2h
lim lim

h h→ →

+ −
−

( ) ( ) ( )2 2

h 0 h 0

f ' a 2h .4h f ' a 2h . 4h
lim lim

2h 2h→ →

+ − −
⇒ −

( ) ( )2 2

h 0 h 0
lim 2.f ' a 2h lim 2.f ' a 2h
→ →

⇒ + + −

( ) ( )2.f ' a 2.f ' a⇒ +
  

1 12 2
4 4

⇒ × + ×  
1⇒

Sol 13: y

x

(-5, 5)

(3, -2)

(0, 0)

(-2, 4)

Sol 14: (a) Proof. We consider the function g (x) = f 
(x) – x . g is continuous on [a, b], and ( ) ( )g a f a a 0= − ≥  
because the range of f is [a, b]. By the same reason, 

( ) ( )g b f b b 0= − ≤ . Now by the intermediate value 
theorem, there exists c a, b ∈    such that ( )g c 0=  i.e., 

( )f c c= .

(b) Let f be continuous on the interval [0, 1] to   and 
such that f (0) = f (1). Prove that there exists a point   

1c 0,
2

 
∈  

 
 such that ( ) 1f c f c

2
 

= + 
 

.

Proof. (Paige Cudworth) Define 

( ) ( ) 1h x f x f x .
2

 
= − + 

 
 Then ( ) ( ) 1h 0 f 0 f

2
 

= −  
 

 and 

( ) ( )1 1 1h f f 1 f f 0 .
2 2 2

     
= − = −     

     
 So ( ) 1h 0 h

2
 

= −  
 

.

Case 1: ( ) 1h 0 0 h
2

 
> >  

 
. Then by the Location of Roots 

Theorem, there exists 
1c 0,
2

 
∈ 

 
 such that ( )h c 0= . So

( ) ( )1 10 f c f c f c f c
2 2

   
= = + ⇒ = +   

   

Case 2: ( ) 1h 0 0 h
2

 
< <  

 
. Similar to case 1.

Case 3: ( ) 1h 0 0 h
2

 
= =  

 
. Then ( ) 10 f 0 f

2
 

= =  
 

, so 

( ) 1f 0 f 0
2

 
= + 

 
.

Exercise 2

Limits

Single Correct Choice Type

Sol 1: (C)

Hint : 2CD AD DB= ×           
B

C

A
D
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Sol 2: (C)
2

2
xx 0 cos
2

lim 1 log cosx
→

 
 +
 
 

xx 0 x 0cos
2

2

x 0 x 0

log(cosx)lim log cosx lim
xlog cos
2

sinx x4cos
cosx 2lim lim 4

x cosxsin1 2
x2 cos 2

→ →

→ →

=
 
 
 

−

= = =
−

Sol 3: (C)

1 � �1 � �

Sol 4: (C) Use 
n n

n 1

x a

x alim na
x a

−

→

−
=

−

Sol 5: (C)
x 0
lim logx x
→

− = ∞

Sol 6: (D)

x 0

1 1 13 2 5
x x xlim x. ......
1 3 15→

  
 + + +  

3 5x 0

1 1 2lim x ......
x 3x 15x→

 
= + + + 

 

2 5x 0

1 2lim 1 .....
3x 15x→

= + +   

Hence, (D).

Sol 7: (D)

x

x

( x 4 x )( x 4 x )lim x
( x 4 x )

x(4) 4lim 2
2x 4 x

→∞

→∞

+ − + +

+ +

= = =
+ +

Sol 8: (B)

h 0x 0

ln(sin2x) ln(sin2h)lim lim
ln(sinx) ln(sinh)+ →→

=

Use L’Hospitals rule

Sol 9: (A)

On solving for x and y we get

2

2c 1 c 1

1 C (1 c)(1 c) 2x lim lim
(2 3c)(1 c) 52 C 3C

1y
25

→ →

− − +
= =

+ −+ −

∴ = −

Now, radius can be found by distance formula.

Sol 10: (D) 

r

n
k 1
rn r 1 3

k 1

k
lim

k

=

→∞ =

=

∑
∑

∑
 

( )
n

4 3 2n r 1

r 1
r

2lim
r r r
4 2 4

→∞ =

+

⇒

+ +
∑

( ) 2n n

4 3 2 4 3 2n nr 1 r 1

r r 1 2r 2r2lim lim
r 2r r r 2r r

4

→∞ →∞= =

+ +
⇒ ⇒

+ + + +
∑ ∑

( )
( )

( )
( )

n n

22 2n n 2r 1 r 1

2r r 1 2r r 1
lim lim

r r 2r 1 r r 1→∞ →∞= =

+ +
⇒ ⇒

+ + +
∑ ∑

( ) ( )
n n

n nr 1 r 1

2 1lim lim 2.
r r 1 r r 1→∞ →∞= =

⇒ ⇒
+ +

∑ ∑

n n

n 1lim 2. lim 2. 2
1n 1 1
n

→∞ →∞
⇒ ⇒ ⇒

+ +

Sol 11: (A) Take in common and use binomial theorem.

Sol 12: (A) 
x 0 x 0

1sin1 1xlim xsin lim sin 1
1x x
x

→ →

 
= ≤ 

 
  = 0

But f (0) is not defined

Hence, (A)

Continuity

Single Correct Choice Type

Sol 1: 

1
0 h1 e

h 0 h 0

0 h 0

f(0 h) f(0)
f '(0 0) lim lim

h h

++

→ →

+
−

+ −
+ = =

           
1/hh 0

1 1lim 0
1 e 1 e∞→

= = =
+ +
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1
0 h1 e

h 0 h 0

0 h 0

f(0 h) f(0)
f '(0 0) lim lim

h h

−+

→ →

−
−

− −
− = =

− −

1/hh 0

1 1 1lim 1
1 01 e 1 e− −∞− →

= = = =
++ +

f '(0 0) f'(0 0).∴ + ≠ −

Hence, f(x) is not differentiable at x = 0.

Sol 2: (A) At x = –1,

LHL = 
x –1
lim f(x)
→

 = 
x –1
lim sin( (x a))

−→
π +

= sin(π(–1 + a) ) = sin(π – πa) = – sin πa

RHL = 
x –1
lim f(x)

+→
= 2

x –1
lim b([x] [x]) 1

+→
+ +

= b(1 – 1) + 1 = 1

f(x = –1) = –b(1 – 1) + 1 = 1

For continuity, at 

LHL = Vf(x = – 1) = RHL

⇒ –sin πa = 1

πa = 32n
2

 
+ 

 
π 

a = 2n + 3
2

, n ∈ I, and b ∈ R

Sol 3: (A) f(x) = 

2x

21/x

[ | x |]e [x | x |]
, x 0

e 1sgn(sinx)
0 , x 0

 + ≠
 −

=
LHL = 

x 0
lim f(x)

−→

Let x = 0 – h, as x → 0–, h → 0+

∴ LHL = 
2( h)

1
h 0

2( h)

[ | h |]e [ h | h |]
lim

e [xsgn(sin( h))]

−

+→
−

− − + −

− −

for h → 0+

Now, |-h| = h, [h] = 0, 

sin(-h) = –sin h < 0 ∀ sgn |sin(-h) ) | = –1

∴ LHL = 
21/hh 0

0.[ h h]
lim

e 1+→

− +

+
 = 0

RHL = 
2x

1
x 0

2x

[ | x |]e .[x | x |]
lim

e | x sgn(sinx)
+→

+

−

= 
2x

1
x 0

2x

0.e .[x x ]
lim

e 1
+→

+

−

 = 0

LHL = Vf(x = 0) = RHL

f(x) is continuous at x = 0

Sol 4: (D) Consider a function

f(x) = 
x 3, x 3

6, x 3
 − ≠


=

This function has a isolated point continuity at x = 3. 

Now, g(x) = 
1

f(x)
 = 

1 , x 3
x 3

1 , x 3
6


≠ −


 =


Here, the function is not defined at x = 3. Therefore, 
g(x) has missing point discontinuity. 

Sol 5: (C) f(x) = |x– 0. 5| + |x – 1| + tanx

We know |x – a| is not differentiable at x = a

∴ x = 0. 5 and x = 1 are two points of discontinues 
further in (0, 2) , tan x is not differentiable at x = 

2
π . 

∴ Total three points at which function is not derivable. 

Sol 6: (D) (A) for f(x) ,at x = 0,

LHD = 2

x 0

d x
dx =

= 2x = 0

RHD = 
d
dx

|–x2|x=0 = –2x = 0

∴
 LHD = RHD, f(x) is differentiable

(B) for g(x) , at x = 0

LHD = 
x 0

d (x)
dx =

 = 1

RHD = 
x 0

d (tanx)
dx =

= sec2x = 1

∴
 LHD = RHD, g(x) is differentiable

(C) for h(x) at x = 0

LHD = 
x 0

d (sin2x)
dx =

= 2cos2x = 2

RHD = 
x 0

d (2x)
dx =

= 2
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∴
 LHD = RHD, g(x) is differentiable

(D) for k(x) , at x = 1

LHD = x 1
d (x)
dx = = 1

RHD = x 1
d (2 x)
dx =− = –1

∴
 LHD ≠ RHD, k(x) is not differentiable at x = 1

Sol 7: (C) It should also be continuous for continuity. 

LHL = RHL= Vf(x = 1) 
x

x 1
lim e

−→
 = 

x 1
lim a bx

+→
−  =a – b ⇒ e1 = a – b . . . (i) 

for differentiability
LHD = RHD

x

x 1

d (e )
dx =

= 
x 1

d (a bx)
dx =

−  ⇒ e = –b 

Putting in (i) , a = 0

Sol 8: (D) f(x) must also be continuous at x = 2

∴ LHL = RHL = Vf(x = 2) 

∴ 2

x 2
lim x 2x 3

−→
+ +  =

x 2

alim sin( x) b
+→

π +
π

=4 + 4 + 3

⇒ 
a
π

sin 2π + b = 11 ⇒ b – 11

for derivability, 

LHD = RHD

2

x 2

d (x 2x 3)
dx =

+ + = 
x 2

d a sin( x) b
dx

=

 
π + π 

(2x + 2) |x=2 = (a cos(πx) ) x=2 ⇒ 6 = a

∴ b = 11, a = 6

∴ 2a + bπ = 12 + 11π ≠ 7

b + 2π = 11 + 2π ≠ 3

2a + bπ = 12 + 11π ≠ 13

∴ No correct option. 

Sol 9: (D) f(x) = 2

3

x , x 0

x , 0 x 1

x x 1 , x 0

 <


≤ ≤
 − + >

At x = 0

LHL = 
x 0
lim f(x)

−→
= 

x 0
lim x 0

−→
=

RHL = 
x 0
lim f(x)

+→
= 2

x 0
lim x 0

+→
=

Vf(x = 0) = 02 = 0
∴

 LHL = RHL = Vf(x = 0) , continuous at x = 0

for derivability LHD = 
x 0

d (x)
dx =

 = 1

RHD = 2

x 0

d (x )
dx =

= 2x = 0

∴
 LHD ≠ RHD

f(x) is not derivable at x = 0

At x = 1,

LHL = 
x 1
lim f(x)

−→
 = 2

x 1
lim x 1

−→
=

RHL = 
x 1
lim f(x)

+→
 = 3

x 1
lim (x x 1) 1

+→
− + =

f(x = 1) = 1

LHL = Vf(x = 1) = RHL, function is continuous at x = 1

Now, LHD = 2

x 1

d (x )
dx =

= 2x|x=1

RHD = 3

x 1

d (x x 1)
dx =

− + = (3x2 – 1) x=1 = 2

∴
 LHD = RHD, 

f(x) is derivable at x = 1

Sol 10: (D) Discontinuous & also non-derivable at a 
finite number of points of f.

Sol 11: (A) f(x) = 
| x | , x 0
sinx

1, x 0


≠


 =

At x = 0,

LHL = 
x 0

| x |lim
sinx−→

Let x = 0 – h, as x → 0+, h → 0+

∴ LHL = 
h 0

| h |lim
sinh+→

−
−

 = 
h 0

| h |lim
sinh+→

−  = –1

We see that LHL ≠ Vf(x = 0), therefore, f(x) is not 
continuous and hence not differentiable at x = 0 

Sol 12: (C) f(x) = x3, g(x) = |x|

fog(x) = |x|3
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gof = |x|3

for gof, at x = 0,

gof (x) is continuous , gof(x = 0) = 0

LHD = 
h 0

gof(0 h) gof(0)lim
h+→

− −
−

=
3

h 0

| ( h) | 0lim
h+→

− −
−  

= 
3

h 0

| h | 0lim
h+→

−
−

As 
3

h 0

hlim
h+→ −

 = 0

RHD =
h 0

gof(0 h) gof(0)lim
h+→

+ − =
3

h 0

| h | 0lim
h+→

−
−

=0

Since LHD = RHD,

gof(x) is differentiable at x = 0

for fog(x) , at x = 0

LHD = 
h 0

fog(0 h) fog(0)lim
h+→

− −
−

 = 
3

h 0

| h | 0lim
h+→

− −
−

= 
3

h 0

| h |lim
h+→ −

 = 2

h 0
lim h

+→
−  = 0

RHD = 
h 0

fog(0 h) fog(0)lim
h+→

+ −  = 
3

h 0

| h | 0
lim

h+→

−

= 2

h 0
lim h

+→
 = 0

Since, LHD = RHD,

fog(x) is differentiable at x = 0

Sol 13: (B) Function can be discontinuous at x = 0

At x = 0

LHL = 
x 0
lim [x][sin x]

−→
π

As x → 0–, [x] → –1, [sin πx] → –1

∴ LHL = –1 × –1 = 1

RHL = 
x 0
lim [x][sin x]

+→
π

as x → 0+, [x] → 0

∴ RHL = 0
∴

 LHL ≠ RHL, f(x) is discontinuous at x = 0. 

It can also be discontinuous at x = 1
2

At x = 1
2

 

LHL = 
1x
2

lim [x][sin x] 0
−

→

π =

RHL = 
1x
2

lim [x][sin x] 0
+

→

π =

continuous at x = 1
2

 (
∴

 LHL = RHL) 

At x = 1
2

− ,

LHL = 
1x
2

lim [x][sin x]
−

→

π

as x → 1
2

− , [x] = –1,

sin πx → –1–, 

∴ [sinπx] = –1

∴ LHL = – 1 × –1 = 1

RHL = 
1x

2

lim [x][sin x]
+−

→

π

as x → 1
2

+

, [x] = –1, sin πx → –1↑

[sin πx] = –1

∴ RHL = –1 × –1 = 1

∴
 LHL = RHL, continuous at x = 1

2
−

∴ f(x) is continuous in x ∈(–1, 0) ∪ (0, 1) 

Differentiability

Single Correct Choice Type

Sol 1: (D) Considering the case (A), x | x | = 
2

2

x x 0

x x 0

 ≥ 
 

− <  
this is continuous at x = 0
∴

 RHL = LHL = 0

(B) x3 is polynomial function which is continuous for x 
∈ R. 

(C) e–x is exponential function which is continuous for 
x ∈ R

(D) f(x) = 
0 x 0
2x x 0

 ≤
 

> 

f′(0+) = 
h 0

(2( h)) 0lim
h→

α + −  = 
h 0

2(0 h)lim
2→

+ = 2



14.82  |   Limits, Continuity and Differentiability

f′(0–) = 
h 0

2(0)lim
h→ −

 = 0

∴
 LHD ≠ RHD

∴ Function is not differentiable

Sol 2: (D) Considering the case A, f(0+) 

= 

2

h 0

1(x h) sin 0
x h

lim
h→

 
+ − + 

= 

2 2

h 0

1(x 2xh h )sin
x h

lim
h→

 
+ +  +  =

h 0

1limhsin
h→

 
 
 

=0

f′(0–) = 

2

h 0

1( h) sin
h

lim
h→

 
−  − 

−
= 

h 0

1lim hsin
h→

 
+  

 
 = 0

∴
 LHD = RHD

∴ function is differentiable

(B) x | x |

As function changes the definition at x = 0. So we check 
differentiability at x = 0. 

f(x) = 
2

2

x x 0

x x 0

 − < 
 

≥  

f(0+) = 
2

h 0

(0 h) 0lim
h→

 + + −
 
  

 = 0

f(0–) = 
2

h 0

(0 h) 0lim
h→

− − −
−  = 

h 0
limh
→

 = 0

∴
 LHD = RHD

so function is differentiable. 

(C) f(x) = cosh x = 
x xe e

2

−+

f(0+) = 
h h

h 0

e e 2lim
2h

+ −

→

+ −
−

 = 
h h

h 0

e 1 e 1 1lim
2h ( h) 2

−

→

 − −
+ − 

− −  
 = 0

f(0–) = 
h h

h 0

e e 2lim
2h

−

→

+ +
−

 = 
h h

h 0

e 1 1 e 1lim
h 2 h

−

→

   − −
+ −    −   

 = 0

∴
 LHD = RHD

So, given function is differentiable

So, all the three functions are differentiable. 

Sol 3: (A) f(x) = sin | x | = 
sinx x 0

sinx x 0
 ≥
 

− < 

x 0
lim f(x)

−→
 = 

x 0
lim f(x)

+→
 = 0 = f(x)

∴ Function is continuous at x = 0

other than x = 0 the function is a trigonometric sin 
function which is continuous for x ∈ R. 

f′(0–) = 
x 0

sin( h) 0lim
h→

− − −
−

 = –1

f′(0+) = 
x 0

sin(h) 0lim
h→

−  = 1

∴
 LHD ≠ RHD

∴ Function is not derivable at x = 0

Sol 4: (D) f(x) = | x – 3 | = 
x 3 x 3
3 x x 3

 − ≥
 

− < 

x 3
lim f(x)

−→
 = 

x 3
lim 3 x

−→
−  = 0

x 3
lim f(x)

+→
 = 

x 3
lim x 3

+→
−  = 0

∴ Function is continuous at x = 3

f′(3–) = 
h 0

(3 (3 h))lim
h→

− −
−

 = –1

f′(3+) = 
h 0

(3 h) 3lim
h→

+ −  = 1

∴
 LHD ≠ RHD

Function is continuous at x = 3 and not derivable  
at x = 3. 

Sol 5: (A) We have,  f(x) = | x 1 |
x 1

−
−

, x ≠ 1,f(1) = 1

f(x) = 
1 x 1

1 x 1
1 x 1

 >
 − < 
 = 

x 1
lim f(x)

−→
 = –1 ≠ 

x 1
lim f(x)

+→
 = 1

∴ Function is discontinuous at x = 1

If function is discontinuous at x = a then it is also not 
differentiable at x = a.

 Sol 6: (D) f′(0) = 
h 0

[7 3(0 h)] 7lim
h→

− + −

= 
h 0

7 3h 7lim
h→

− −  = –3
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Sol 7: (A) f(x) = | x | + | x – 1 | = 
2x 1 x 1

1 0 x 1
1 2x x 0

 − >
 < ≤ 
 − ≤ 

f′(1–) = 
h 0

1 1lim
h→

−
−

 = 0

f′(1+) = 
h 0

2(1 h) 1 1lim
h→

+ − −  = 2

f′(0–) = 
h 0

[1 2(0 h)] 1lim
h→

− − −  = 2

f′(0+) = 
h 0

1 1lim
h→

−
+

 = 0

∴ Function is not differentiable at x = 0, 1. 

Sol 8: (B) f(x) = 
1/xe , x 0
0 x 0

 ≠
 

=  

x 0
lim f(x)

+→
 = 

1 1
x h x

x 0

e elim
h

+

+→

−  = 

h
1 x(x h) 1
x

x 0

ee lim
h

−
+ −

+→

= 

h
1 x(x h)
x

x 0

e 1 1e lim
h x(x h)

x(x h)

−
+

+→

−
×

− +
+

(–1) = 

1
x

2

e
x

−

x 0
lim f(x)

−→
 = 

1 1
x h x

x 0

e elim
h

+

−→

−  = 

1
x

2

e
x

−

LHL = RHL ≠ f(0) = 0

∴ Function is discontinuous at x = 0

Sol 9: (B) [x] = x – {x} = f(x)

x a

x a

lim [x] a
a I

lim [x] a 1
+→

−→

=
 ∈= − 

∴ Function is discontinuous at every integer. 

Sol 10: (C) f(x) = 2

| x 3 | x 1

x 3x 13 x 1
4 2 4

 − <
 
 − + ≥  

f′(1–) = 
h 0

3 (1 h) 2lim
h→

− − −
−

 = –1

f′(1+) =  

2

h 0

(1 h) 3(1 h) 13 1 3 13
4 2 4 4 2 4

lim
h→

    + +
− + − − +        

 
 
 
 

= 

2

h 0

(1 h) 3(1 h) 1 3
4 2 4 2lim

h→

+ +
− − +

−
 = 

h 0

1 h(2 h) 3lim
4 h 2→

+
−  = –1

∴LHD = RHD

So function is differentiable at x = 1

Sol 11: (C) f(x) = 
1 x 0
1 x 0

 ≥
 

− < 

x 0 x 0
lim f(x) lim f(x)

− +→ →
≠

∴ Function is discontinuous and not differentiable at 
x = 0

Sol 12: (A) f(x) = 
2x a b x b

b a a x b let b a
a b 2x x a

 − − ≥
 − < < > 
 + − ≤ 

x b
lim (2a a b)

−→
− −  = b – a = 

x b
lim (b a)

+→
−

∴ Function is discontinuous at x = b

x a
lim (a b 2a)

−→
+ −  = b – a

x a
lim (b a)

+→
−  = b – a

∴function is continuous at x = a

 f′(b+) = 
h 0

(2(b h) a b) (b a)lim
h→

+ − − − − =+2

f′(b–) = 
h 0

(b a) (b a)lim
h→

− − −
−

 = 0

f′(a+) = 0

 f′(a–) = 
h 0

[a b 2(a h)] (b a)lim
h→

+ − − − −
−

 =– 2

∴ Function is not differentiable at x = b, a

Sol 13: (D) f(x) = 

2x 3 x 2
1 1 x 2

3 2x x 1

 − ≥
 < < 
 − ≤ 

f(x) is not differentiable at x = 1 & 2

f′(1–) = –2 and f′(1+) = 0 and f′(2–) = 0f′(2+) = 2

Sol 14: (D) f′(0–) = 
h 0

[1 sin( h) 1]lim
h→

+ − −
−

 = 1

f′(0+) = 0

given function is not differentiable. 
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Sol 15: (C) f′(0–) = 

1
h

h 0

h

1 6lim
h

−

→

−

+
−

 = 
h 0

1
h

1lim
11

6

→
+

+
=+1

f′(0+) = 

1
h

h 0

h

1 6lim
h→

+ = 
1h 0
h

1lim

1 6
→

+

 = 0

∴ function is not differentiable at x = 0

Sol 16: (B) f′(0–) = 
h 0

1( h) sin
h

lim
( h)

α

→

 
−  − 

−

f′(0+) = 
h 0

1(h) sin
h

lim
(h)

α

→

 
 
 

∴ for function to be differentiable

f′(0–) = f′(0+)

⇒–(–h)α–1 = (h)α–1

⇒(–1)α(h)α–1 = (h)α–1

∴α = even ⇒ α > 1

Sol 17: (C) f(x) = 
0 x 0
2x x 0

 ≥
 

< 

f′(0–) = 
h 0

2( h) 0lim
h→

− −
−

 = 2

f′(0+) = 0

∴ Function is not differentiable at x = 0. 

for x ≥ 0;  f(x) = 0 which is derivable

for x < 0;f(x) = 2x which is a polynomial function

So, it is differentiable at x < 0

Previous Years’ Questions 

Sol 1: (D) Here 
2

tan [(x )]f(x)
1 [x]
π − π

=
+

Since, we know π[(x – π)] = nx and tan nπ =0
∴

1 + [x]2 ≠ 0

∴ f(x) = 0 for all x

Thus, f(x) is a constant function

∴ f ‘ (x) exists for all x. 

Sol 2: (A) Since, f(x) is continuous and differentiable 
where f(0) = 1 thus f(x) is decreasing for x > 0 and 
concave down. 

⇒ f ‘’ (x) < 0 

Therefore, (A) is answer.

Sol 3: (A) Given, 2G(x) 25 x= − −

∴ 
x 1 x 1

G'(x) 0G(x) G(1)lim lim
x 1 1 0→ →

−−
=

− −

(using L’ Hospital’s rule)

= 1G'(1)
24

=

2

2

2xG(x) 25 x G'(x)
2 25 x

 
= − − ⇒ = 

 − 


Sol 4: (B) For f(x) to be continuous, we must have 

x 0
f(0) lim f(x)

→
=

= 
x 0

log(1 ax) log(1 bx)lim
x→

+ − −  

= 
x 0

a log(1 ax) b log(1 bx)
lim

ax bx→

+ −
+

−  
= a ⋅ 1 + b ⋅ 1 

{using 
x 0

log(1 x)
lim

x→

+  = 1)

= a+b ∴ f(0) = (a + b)

Sol 5: Given f(a) = 2, f ‘ (a) = 1, 

g(a) = –1 g’ (a) = 2 

∴ 
x a

g(x)f(a) g(a)f(x)lim
x a→

−
−  

= 
x a

g'(x)f(a) g(a)f '(x)lim
1 0→

−
−

 

(using L’ Hospital’s rule)

= g ‘ (a) f(a) – g (a) f ‘ (a) = 2(2) – (–1) (1) = 5

Sol 6: (B) 2 2 2x

1 2 nlim ...
1 n 1 n 1 n→∞

 
+ + + 

− − − 

= 
2x

1 2 3 .... nlim
(1 n )→∞

+ + + +

−

 =
x x

n(n 1) 1lim lim
2(1 n)(1 n) 2(1 n) 2→∞ →∞

+ π
= = −

− + −
 

Sol 7: (D) since, 
sin[x] , [x] 0

f(x) [x]
0, [x] 0


≠= 

 =
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⇒ 
sin[x] , x R [0,1)

f(x) [x]
0, 0 x 1


∈ −= 

 ≤ <

At x = 0

RHL = 
x 0
lim

+→
0 =0  and 

LHL = 
h 0x 0

sin[x] sin[0 h]lim lim
[x] [0 h]− →→

−
=

−
 = 

h 0

sin( 1)lim sin1
1→

−
=

−

Since , RHL ≠ LHL 

∴ Limit does not exist

Sol 8: (C) Given f(x) = f(x) x( x x 1)= + +

⇒ f(x) would exists when x ≥ 0 and x + 1 ≥ 0

⇒ f(x) would exist when x ≥ 0

∴ f(x) is not continuous as x = 0, because LHL does not 
exist.

Hence, option (C) is correct

Sol 9: (A) Given 

x , x 0x 1 xf(x)
1 | x | x , x 0

1 x


≥ += = 

+  <
 −

 

∴ 
2

2

(1 x)1 x 1 , x 0
(1 x)f '(x)

(1 x) 1 x( 1) , x 0
(1 x)

 + ⋅ − ⋅
≥

+= 
− ⋅ − − <

 −

⇒ 
2

2

1 , x 0
(1 x)f '(x)

1 , x 0
(1 x)


≥

+= 
 <
 − 3

∴ RHD at x = 0 2
x 0

1lim 1
(1 x)→

=
+

and LHD at x = 0

⇒ 2
x 0

1lim 1
(1 x)→

=
−

Hence f(x) is differentiable for all x.

Sol 10: (C) Since, y2 = P(x)

On, differentiating both sides, we get2yy1 = P ‘ (x),

Again, differentiating, we get

2yy2 + 2
12y  = P’’ (x) 

⇒ 3 2 2 2
2 12y y 2y y y P''(x)+ =

⇒2y3y2 = y2 P’’ (x) – 2 (yy1)
2

⇒
2

3
2

{P'(x)}2y y P(x) P''(x)
2

= ⋅ −

Again, differentiating, we get

3
2

d2 (y y )
dx

= P ‘ (x)⇒P ‘’ (x) + P(x) ⋅ P ‘’’(x)

2P'(x) P''(x)
2
⋅

−

⇒ 3
2

d2 (y y ) P(x) P'''(x)
dx

= ⋅

⇒
2

3
2

d yd2 y P(x) P'''(x)
dx dx

 
⋅ = ⋅  

 

Sol 11: (B) Given 1f(x) x 1
2

= −  for 0 ≤ x ≤ p

∴ 
1, 0 x 2

[f(x)]
0 2 x

− ≤ <
= 

≤ ≤ π
 

tan [f(x)] 
tan( 1), 0 x 2

tan0, 2 x
 − ≤ <


≤ ≤ π

⇒ 
x 2
lim tan[f(x)] tan1

−→
= −

and 
x 2
lim tan[f(x)] 0

+→
=

So, tan f(x) is not continuous at x = 2

Now, 1f(x) x 1
2

= −

⇒ x 2f(x)
2
−

=
 
⇒ 1 2

f(x) x 2
=

−

Clearly, 1/f(x) is not continuous at x = 2

So, tan[f(x)] and 1tan
f(x)

 
 
 

 are both discontinuous at 
x = 2

Sol 12: (D)

 

2

x 0 x 0

1 (1 cos x) | sinx |12lim lim
x x2→ →

−
= ⋅

Atx = 0

RHL 
h 0

1 sinh 1lim
h2 2→

=
  
and  LHL = 

h 0

1 sinh 1lim
h2 2→

= −
−

Here, RHL ≠ LHL

∴ Limit does not exist.
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Sol 13: (C) Here, 
2x 1f(x) [x]cos

2
 −

= π 
 

 

2x 1cos
2

; 1 x 0
0

; 0 x 1
f(x) 2x 1cos ; 1 x 2

2
; 2 x 3

2x 12cos
2

  −
− π  

  − ≤ <
 ≤ <

=  − π ≤ < 
  ≤ <

  −
π  

 

which shows 

RHL = LHL at x = n ∈ Integer as 

if x = 1

⇒ 
x 1

2x 1lim cos 0
2+→

 −
π = 

 
 and 

x 1
lim 0 0

−→
=

Also, f(1) = 0

∴ continuous at x = 1

Similarly, when x = 2

⇒ 
x 2 x 2
lim f(x) lim f(x) 0

+ −→ →
= =

Thus, function is discontinuous at no x

Hence, (c) is the correct answer 

Sol 14: (B) Given, f(x) = [tan2x]

Now, –45° < x < 45°

⇒ tan (–45°) < tan x < tan (45°)

⇒ –tan 45° < tan x < tan (45°)

⇒ – 1 < tan x < 1

⇒ 0 < tan2 x < 1    ⇒ [tan2 x] = 0

i.e f(x) is zero for all value of x from 

x = –45° to 45°. Thus f(x) exists when x⇒0 and also it is 
continuous at x = 0.

Also, f(x) is differentiable at x = 0 

and has a value of zero.

Sol 15: (D) Given, 

3

2 3

x sinx cosx
f(x) 6 1 0

p p p

= −

On differentiating w.r.t.x, we get

2 3

2 3 2 3

3x cosx sinx x sinx cosx
f(x) 6 1 0 0 0 0

p p p p p p

−
= − +  

3x sinx cosx
6 1 0
0 0 0

+ −

⇒ 

2

2 3

3x cosx sinx
f '(x) 6 1 0

p p p

−
= −

⇒ 
2 3

6x sinx cosx
f ''(x) 6 1 0 0 0

p p p

− −
= − + +

and 
2 3

6 cosx sinx
f '''(x) 6 1 0 0 0

p p p

− −
= − + +

∴
2 3

6 1 0
f '''(0) 6 1 0 0

p p p

−
= − =

Sol 16: (A) 
( )

h 0

f 1 h f(1)
f '(1) lim

h→

+ −
=

 
h 0

1f '(1) lim sin
h→

 
⇒ =  

 

 ∴  f is not differentiable at x 1=

Similarly, ( )
h 0

f(h) f(0)f ' 0 lim
h→

−
=

( )
h 0

1h 1 sin sin(1)
h 1

f '(0) lim
h→

 
− − − ⇒ =

⇒  f is also not differentiable at x 0=

Sol 17: (A) 
2x xx 2x cot y 1 0− − =   … (i)

Now x = 1,

1 2 cot y 1 0 cot y 0 y
2
π

− − = ⇒ = ⇒ =

Now differentiating eq. (i) w.r.t. ‘x’

( ) ( ) ( )2x x 2 xdy2x 1 logx 2 x cosec y cot y x 1 logx 0
dx

 
+ − − + + = 
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Now at 1,
2

 π
 
 

( ) ( )
1,

2

dy2 1 log 1 2 1 1 0 0
dx  π

 
 

 
  

+ − − + =  
  

 

t, t,
2 2

dy dy
2 2 0 1

dx dx   π π
   
   

   
⇒ + = ⇒ = −   

   

Sol 18: (A) ( )
x

x x 2x

1 ef x
e 2e e 2−

= =
+ +

( ) ( )
( )

2x x 2x x

22x 2

e 2 e 2e .e
f x

e +

+ −
=

( ) 2x 2xf ' x 0 e 2 2e= ⇒ + =

2x 2x 2xe 2 e 2 2e= ⇒ + =

Maximum ( ) 2 1f x
4 2 2

= =

( ) 10 f x
2 2

≤ ⇒ for some c R∈

( ) 1f c
3

=

Sol 19: (D) f(x) is a positive increasing function

( ) ( ) ( )0 f x f 2x f 3x⇒   

( )
( )

( )
( )

f 2x f 3x
0 1

f x f x
⇒   

( )
( )

( )
( )x x x

f 2x f 3x
lim 1 lim lim

f x f x→∞ →∞ →∞
⇒ ≤ ≤

By sandwich theorem, 

( )
( )x

f 2x
lim 1

f x→∞
⇒ =

Sol 20: (A)

( ) ( )( )( ) ( )( )( )
( )( ) ( )( ) ( )( )

dg' x 2 f 2f x 2 f 2f x 2
dx

2f 2f x 2 f ' 2f x 2 . 2f ' x

 
= + + 

 
= + +

( ) ( )( ) ( )( ) ( ) ( ) ( )( )g' 0 2f 2f 0 2 .f ' 2f 0 2 .2 f ' 0 4f 0 f ' 0⇒ = + + =

( )( )4 1 1 4= − = −

Sol 21: (D) 
( )2

x 2

2sin x 2
lim

x 2→

−

−
⇒ 

( )
x 2

2 sin x 2
lim

x 2→

−

−

R.H.L 2= , L.H.L = 2= −  

Limit does not exist.

Sol 22: (B) 
( ) 2

3/2x 0 x 0

sin p 1 sinx x x xlim q lim
x x→ →

+ + + −
= =

( ) ( )
x 0

1lim p 1 cos p 1 x cosx q
2→

+ + + = =

1 3 1p 1 1 p ;q
2 2 2

⇒ + + = ⇒ = − =

Sol 23: (D) 
( ) ( )

2x 0

1 cos2x 3 cosx xI lim .
1 tan4xx→

− +
=

= 
2

2x 0

2sin x 3 cosx xI lim .
1 tan4xx→

+
=  = 

12.4. 2
4

=

Sol 24: (A) ( )1y sec tan x−=

1

x

�

1 + x
2

Let 1tan x− = θ

 y sec= θ

 2y 1 x= +

2

dy 1 .2x
dx 1 x

=
+

at x 1=

 dy 1
dx 2

=

Sol 25: (B) 
( )2

2x 0

sin cos x
lim

x→

π

 
=

( )2

2x 0

sin (1 sin x
lim

x→

π −
=

( )2

2x 0

sin x
lim sin

x→

π − π

 

=
( ) ( )

2

2x 0

sin x
lim sin sin sin

x→

π
 ∴ π − θ = θ 
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( )
( )

2 2

22x 0

sin x sin x
lim sin

xsin x→

π π
= ×

π
 =

2

x 0

sinxlim1
x→

 
× π = π 

 

Sol 26: (D) Using, mean value theorem

( ) ( ) ( )f 1 f 0
f, c 4

1 0

−
= =

−

( ) ( ) ( )g 1 g 0
f ' c 2

1 0

−
= =

−

So, ( ) ( )f ' c g' c=

Sol 27: (C)

( )( )

( )
x 0

2

2x 0

1 cos 2x 3 cosx
lim

x tan 4x
3 cosx2sin x cosx

lim 2
sin4 x 4x

4x

→

→

− +

+
= =

Sol 28: (A)

( ) k x 1 0 x 3
g x

k x 1 3 x 5

 + ≤ ≤= 
+ < ≤

( )( ) ( )
( )( )x 3 x 3

x 1 4k x 1 2k kL g' 3 lim lim
x 3 4x 3 x 1 2− −→ +

 + −+ −  = = = 
− − + + 

 

( )( )
x 3

mx 2 2kR g' 3 lim
x 3+→

+ −
=

−

Since this limit exists

3m 2 2k 0 2k 3m 2+ − = ⇒ = +   ….(i)

So ( )( )R g' 3 m= by L-Hospital rule

Since g(x) is differentiable k = 4m  …(ii)

Solving (i) & (ii)

2 8m ,k
5 5

= =  k m 2⇒ + =   ….(ii)

Sol 29: (D) 2 2x 2xy 3y 0+ − =

2x 2xy ' 2y 6yy ' 0⇒ + + − =

x yy '
3y x

+
⇒ =

−

At x 1, y 1= =  we have 
dy 1
dx

=

Equation of normal at (1, 1) is y – 1 = - (x - 1)

x y 2⇒ + =

Solving with curve, ( ) ( )22x 2x 2 x 3 2 x 0+ − − − =

x 1,3⇒ =

⇒  P (1, 1) and Q (3, -1)

So normal meets curve again at (3, -1) in fourth 
quadrant.

Sol 30: (B) 
1

2 2x

x 0
p lim 1 tan x

+→

 
 = +
 
 

 then log p =

( )
( )

lim
2 1tan x

lim 2x 0 e
1 22x 0 1 tan x 1 2 x2xp e e

+→ =
 +→ + − 
 = =

1
2 1logp loge

2
= =

Sol 31: (A) 
( )( ) ( )

2nx

n 1 n 2 ... n 2n
p lim

n→∞

 + + +
 =
 
 

2n

x r 1

1 rlogp lim log 1
n n→∞ =

  
= +     

∑

( )
2

0

logp log 1 x dx= +∫

( )( )
22

0
0

xlogp xlog 1 x dx
1 x

= + −
+∫

2

0

1logp 2log3 1 dx
1 x

 
= − − + 

∫

( )( )2

0
logp 2log3 x log 1 x= − − +

( )logp 2log3 2 log3= − −

2

27logp 3log3 2 log
e

= − =

2

27p
e

=

JEE Advanced/Boards

Exercise 1

Limits

Sol 1: Use L’Hospitals rule
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Sol 2: 
2 3

x x
4 4

1 tanx sec x ( 2)lim lim 2
1 2 sinx 2.cosx 2

a 2

π π
→ →

− −
= = =

− −

∴ =

1 2x 1 x 1
1

2

1
1 x 2 xlim lim

(cos x) 12.cos x.
1 x

−→ →
−

−
−

=
 −
  − 

2 2

1 1x 1 x 1

2

1 .( 2x)
1 x 2 1 xlim lim

x.cos x 1 cos xx.
2 x1 x

− −→ →

−
− −= =

 −
+  − 

x 1 2 1

x.2 x 1lim
41 x .cos x 2x→ −

−
= =

− −

1r
4

∴ =

Now, use the formula for sum of infinite terms in a GP.

Sol 3: 
9 p

p 9 P 9x 1 x 1

p q p(1 x ) q(1 x )lim lim
1 x 1 x (1 x )(1 x )→ →

  − − −
− = 

− − − − 
p q

p q P qx 1

P 1 q 1

P 1 q 1 P q 1x 1

(P q) (9x px )lim
1 x x x

(q.Px P.qx )lim
P.x qx (P q)x

+→

− −

− − + −→

− + −
=

− − +
−

=
− − + +

p 1 q 1

P 1 9 9 1 Px 1

q 1 P q

P 1 9 q 1 Px 1

Pq(x x )lim
P.x (x 1) 9x (x 1)

Pq.x (x 1)lim
P.x (x 1) q.x (x 1)

− −

− −→

− −

− −→

−
=

− + −

−
=

− + −

( )P q
9 1

q Px 1
P 1 q 1

x 1
Pq.x

(x 1)lim
x 1 x 1P.x q.x
x 1 x 1

−
−

→
− −

−

−=
   − −

+      − −   

pq(p q) p q
pq pq 2

− −
= =

+

Sol 4: 
x x

x x

e elim x lncoshx lim x ln
2

−

→∞ →∞

 +
− = −   

 
2x

x

x

2x
x

x

1 elim x ln e
2

1 e 1lim x lne ln ln ln2
2 2

−

→∞

−

→∞

  + = −       
   +

= − − = − =       

Sol 5: 
44 4 2

x 0 x 0

sin 3 x sin3 x 3 x (1 cosx )lim lim
1 cosx1 cosx 3 x→ →

  + =  
−−   

4 2

x 0 2

3 .xlim (1 cosx )
x2.sin
2

→
= × +  4 23 2 324= × =

Sol 6: (a) 
1 2

1x
2

cos (2x 1 x )lim
1x
2

−

→

−

−

Use L’hospitals rule.

(b)
x x

4 4

1 .cos2x 2
1 sin2x 2 sin2xlim lim 0

4x 4π π
→ →

−
×

−
= =

π − −

(c) 
h 0

4a 105 56RHL lim 0
sinhsin(1 h)→

− +
= =

+

h

64 120 56LHL lim 0
sinhsin(1 h)→∞

− +
= =

− −

Hence. Limit = 0

Sol 7: Using L’Hospitals rule

2
2

3

3x
4

2

2

1 .sec x
3(tanx)lim

2.2cosx( sinx)

( 2) 1
31 13.( 1) ( 2).2.

2 2

π
→ − −

−
= = −

  −
− −   

  

Sol 8:

2 2 2 2

x 0

2 2

8

8x 0

8 x x x xlim 1 cos cos cos .cos
2 4 2 4x

x x8 1 cos 1 cos
2 4

lim
x

→

→

 
− − + 

  
  

− −    
  =

Now, use 21 cos2 2sin− θ = θ to get the answer.

Sol 9:

4h 0

2sin 2h cos2h 8sin 2h cosh 6sin 2h
3 3 3

lim
h→

     π π π
+ − + + +     
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{ }

{ }
4h 0

2

4h 0

2sin 2h cos2h 4cosh 3
3

lim
h

4sin 2h cos h 2cosh 1
3

lim
h

→

→

 π
+ − + 

 =

 π
+ − + 

 =

2

4h 0

4

4h 0
4

4sin 2h .(1 cosh)
3

lim
h

44sin 2h .4.sin
3 2 3lim

2h .2
2

→

→

 π
+ − 

 =

 π
+ 

 = =
 
 
 

Sol 10: 

2 3
x

1 1
2 32

x

x 2 x 3lim x
x x

2 3lim x 1 1
x x

→∞

→∞

 + + − 
  
 
    = + − +    
    

 

2

2

x

1 1 2
2 2 x1 2lim x 1 . .....

2 x 21→∞

    −        = + + + 
 
 
 

 

2
1 2 3
3 3 x1 31 .....

3 x 21

    −           − + + +   
  

 
 

 
1
2

=

Sol 11:  

2 3

3 2x

1sin
xx(3x 2). | x | 5

1
xlim

| x | | x | | x | 1→−∞

+ + +

+ + +

3

2 3

3 2x

3 3 3 3

| x |23 5
3 1x xlim 2

1| x | | x | | x | 1
x x x x

→−∞

+ + +
−

= = = −
−

+ + +

Sol 12: 

n
l lim (n 1)sin 2

(n 1)→∞

π
= + −

+

{} { }

n

sin
n 1

lim 2 2

n 1
l 2 3

→∞

 π
 + = × π − = π −

 π
 + 

∴ = π − = π −

Sol 13: 

(i) 
2 2

x

x 1 ax ax bx blim 0
x 1→∞

+ − − − −
=

+

  limit is o 

∴  The numerator should not have terms containing x2 
and x

a 1 and b 1⇒ = = −

(ii) 2

x
lim x x 1 ax b 0
→−∞

− + − − =

2

x

1 11 a
x xlim b

1
x

→−∞

− + −
⇒ =

Use L’Hospitals Rule

1a 1, b
2

−
= =

Sol 14: 
2 2

2 2 2

2 2x 0 x 0 2

2

ln(1 sin x) sin x
ln1 sin x sin x xlim lim 1

tan(ln 1 x) tan(ln (1 x)) ln(1 x)
xln (1 x)

→ →

+
+

= =
+  + +

 
+  

Sol 15: 
x 1

1 1x 1
3 2

(ln(1 x) ln 2)(3.4 3x)
lim

(7 x) (1 3x) sin(x 1)

−

→

+ − −
 
 + − + −
 
 

x 1

1 1x 1
3 2

(4 1) (1 x)(ln(1 x) ln 2)3.
x 1 x 1

lim
sin(x 1)(7 x) (1 3x)

x 1

−

→

 − −
+ − + 

− −  =
  − + − +
  − 

1 1x 1
3 2

(ln (1 x) ln 2)3(ln 4 1)
lim

(7 x) (1 3x)
→

+ − −
=

 
 + − +
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2 1x 1
3 2

1 13(ln4 1) 3(ln4 1)
1 x 2

lim
1 1 3 11 3(7 x) (1 3x) 3 4 2 23 2

9 4ln
4 e

− −→

   
− −   +   = =

   
−   + − +

   
−

=

Sol 16: 2x x
2

22x 3x

2 2x 0 x 0
2

2

2

2x 0

e 1 27 1x x
xxe 3lim lim

x xsin sinx sin x sinx2 2 x
2 xx

2
x x ln 27

lim
x x
2

→ →

→

   − −  −      −  =
 

−      −     
 
 

−
=

−

2x 3x

2x 0

e 3lim
xsin sin x
2

→

−
 

−  
 

Apply L.H. Rules

( )2x 3x

2x 0

e .2x 3 . ln3 .3
lim

xcos .x cos x
2

→

−

 
−  

 
 

0 1.3.ln 3
0 1

−
⇒

−

3 ln 3⇒
  

3ln 3 k 27⇒ ⇒ =

Sol 17: 
2x 1 x 5

2x 5x 6

x 3

2x 3 xlim
x 1 x 1

− − −

− +

→

 + −
  + − + 

2 2(x 2x 1) (x 5)
2 2 2(x 5x 6)((x 1) x 5)

2x 3

2x 3 x x 1 x 1lim .
x 1 (x 2x 1) 2x 3 x

− + − −

− + − + −

→

 + − + + −
=  

+ − − + + +  

( )

2
2(x 2)((x 1) x 5)

x 3

2 1
(1)(2 2) 2

2 2 2 2 2 2

least

x 1 x 1 x 1lim
x 2x 3 x

4 2 3 1 8 9 3
3 3 3 9 8 2 2

3 a 62
4 c
a b c 3 2 4 29

−

− − + −

→

− −
+

  + + + −
=    + +  

    + −
= = = =    +    

= =

∴ + + = + + =

Sol 18: 

3x 0

1
12

3x 0

1 1 1 axlim
1 bxx 1 x

1lim (1 x) (1 ax)(1 bx)
x

→

−
−

→

 +
− ++ 

 
 = + − + +
  

( )

2

3x 0

2 2 3 3

1 1 1 1 11 1 2
2 2 2 2 211 x x1 2 2 3!lim

x

(1 ax) 1 bx b x b x

→

      − − −
− − −      

      − − −  =      
 

− + − + −  

2 3

3x 0 2 2 3

x 3 51 x x1 2 8 16lim
x 1 (a b)x b(b a)x b (b a)x

→

  
− + −  

 =  
  − + − + − − −   

2 2

3x 0 3 3 2

1 3x a b x b ab
2 81lim

5x x b ab
16

→

    
− − + + − +    

    =   
+ − − +  

   

3 2

1 3a b ; b(b a) 0
2 8

3 1b , a
4 4

5 5 9 1 1l b ab
16 16 16 2 32

−
⇒ − = − − =

+
⇒ = = +

 − − −
= − + = + = 

 

1 2 3 44 2.( 32) 3. 72
a l b 3

 +
− + = − − + = 

 

Sol 19: From the given condition we can write that 
n n na ,b ,c  are roots of a cubic equation

3 2f(n) x (2n 1)x (2n 1)x 1= − + + − +

Clearly 1 is a root to this equation
2

n n n

2 2
n n n

f(x) (x 1)(x 2nx 1)
a b c

a n n 1, b 1, c n n 1

∴ ≡ − − −
< <

= − + = = + +



2
nx x

x x2

2

lim na lim n(n n 1)

1 1 1lim n lim
21n n 1 1 1

n

→∞ →∞

→∞ →∞

∴ = − +

− − −
= = =

+ + + +
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Sol 20: 
x 1 x 2

f(x) f(x)lim 1 & lim 4
a(x) a(x)→ →−

= =

(x 1) & (x 2)⇒ − +  are factors of f(x)

x 1

x 2

a(x 1)(x 2)(x k)lim 1
(x 1)(x 2)

a(1 k) ...(1)

a(x 1)(x 2)(x k)lim 4
(x 1)(x 2)

→

→−

− + −
⇒ =

− +

⇒ − =

− + −
=

− +

3 2

2 2 2 2

2 2 2 2

a( 2 k) 4 ....(2)
k 2, a 1

f(x) (x 1)(x 2)(x 2) x x 4x 4

c d 4 4 16
a b 1 1

⇒ − − =
⇒ = = −

⇒ = − − + − = − + + −

+ +
∴ = =

+ +

Differentiability

Sol 1: f(x) = 
2sinx x 0

0 x 0
 ≥
 

< 

x 0
lim f(x)

+→
 = 0; 

x 0
lim f(x)

−→
 = 0

∴ Function is continuous at x = 0

f′(0–) = 0

f′(0+) = 
h 0

2sin(0 h)lim
h→

+  = 2

∴
 f′(0–) ≠ f′(0+)

∴ Function is not differentiable at x = 0

Sol 2: f(x) = 

2

n

x x 0
2

1x sin x 0
x

 
− ≤ 

 
 

>  

x 0
lim f(x)

+→
 = n

x 0

1lim x sin
x−→

 = 0 for n > 0

x 0
lim f(x)

−→
 = 

2

x 0

xlim
2−→

 −
  
 

 = 0

f′(0–) = 
h 0

(0 h) 0
2lim

h→

−
− −

−
 = 

h 0

hlim
2→

 = 0

f′(0+) = 
n

h 0

1h sin
hlim

h→
 = n 1

h 0

1lim h sin
h

−

→
 = 0

for function to be not differentiable

n – 1 ≤ 0∴n ≤ 1

Alson > 0 (for continuous)

∴0 < n ≤ 1

Sol.3 g(y) = 
x y

tanx tany 1lim
1 tanx tany x1

y
→

 −
 +    − 

 

= 
x y

tan(x y)
lim y

(x y)→

−
−

−
 = –x;f(x) = x2

h(x) = min. (g(y), f(x))

x2 = – x;x = 0, – 1

-1

y=x
2

y=-x

∴ h(x) is not derivable at x = –1, 0

h(x) = 2

x x 1

x – 1 x 0
x x 0

 − ≤ −
 

< < 
 − ≥ 

f′(–1+) = 
h 0

( 1 h) 1lim
h→

− − + −
+

 = –1

f′(–1–) = 
2

h 0

( 1 h) 1lim
h→

− − −
−

 = 2

f′(0+) = –1;f′(0–) = 2

Sol 4: f(0) = 0, f′(0) = 1

f′(0) = 
h 0

f(0 h) f(0)lim
h→

+ −  = 1 = 
h 0

f(h) f(0)lim
h→

− ⇒
h 0

f(h)lim
h→

 = 1

∴
h 0

f(h / 2) 1lim
(h / 2) 2→

×  = 1
2

∴
x 0

f(x) f(x / 2) 1lim .
x x / 2 2→


+



f(x / 3) 1 f(x / k) 1... .
x / 3 3 (x / k) k


× 



= 1 + 
1
2

 + 
1
3

 …. . 1
k

 hence proved.

Sol 5: f(x) = 

2
xxe x 0

x x 0
0 x 0

 
− 

 
 
 >  < 
 = 
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x 0
lim f(x)

−→
 = 0  ⇒  

x 0
lim f(x)

−→
 = 2/x

x 0

xlim
e+→

 =0

∴ Function is continuous at x = 0

f(0–) = 
h 0

(0 h) 0lim
h→

− −
−

 = 1

f(0+) = 

2
h

h 0

he 0lim
h

−

→

−
 = 2/hh 0

1lim
e→

=0

∴ Function is not differentiable at x = 0. 

Sol 6: f(x) = | x – 1 | ([x] – [–x])

f(x) = 
(x 1)[1 ( 2)] 3(x 1) x 1
(1 x)[0 ( 1)] (1 x) x 1

0 x 1

 − − − = − >
 − − − = − < 
 = 

f′(1+) = 
h 0

3(1 h 1) 0lim
h→

+ − −  = 3

f′(1–) = 
h 0

1 (1 h) 0lim
h→

− − −
−

 = –1

Sol 7: f(1+) = h 0

1 1
1 h

lim
h→

 
− + + 

 = 
h 0

h 1lim
1 h h→

 
 + 

 = 1

f(1–) = 
2

h 0

[a(1 h) b] [a b]lim
h→

− − − −
−

= 
2

h 0

ah 2ahlim
h→

 −
 

−  
 = 2a

∴ 2a = 1 (for f(1–) = f(1+) i. e. function to be derivable. 

∴ a = 1
2

Also function should be continuous at x = 1. 

∴ a – b = –1;b = 1 + a;b = 3
2

Sol 8: f(x) = 
x 1 x 0
1 x 0 x 1
x 1 x 1

 + <
 − ≤ <
 − ≥

f′(0–) = 1

f′(0+) = –1

f′ (1–) = –1

f′ (1+) = 1

∴f(x) is not derivable at x = 0, 1

∴m = 2

g(x) = 2

x 1 x 0

(x 1) x 0

 + <
 

− ≥  

g′(0–) = 1

g′(0+) = –2

∴ g(x) is not differentiable at x = 0

∴n = 1

g of = 2

2

x 2 x 0

x 0 x 1

(x 2) x 1

 + <
 

≤ < 
 − ≥ 

f′(0–) = 1

f′(0+) = 0

f′(1–) = 2

f′(1+) = –2

gof is not differentiable at x=0,1

∴p = 2
m + n + p = 1 + 2 + 2 = 5

Sol 9: f(x) = 
1 2 x 0

x 1 0 x 2
 − − ≤ ≤
 − < ≤ 

g(x) = f|x| + |f(x)|

f(x) = 
x 1 2 x 0
x 1 0 x 2

 − − − ≤ ≤
 − < ≤ 

|f(x)| = 
1 2 x 0

1 x 0 x 1
x 1 1 x 2

 − ≤ ≤
 − < ≤ 
 − < ≤ 

∴ g(x) = 
x 2 x 0
0 0 x 1

2x 2 1 x 2

 − − ≤ ≤
 < ≤ 
 − < ≤ 

g′(0) = –1

g′(0+) = 0

g′(1–) = 0

g′(1+) = 2

∴ g(x) is not differentiable at x = 0, 1

Sol 10: f(x) = 

0 0 x 1
x 1 x 2

2(x 1) 2 x 3
3(x 1) x 3

 ≤ <
 ≤ < 
 − ≤ <
 

− =  

f′(1–) = 0

f′(1+) = 1

f′(2–) = 
h 0

(2 h) 2lim
h→

− −
−

 = 1
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f′(2+) = 
h 0

2(2 h 1) 2lim
h→

+ − −  = 2

∴ Function f(x) is not derivable at x = 1,2. 

x 1
lim f(x)

−→
 = 0

x 1
lim f(x)

+→
= 

x 1
lim x

+→
=1

∴ Function is not continuous at x = 1

x 2
lim f(x)

−→
 = 2 and 

x 2
lim f(x)

+→
 = 2

∴ Function is continuous at x = 2. 

Sol 11: f(x) = 

3 2x 1 x 3 / 2
2x 3 3 / 2 x 2

2 x 2
sin( / 2x) x 1

 − ≤ <
 − ≤ < 
 =
 

π <  

x 1
lim f(x)

−→
 = 

x 1
lim sin x

2−→

π  = 1

x 1
lim f(x)

+→
 = 

x 1
lim (3 2x)

+→
−  = 1

∴ Function is continuous at x = 1

3x
2

lim f(x)
−

→

 = 3 – 2 × 3
2

 = 0

3x
2

lim f(x)
+

→

 = 2 × 3
2

 – 3 = 0

Function is continuous at x = 3
2

x 2
lim f(x)

−→
 = 2 × 2 – 3 = 1;     

x 2
lim f(x)

+→
 = 2

∴ Function is not continuous at x = 2

f′(1–) = cos
2 2

 π π
 
 

 = 0

f′(1+) = –2;f′(2–) = 2;f′(20) = 0

3f
2

− 
′  
 

 = –2;
3f
2

+ 
′  
 

 = 2

∴ Function is not derivable at x = 1, 3
2

, 2. 

Sol 12: f(x) = 

31 – 1 sinx
4

3 10 sinx
4 2
1 11 sinx

2 4
12 sinx 0

4
3 sinx 0

 −
− ≤ < 

 
− − ≤ < 

 − − ≤ <
 
 − ≤ <
 
 =
 
 

 

∴ Function is discontinuous at sin x = 
3

4
−

, 
1

2
−

, 1
4

− , 0 

and so is not differentiable at these points. 

∴ x = π + sin–1 3
4

 −
 
 

, 

2π – sin–1
3

4
 −
 
 

, π + sin–1
1

2
 −
 
 

,

2π – sin–1
1

2
 −
 
 

, π + sin–1
1

4
 −
 
 

,

2π – sin–1
1

4
 −
 
 

π, 2π

∴ Sum of all x = 12π = 24
2
π

Ans. = 24

Sol 13: f(x) = 
2

ax(x 1) b x 1
x 1 1 x 3

px qx 2 x 3

 − + <
 

− ≤ ≤ 
 + + > 

x 1
lim f(x)

−→
 = 

x 1
lim f(x)

+→

a(1 – 1) + b = 1 – 1 ⇒b = 0

x 3
lim f(x)

−→
 = 

x 3
lim f(x)

+→

3 – 1 = 9p + 3q + 2

3p + q = 0

f′(1–) = 
x 1

2ax a
=

−  = a

f′(1+) = 1  ∴a ≠ 1

f′(x) = 
2px q x 3

1 1 x 3
 + >


≤ ≤

∴2p × 3 + q = 1

6p + q = 1
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∴p = 
1
3

, q = –1, b = 0, a ≠ 1

Sol 14: f′(0) = 
h 0

n(1 h) n(1 h)( h)
sec( h) cos( h)

lim
( h)→

 − + +
−  − − − 

−

 

= 
2h 0

n(1 h)(1 h)lim cosh
(1 cos h)→

− +

−



= 
2

2 2h 0

2

n(1 h ) coshlim
( h ) (1 cos h)

h

→

− −
×

− −



 = –1

f′(0+) = a2 – 3a + 1

∴a2 – 3a + 2 = 0

(a – 2)(a – 1) = 0

a = 1, 2

a1 = 1, a2 = 2

∴a1
2 + a2

2 = 1 + 4 = 5

Continuity

Sol 1: (A) f(x) = 

x 1 , 0 x 1
2

1 , 1 x 2
2


− ≤ <


 ≤ <


g(x) = (2x + 1) (x – k) + 3, 0 ≤ x < ∞

g[f(x) ] = (2f(x) + 1) (f(x) – k) + 3, 

0 ≤ f(x) < ∞ 

for 0 ≤ x < 1, f(x) = x
2

 – 1

g(f(x) ) = x2 1 1
2

  
− +  

  
 x 1 k

2
 

− − 
 

 + 3

= (x – 1) x (1 k)
2

 
− + 

 
 + 3 , 0 ≤ x < 1

For 1 ≤ x < 2, f(x) = 1
2

g(f(x) ) = 
12. 1
2

 
+ 

 
 

1 k
2

 
− 

 
 + 3 = 2 1 k

2
 

− 
 

 + 3

For continuity at x = 1, LHL = RHL

(1 – 1) 1 (1 k)
2

 
− + 

 
+3 = 2 1 k

2
 

− 
 

 + 3

0 = 1
2

 – k ⇒ k = 1
2

Sol 2: (C) We have,

f(x) = 
31 x 1 x

x
+ − +  = 

3

x 0

1 x 1 xlim
x→

+ − +

This is 
0
0

 form, using L’Hospital rule, limit becomes 

21
32

x 0

1 1lim (1 x) (1 x)
2 3

−−

→
+ − +  = 1

2
 – 

1
3

 = 
1
6

Similar for LHL and RHL

∴ f(0) = 
1
6

Sol 3: (A) 
x 0
lim f(x)
→

 = 
1/3

1/5x 0

(27 2x) 3lim
9 3(243 5x)→

− −

− +

this is 
0
0

 form

using L’Hospital rule

x 0
lim f(x)
→

= 

2/3

x 0 4/5

1 (27 2x) ( 2)
3lim
3 (243 5x) (5)
5

−

→ −

− −

− +

= 

1 1 ( 2)
3 9
3 1 ( 5)
5 81

−
× × −

× × −
 = 1

27
 × 

81 5
3
×

 × 
2
5

 = 2

Similar for LHL and RHL

∴ For function to be continuous, 

f(0) = 2

Sol 4: (A)
x 0
lim f(x)
→

= 
x 0

log(1 2ax) log(1 bx)
lim

x→

+ − −

 = 
x 0

log(1 2ax).2a
lim

2ax→

+
 – 

log(1 ( bx).( b)
( bx)
+ − −

−

= 2a + b 
x 0

log(1 x)lim 1
x→

 +
= 

 


Similar for LHL and RHL

∴ For function to be continuous 

f(0) = 
x 0
lim f(x)
→

 = 2a + b

Sol 5: (C) LHL = 
x 0
lim f(x)

−→
 = 

1
x

1
x 0

x

e 1lim

e 1
−→

−

+
x = 0 – h, as x → 0–, h → 0+



14.96  |   Limits, Continuity and Differentiability

∴ LHL = 

1
h

1
h 0

h

e 1lim

e 1

−

−+→

−

+

= 
1/h

1/h
h 0

1 elim
1 e+→

−

+
 = 

1/h

1/h
h 0

e 1lim
e 1+→

−

+

This is ∞
∞

 form, using L Hospital

LHL = –

1
h

2

1h 0
h

2

1 e
hlim

1 e
h

→

−

−
 = –1

RHL = 
1/x

1/x
x 0

e 1lim
e 1+→

−

+

RHL = 1(using result of LHL) 

Since, RHL = f(0) , this is right continuous 

Sol 6: (C) At x = 1,

f(x = 1) = 1 + sin
2
π  = 2

LHL = 
x 1 x 1
lim f(x) lim 1 sin x

2− −→ →

π
= +

RHL = 
x 1
lim f(x)

+→
 = 

x 1
lim ax b

+→
+

 
= a + b

for continuity at x = 1,

a + b = 2 … (i) 

At x = 3,

f(x = 1) = 6 tan
12
π . 63 = 6

LHL = 
–x 3

lim ax b
→

+  = 3a + b

RHL = 
x 3

xlim 6tan
12+→

π  = 6

for continuity at x = 3, 3a + b = 6 … (ii) 

from (i) and (ii) , a = 2, b = 0

Sol 7: (A) LHL = 
x 0
lim f(x)

−→
 = 0

x 0

[x]cos
2lim

[x]−→

π

at x → 0, [x] = –1;       ∴ LHL = 
cos

2
1

 π
− 

 
−

 = 0

RHL = 
x 0
lim f(x)

+→
= 

x 0

sin[x]lim
[x] 1+→ +

at x → 0+, [x] = 0

∴ RHL = 
sin[0]
0 1+

 = 0

∴ for continuity, 

f(0) = LHL = RHL = 0 = k.

Sol 8: (A) f(0) = x = 0

In neighbourhood of x,

for rational x,

LHL = 
x 0
lim x

−→
 = 0

RHL = 
x 0
lim x

+→
 = 0

For irrational x,

LHL = 
x 0
lim ( x)

−→
−  = 0

RHL = 
x 0
lim ( x)

+→
−  = 0

Since, all limits are 0, 
x 0
lim f(x)
→

 = 0

Sol 9: (D) f(x) = [x]2 – [x2]

for x = 1,

f(x = 1) = 1 – 1 = 0

LHL = 
x 1
lim f(x)

−→
 = 2 2

x 1
lim [x] [x ]

−→
−  = 0 – 0 = 0

RHL = 
x 1
lim f(x)

→
 = 2 2

x 1
lim [x ] [x ]

+→
−  = 1 – 1 = 0

∴
 RHL = LHL = f(1) 

continuous at x = 1

At x = N, N ∈ Z, N ≠ 1

f(N) = [N]2 – [N2] = 0

RHL = 2 2

x N
lim [x] [x ]

+→
−  = N2 – N2 = 0

LHL = 2 2

x N
lim [x] [x ]

−→
−  = (N – 1) 2 – (N2 – 1) 

(Q[(N-) 2] = N2 – 1

= N2 + 1 – 2N – N2 + 1  = 2(1 – N) ≠ 0, N for N ≠ 1

∴ f(x) is discontinuous for x = N

Sol 10: (C) At x = 2,

f(x = 2) = 4

LHL = 
x 2
lim f(x)

−→
 = 

x 2
lim (x 2)

−→
+  = 4

RHL = 
x 2
lim f(x)

+→
 = 

x 2
lim (3x 2)

+→
−  = 4

∴ LHL = Vf(x = 2) = RHL, continuous at x = 2. 
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For x > 2, continuous as 3x – 2 is continuous . 

∴ f(x) is continuous for x ≥ 2. 

Sol 11: (C) It can be discontinuous only at x = 1. 

At x = 1

f(x = 1) = 5(1) – 4 = 1

LHL = 
x 1
lim f(x)

−→
 = 

x 1
lim5x 4

→
−  = 1

RHL = 
x 1
lim f(x)

→
 = 2

x 1
lim 4x 3bx

+→
+  = 4 + 3b

for continuity 

LHL= RHL = Vf(x = 1) 

⇒ 4 + 3b = 1 ⇒b = – 1

Sol 12: (A) Discontinuity can arise only at x = 0

Now, for x ≠ 0

f(x) = 

1

1

sin xx 2
x

tan xx 2
x

−

−

 
−  

 
 

+  
 

 = 

1

1

sin x2
x

tan x2
x

−

−

−

+

x 0
lim f(x)
→

 = 

1

1x 0

sin x2
xlim

tan x2
x

−

−→

−

+

 = 

1

x 0
1

x 0

sin x2 lim
x

tan x2 lim
x

−

→
−

→

−

+

= 2 1
2 1

−
+

 = 
1
3

∴ For continuity, f(0) = 
1
3

Sol 13: (B) LHL = 
x 0
lim f(x)

−→
 = 

4

2
x 0

1 cos xlim
x−→

−

= 
2

2
x 0

2sin 2xlim
x−→

 = 
2

2
x 0

sin2x2 lim . 4
2x−→

 
 
 

 = 8

RHL = 
x 0
lim f(x)

+→
 = 

x 0

xlim
16 x 4+→ + −

= 
x 0

x 16 x 4
lim

16 x 16+→

 + +  
+ −

 = 8

∴ For continuity, 

f(0) = a = LHL = RHL = 8 

Sol 14: (A) f(x) = 1 + |sin x|

We know, modulus function is continuous for all x ∈ R 
and sin x is also continuous. 

∴ |sin x| is also continuous for all x ∈ R

∴ 1 + |sin x| is continuous for all x ∈ R. 

Sol 15: (B) Let f(x) = [x] and g(x) = {x}

we see that both f(x) and g(x) are discontinuous . 

But, h(x) = x, which is a continuous function. 

Thus, sum of two discontinuous functions may be 
continuous. 

Sol 16: (B) We have,  
x 0
lim f(x)
→

 = 
x 0

1lim x cos
x

α

→

Let α = n, n > 0

Then, 
x 0
lim f(x)
→

 = n

x 0

1lim x cos
x→

 = 0.
x 0

1lim cos
x→

= 0

∴ continuous 

for α = 0

x 0
lim f(x)
→

 = 
x 0

1lim cos
x→

, 

which is indeterminate

for α = –n, n > 0

x 0
lim f(x)
→

 = 
nx 0

1cos
xlim

x→

This is indeterminate 

∴ For f(x) to be continuous , α > 0

Sol 17: (A) LHL = 
x

2

lim f(x)
π

→

 = 
x

2

1 sinxlim
2x−π

→

−
π −

Let x = 
2
π – h, as x → 

2
π , h → 0+

∴ LHL = 
h 0

1 sin h
2

lim
2 h

2
+→

 π
− − 

 
 π

π − − 
 

 = 
h 0

1 coshlim
2h+→

−

= 
h 0

2h2sin
2lim

2h+→
 = 

2

h 0

hsinh 2lim
h4
2

+→

 
 
 
  
 

= 0

RHL = 
x

2

1 sinxlim
2x+π

→

−
π −

x = 
2
π  + h, as x → 

2

+π , h → 0+
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RHL = 
x 0

1 sin h
2

lim
2 h

2
+→

 π
− + 

 
 π

π − + 
 

 = 
h 0

1 coshlim
2h+→

−

= 

2

h 0

hsinh 2lim
h4
2

+→

 
 −
 
  
 

 = 0

∴ For continuity, 

f
2

 π
 
 

 = k = LHL = RHL = 0

Sol 18: (C) LHL = 
x 0

1lim xsin
x+→

 = 0. 
x 0

1lim sin
x+→

 = 0 

RHL = 
x 0

1lim xsin
x−→

 = 
x 0

1x lim sin
x−→

= 0

∴ For continuity,

f(0) = k = LHL= RHL = 0

Sol 19: (B) f(x) can be discontinuous at x = N, N ∈ Z

At x = z, z is an integer 

LHL = 
x z
lim f(x)

−→
=

x z

2x 1lim [x]cos
2−→

 −
π 

   
= (2 – 1) . 0 = 0

RHL = 
x z
lim f(x)

+→
 = 

x z

2x 1lim [x]cos
2+→

 −
π 

 
= z.0=0

f(x = 2) ′ = 0
∴

 LHL = Vf(x = z) = RHL,

f(x) is continuous

Sol 20: (D) At = 
4
π

LHL = 
x

4

lim f(x)
−π

→

 = 
x

4

lim x a 2 sinx
−π

→

+

π = 
4
π  + 1a 2 .

2

LHL = 
4
π  + a

f x
4

 π
= 

 
 = 2 . 

4
π cot 

4
π  + b = 

2
π  + b

RHL = 
x

4

lim f(x)
+π

→

 = 
x

4

lim 2xcot x
+π

→

 + b = 
2
π  + b

Now, for continuity at x = 
4
π , 

LHL = V f x
4

 π
= 

 
 

∴ 
4
π  + a = 

2
π  + b ⇒ a – b = 

4
π

Sol 21: (C) | x |
x

 = sgn(x), which is discontinuous at  
x = 0. 

Hence, f(x) = |x| + | x |
x

, will be discontinuous

↓ ↓

Continuous at discontinuous

x = 0x = 0

at x = 0

Sol 22: (A) We have, at x = 0

RHL = 
2

x 0

sin axlim
x+→  

= 
2

2

x 0

sinaxlim a x
ax+→

 
 
 

= a2. 0 . 1 = 0

and f(x = 0) = 1

Now, since RHL ≠ Vf(x = 0) it is a discontinuous function

Sol 23: (A) At x = π,

LHL = 
x
lim f(x)

+→π
 = 

x

1 sinx cosxlim
1 sinx cosx−→π

− +
+ +

Let x = π – h, as x → π–, h → 0+

∴ LHL = 
h 0

1 sin( h) cos( h)lim
1 sin( h) cos( h)+→

− π − + π −
+ π − + π −

= 
h 0

1 sinh coshlim
1 sinh cosh+→

− +
+ −

This is 
0
0

 form, using L hospital rule. 

LHL = 
h 0

cosh sinhlim
cosh sinh+→

+
+

 = –1

RHL = 
x
lim f(x)

+→π
 = 

x

1 sinx cosxlim
1 sinx cosx+→π

− +
+ +

Let π = π + h, as x → π+, h → 0+,

∴RHL = 
x

1 sin( h) cos( h)lim
1 sin( h) cos( h)+→π

− π + + π +
+ π + + π +

= 
h 0

1 sinh coshlim
1 sinh sinh+→

− −
+ −

 = –1 (same expression as in LHL) 

Now, for continuity,

f(π) = LHL = RHL = –1
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Sol 24: (B) At = 0,

x 0
lim f(x)
→

=
x 0

sin3xlim
sinx→

= 
x 0

sin3x 1 3xlim .
sinx3x x

x
→

 
    
    
     
 

 

= 3 × 1 × 1 = 3

for continuity, f(0) = 
x 0
lim f(x)
→

= 3 = k

Sol 25: (D) At x = 0, 
x 0
lim f(x)
→

= 
2x 0

1 cosxlim
x→

−

= 
2

2x 0

x2sin
2lim

x→
 = 

2

x 0

xsin2 2lim
x4
2

→

 
 
 
  
 

 = 1
2

 × 1 = 1
2

Now, for continuity, 

f(x = 0) = k = 
x 0
lim f(x)
→

 = 1
2

Sol 26: (D) At x = 0, 

LHL = 
x 0
lim f(x)

−→
 = 2

(1 x)
x 0
lim x[x] log 2+−→

At x → 0, [x] = –1⇒ [x]2 = 1

Let x = 0 – h, as x → 0–, h → 0+

LHL = (1 h)
h 0
lim h.log 2−+→

− = 
h 0

hlim .log2
log(1 h)+→

−
−

= log 2 
h 0

( h)lim .
log(1 ( h))+→

−
+ −

= log 2

RHL = 
x 0
lim f(x)

+→
= 

2x

x 0

ln(e 2 {x} )lim
tan x+→

+

for x → 0+, {x} = p

∴ RHL = 
2x

x 0

ln(e 2 x )lim
tan x+→

+

= 

2x
2x

x 0

2 xln e 1
elim

tan x+→

  
  +

    

 
= 

2x
2x

x 0

2 xne n 1
elim

tan x+→

 
 + +
 
 

 

= 
22 x

2xx 0
2x

2 xn 1
x 2 x 1elim . .

tan x 2 x tan xe
e

+→

 
 +
 
 +



= 
2x

3/2

x 0 x 0
2x

2 xn 1
x elim x lim

tan x 2 x

e

+ +→ →

 
 +
    +  

 



2xx 0 x 0

2 x 1lim . lim
tan x e+ +→ →

 = 0. (1) + 1×2 × 1 = 2

LHL ≠ RHL, this is an irremovable discontinuity. 

Sol 27: (C) f(x) = [2 + 3 sinx], x ∈ [0, π]
f(x) will be discontinuous at where f(x) ∈ z
we need to find x for which f(x) = z
Now, for x ∈ (0, π) , f(x) = z, 

for sin x = 0, 
1
3

, 
2
3

, 1

Discontinuous for 5 values of x marked in graph of sin 
x for x ∈ (0, π)

1

2/3

1/3

x
1

x
2

x
3

x
4

x
5

Sol 28: (C) We have 
x a
lim f(x)

→
= 0, as graph of f(x) passes 

through (a, 0) 

Now, L = e
x a

log (1 3f(x))
lim

2f(x)→

+

Let f(x) = g, as x → a, f(x) = 0

∴ L = e
y 0

log (1 3y)
lim 3

2y 3→

+
×

×
 = e

y 0

log (1 3y)3 lim
2 3y→

+

L = 3
2

Sol 29: (B) We have, X2 + f(x) – 2x – 3 f(x) + 2 3 – 3 
= 0

f(x) = 
2(x 2x 2 3 3)

x 3

+ + −

−  
= (x 3)(x (2 3))

(x 3)

− − − −

−

Now, since f(x) is continuous 

f( 3 ) = 
x 3
lim f(x)
→

 = 
x 3

(x 3)(x 2 3)lim
(x 3)→

− − +

−

= – ( 3  – 2 + 3 ) = 2(1 – 3 ) 
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Sol 30: (C) We have

f(x) = 
2x , x isirrational

1, x is rational





for any real number k, in the neighbour of k, for 
irrational numbers. 

LHL = RHL = 2

x k
lim x
→

= k2

For rational number,

LHL = RHL = 
x k
lim1 1
→

=

f(x) = will be continuous if both of these limits are equal, 

i. e. k2 = 1 ⇒ k = ± 1 

Sol 31: (B) f(x) = 
n n

n nn

x sinxlim
x sinx→∞

−

+
= 

n

n

nn

n

sinx1
x

lim
sinx1

x

→∞

 
−   

 
 

+   
 

Now, at x = 1,

LHL = 

n

n

nnx 1

n

sinx1
x

lim lim
sinx1

x

− →∞→

 
−   

 
 

+   
 

As x → 1– and n → ∞, xn → 0

n

nnx 1

sinxlim lim
x− →∞→

 
  
 

 = 1

∴ LHL = 1 1
1 1

−
+

 = 0

RHL = 

n

n

nnx 1

n

sinx1
x

lim lim
sinx1

x

+ →∞→

 
−   

 
 

+   
 

Ax x → 1+ and n → ∞, xn → ∞ and sinxn ∈ [–1,1) 

∴ 
n

nnx 1

sinxlim lim
x+ →∞→

 = 0

∴ RHL = 
1 0
1 0

−
+

 = 1

∴
 LHL ≠ RHL

The function has a finite discontinuity at x = 1

Sol 32: (A) |sin x| is not differentiable at x = 0. Therefore, 
for f(x) to be differentiable, a = 0

e|x| is not differentiable at x = 0. Therefore for f(x) to be 
differentiable at x = 0, b = 0. 

|x|3 is differentiable at x = 0. Therefore c can be any real 
number for f(x) to be different. 

∴ a = 0, b = 0, c ∈ R

Sol 33: (D) f(x) = 
2[x ]a , a > 1 will be differentiable at 

points where [x2] is not continuous . Now, for x ∈(1, 3) , 

[x2] will not be continuous at x = 2 , 3 , 4 (2) , 5 ,  

6 , 7 , 8 , i. e. total 7 points. for which x2 is an integer. 

Sol 34: (D) Noting the definition of [x], f[x] becomes

f(x) = 

x, 1 x 0
0, 0 x 1
x, 1 x 2

2x, 2 x 3
3x, x 3

− − ≤ <
 ≤ <

≤ <
 ≤ <
 =

from defn of f(x) , we note that f(x) is discontinuous at 
x = 1, 2, 3 and at these points only, the function will be 
non-differentiable. 

Sol 35: (D) At x = 0,

LHL = 
x 0
lim x {x} xsin{x}

−→
+ +

at x → 0, {x} = 1

LHL = 
x 0
lim x 1 xsin1

−→
+ + = 1

RHL = 
x 0
lim x {x} xsin{x}

+→
+ +

as x → 0+, {x} = 0

∴ RHL = 
x 0
lim x 0

+→
=

∴ LHL ≠ RHL

f(x) is not continuous at x = 0

At, x = 2

LHL = 
x 2
lim x {x} xsin{x}

−→
+ +

at as x → 2–, {x} = 1

∴ LHL = 
x 2
lim x 1 xsin1

−→
+ +

= 3 + 2 sin 1

RHL = 
x 2
lim x {x} xsin{x}

+→
+ +

as x → 2+, {x} = 0

∴ RHL = 
x 2
lim x 0 xsin0

+→
+ +  = 2
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∴
 RHL ≠ LHL, f(x) is not continuous at x = 0

Therefore, the function is not continuous at x = 0 and 
x = 2. 

Multiple Correct Choice Type

Sol 36: (A, C) f(x) = 2

xln(cosx) , x 0
ln(1 x )

0, x 0


≠

+
 =

At x = 0

LHL = 
2

x 0

xln(cosx)lim
ln(1 x )−→ +

x = 0 – h, as x → 0–, h → 0+

∴ LHL = 
2

h 0

hln(cos( h))lim
ln(1 h )+→

− −

+

=– 

2 2

2 2
h 0 2

2

h hln 1 2sin 2sin2 1 h2lim . . .
4h ln(1 h ) h2sin

2 4h

+→

  
−   −  

  +− 
 

= – 1 × 1 × –2 × 0
4

 = 0
h 0

sinhlim
h→

 = 1

RHL = 
2

x 0

xln(cosx)lim
ln(1 x )+→ +

Proceeding similar to LHL, we get RHL = 0

Since, LHL = Vf(x = 0) = RHL,

f(x) is continuous at x = 0

Now, let L = 
h 0

f(0 h) f(0)lim
h→

+ −  

= 2h 0

hln(cosh)lim
ln(1 h )h→ +

 = 
2h 0

ln(cosh)lim
ln(1 h )→ +

= 

2
2 2

2 22h 0
2

h hln 1 2sin 2 sin
2 21 1lim . . .

h 4ln(1 h ) h2sin
2 h 2

+→

   
− −   

   
+  −

 
 

= 1 × 1 × (–2) × 1
4

Since L exists, f(x) is differentiable at x = 0 and  

f ′(x) = 1
2

−

Exercise 2

Limits

Single Correct Choice Type

Sol.1: (A)

2 2 2 2

3 3 3n

1 n 2 (n 1) 3 (n 2) .... n (n (n 1))lim
1 2 .... n→∞

+ − + − + + − −

+ + +
2 2 2 2 2 2 2 2

2 2n

n(1 2 3 .... n ) (2 2.3 3.4 ... (n 1)n )lim
n (n 1)

4

→∞

+ + + + − + + + + −
=

+

3 3 3 2 2 2

2 2n

n(n 1)(2n 1)n (1 2 3 .... n )(1 2 3 ... n )
6lim

n (n 1)
4

→∞

+ +
− + + + + + + + +

=
+

2 3 2

3n

n n n n
lim

n→∞

− +
= ∑ ∑ ∑

∑
2 2

2 2n

n(n 1)(2n 1) n (n 1)(n 1)
6 4lim

n (n 1)
4

→∞

+ + +
+ −

=
+

1 1
13 4

1 3
4

−
= = .

Sol.2: (A) 
2

2

n 2

x 2x xl lim ( x 2x x)
x 2x x→∞

  + +  = + −
  + +  

n 2

2xlim 1
x 2x x→∞

 
= = 

 + + 

2
2

n 2

x 2x xm lim ( x 2x x)
x 2x x→∞

  − −  = − +   − −  

n 2

2xlim 0
x 2x x→∞

 − = = 
 − − 

Sol 3: (B) 3 2 4

x
li 2xm x x x 1
→∞

 
+ +


− 



3 2

2 4x

2 4 2x

2

x x x 1
lim

x x 1 x
→∞

 + + 
 

+ + +
=

−

3 4 2

2x 4

x

2x

x x 1
lim

x x 1
→∞

 + 
=
+ +

−

+
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( )3 4 4

4x 2 4 2

x x 1
lim

x x 1

x

2x xx 1
→∞

+
=

  + + +   +
 

+


−

3

2 4 4 2x

xlim
x x x x x1 12

→∞
=

  + + +  
+


+

4

x

4

1 1lim
4 21 11 1

x x
2 1

→∞
= =

  
 + +    

+


+


Sol.4: (A) 

 1 1

x 0 h 0

x hlim tan 2tan lim tan 2tan
2 2

− −

→π− →

    π −
=     

    

1

h 0

hlim tan 2cot
2 2

−

→

  π
= = 

 

1 1

x 0 h 0

x hlim tan 2tan lim tan 2tan
2 2

− −

→π+ →

    π +
=     

    

1

h 0

hlim tan 2cot
2 2

−

→

  π
= − = − 

 

Sol 5: (D) n n 1 n 2x x x− −= +

n n 2

n 1n 1 n 1

n 2

x x 11 1
xx x
x

−

−− −

−

⇒ = + = +

n
n n 1

x
let lim l

x→∞ −

=  1l 1
l

⇒ = + 2l l 1 0⇒ − − =

l 5l
2

±
⇒ =

5 1l (as l 0)
2
+

⇒ = >

Sol 6: (B) 
1

2 kx
x
lim(1 ax bx c) e−α
→α

+ + + =

2

x x

1 a(x )(x )k lim (1 ax bx c) lim a( )
x x→α →α

− α − β
= + + + = = α − β

− α − α

Multiple Correct Choice Type

Sol 7: (A,B,C)

2

2 2x 1 x 1

1 | cos(x 1) | 1 cos (x 1)(a) lim lim
(x 1) (x 1) (1 | cos(x 1) |)→ →

− − − −
=

− − + −

2

2x 1

sin (x 1) 1lim
2(x 1) (1 | cos(x 1) |)→

−
= =

− + −  

1/x
k

x 0 x 0

tanx 1 tanx x(b) lim e ;k lim
x x x+ +→ →

   −
= =   

   
22

x 0 x 0

sec x 1 x tanxlim lim 0
2x 2 x+ +→ →

  −
= = =  

  

x

sinx(c) lim 0 sin 0 something defined
x→∞

= × ∞ = ×

0(as 1 sinx 1)= − ≤ ≤

x

tanx(d) lim 0 sin 0 something not defined
x→∞

= × ∞ = ×

not defined=

Sol 8: (A,B,C) 1/x K

x 0
l lim (cos x) e

+→
= =

2

2
x 0 x 0

1 2sin x / 2K lim (cosx 1) lim .x 0
x x+ +→ →

−
= − = =

21/x a

x 0
m lim (cos x) e

+→
= =

2

2 2
x 0 x 0

1 2sin x / 2 1a lim (cosx 1) lim .x
2x x+ +→ →

−
= − = = −

Sol 9: (A,B,C,D) 
sin x x

4x

x 0
(a) lim (cot x)

−

+→

3 5

4 4

2

sin x x 1 x xx .... x
3! 5!x x

1 1 x ....
x 3! 5!

  −
= − + + −      

 
= − − +  

 
sin x x

4x
4

x 0 x 0

sin x x
lim ; lim (cot x) 0

x

−

−∞

+ +→ →

−
⇒ = −∞ = ∞ =

3x
sin x x

x 0
(b) lim (cot x) −

+→

2 4

3

sin x x 1 x x ....
3! 5! 7!x

−
= − + − +

3x3
sin x x 6

x 0 x 0

xlim 6; lim (cot x) 0
sin x x

− −

+ +→ →
⇒ = − = ∞ =

−
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2 2
2

x x 2

x 2

x 1 x(c) lim x 1 x lim
x 1 x

2lim 0
1 1 / x 1

→∞ →∞

→∞

+ −
+ − =

+ +

= =
+ +

2 2
2

x x 2

x

x 2x x(d) lim x 2x x lim
x 2x x

1 / xlim 1
1 2 / x 1

→∞ →∞

→∞

+ −
+ − =

+ +

= =
+ +

Sol 10: (C, D) 
xx2 xf(x)

1 cos x
−

=
−

2
2

x

2 4x 0 x 0

xx 1 xln2 (ln2) ... 1
2!x2 xlim lim

1 cos x x x1 1 ...
2! 4!

→ →

  
+ + + −    −   =

−  
− − + 

  

2

2x 0

xln2 (ln2) ...
2!lim 2ln2

1 x ...
2! 4!

→

+ +
= =

− +

x

ln2g(x) 2xsin
2

 
=  

 
 xas x x 2 0−→ ∞ ⇒ − → −∞ ⇒ →

xx y 0

sin(y ln2)ln2lim 2xsin lim ln2
y2→∞ →

 
∴ = = 

 
 

Sol 11: (A,B,C) 

t 0 t 0

sin(tan t) sin(tan t) tan tt(a) lim lim 1
sin t tan t sin t sin t→ →

= × × =

x /2

sin(cos x)
(b) lim 1 cos x 0 as x / 2

cos x→π
 = → → π 

x 0 x 0

1 x 1 x 2 2(c) lim lim 1
x 21 x 1 x→ →

+ − −
= = =

+ − −
2

x 0 x 0

| x |x(d) lim lim (limit doesn't exists)
x x→ →

=

Sol 12: (A, B, D) 

(a) 
1
4

x

1sin 1xlim x
1 x
x

→∞
×  

3
4

x
lim x 0

−

→∞
= =

(b) 
x

2

lim(1 sinx)tanx
π

→

−

2

2 2x
2

x x sinxlim cos sin
2 2 x xcos sin

2 2
π

→

 
= −     − 

 

= 
x

2

x xcos sin .sinx
2 2

lim
x xcos sin
2 2

π
→

 
− 

 
 

+ 
 

=0

(c) 
2

2x

2x 3lim .sgn(x)
x x 5→∞

+

+ −
 

= 
2

x

2

32
xlim .sgn(x)

1 51
x x

→∞

+

+ −
= 2.

(d) 
2

2x 0

[3 h] 9lim 0
(3 h) 9→

+ −
=

+ −

Hence A, B and D

Sol 13: (A, B, C, D)

(a) 
x 0 x 0

1 1 tanx xlim lim
x tanx x tanx→ →

  −
− = 

 

2 2

2 2x x 0

2

x 0 x 0

0

sec x 1 tan xlim
tanx x.sec x tanx xsec x

sinx .sinxsin x xlim lim 0
sinx xsinx.cosx x .cox

x x

lim
→

→ →

→

−
= =

+ +

= = =
+ +

(b) 

3x
2 1 x

2x

3x 1lim
2x 1

−

→∞

 +
  − 

 

3xlim2 1 xx

2x

3x 1lim
2x 1

−→∞

→∞

 +
=   − 

3xlim
1 xx3 0

2
−→∞ 

= = 
 

(c) 
tan2x

x
4

lim tan x
8+π

→

  π +  
   

 3tan
8

−∞
  π

=   
  

 = 0

(d) 
2 2 2 2

2 2x 1 x 1

(x 1) (x 1) (x 1)lim lim 0
(x 1)(x x 1) (x 1)(x x 1)→ →

− − +
= =

− + + − + +

Hence A, B, C and D.

Differentiability

Sol 1: (A) 
x 0
lim f(x)

+→
 = 

x 0
lim f(1 x)

+→
−  = 1

x 0
lim f(x)

−→
 = x

x 0
lim e

−→
 = e0 = 1

∴ function is continuous at x = 0
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forx < 1, f(x) = 1 – x

x > 1, f(x) = x – 1

∴ function is not differentiable at x = 1. 

f′(0–) = 
( h)

h 0

e 1lim
h

−

→

−
−  = 1

f′(0+) = 
h 0

(1 h) 1lim
h→

− −  = –1

f′(0–) ≠ f′(0+)

∴ Function is not differentiable at x = 0. 

Sol 2: (A) f′(1–) = 
1 1

h 0

sin (1 h) sin 1lim
h

− −

→

− −
−

f′(1+) = 
1 1

h 0

sin (1 h) sin 1lim
h

− −

→

+ −

∴ Differentiation of sin–1x is not defined for x ≥ 1

∴ sin–1x is not differentiable at x = 1

All other function are continuous at x = 1 and derivable 
at x = 1

dtanx
dx

 = sec2x ; 
xda

dx
 = axlog a

dcoshx
dx

 = 

x xe ed
2

dx

−+

 = 
x xe e

2 2

−

− = 
x xe e

2

−−

Previous Years’ Questions

Sol 1: (A, B, D) Sincex + |y| = 2y

⇒ 
x y 2y, when y 0
x y 2y, wheny 0

 + = >


− = <
y

y’

y = x, x >

45
o

O

y =
x

3

, x < 0

x’ x

⇒ 
y x, when y 0 x 0

x when y 0 x 0y ,
3

 = > ⇒ >


< ⇒ <=
which could be plotted as,

Clearly, y is continuous for all x but not differentiable 
at x = 0,

Also, 
1, x 0dy

dx 1 / 3, x 0
 >

= 
<

 

Thus, f(x) is defined for all x, continuous at x = 0, 
differentiable for all

x ∈ R – {0}, 
dy 1
dx 3

=  for x < 0

Sol 2: (B, D) We know, f(x) = 1 + |sin x| could be plotted 
as,

(i) y = sin x   …(i)

x’ x

y’

-1

1

y

-� 0 �
y = sin x2� 3�

(i) y  = sin x..(i)

(ii) y  = sin x ..(ii)

y

y’

x’ x

y  = sin x

-2� -� 0 � 2� -3�

1

(ii) y = |sin x|..(ii)

x’ x

y’

-1

1

y

-� 0 �
y = sin x2� 3�

(i) y  = sin x..(i)

(ii) y  = sin x ..(ii)

y

y’

x’ x

y  = sin x

-2� -� 0 � 2� -3�

1

(iii) y = 1 + |sin x|...(iii)|

y

y’

x’ x

y  = +1 sin x

1

(iii) y  = 1 + sin x ..(iii)

2

Clearly, y=1 + |sin x| is continuous for all x, but not 
differentiable at infinite number of points

Sol 3: (A, B, D) We have, for –1< x < 1

⇒ 0 ≤ x sin πx ≤ 1 /2 ∴[x sin πx] = 0

Also, x sin πx becomes negative and numerically less 
than 1 when x is slightly greater than 1 and so by 
definition of [x] f(x) = [x sin πx] = –1, when 1 < x < 1 + h 

Thus, f(x) is constant and equal to 0 in the closed interval 
(–1, 1) and so f(x) is continuous and differentiable in the 
open interval (–1, 1)
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 At x = 1, f(x) is discontinuous, since 
h 0
lim(1 h) 0
→

− =

and 
h 0
lim(1 h) 1
→

+ = ,

∴ f(x) is not differentiable at x = 1

Hence, (A) (B) and (D) are correct answers.

Sol 4: (A, B) Here, 2

| x 3 |, x 1
f(x) x 3x 13 , x 1

4 2 4

 − ≥
= 

− + <


∴ RHL at x = 1,

⇒ 
h 0
lim | 1 h 3 | 2
→

+ − =

LHL at x = 1

=
2

h 0

(1 h) 3(1 h) 13lim
4 2 4→

− −
− +

 
= 1 3 13 14 3 2

4 2 4 4 2
− + = − =

∴f(x) is continuous at x = 1

Again, 
2

(x 3), 1 x 3
f(x) (x 3), x 3

x 1x 3x 13 ,
4 2 4


 − − ≤ <
= − ≥
 < − +


∴ 
1, 1 x 3

f '(x) 1, x 3
x 3 x 1,
2 2


 − ≤ <


= ≥
 < −


RHD at x 1 1
1 3LHD at x 1 1
2 2

= ⇒ −

= ⇒ − = −


differentiable at x = 1

Again 
RHD at x 3 1
LHD at x 3 1

= ⇒
= ⇒ − 

 not 

differentiable at x = 3

Sol 5: (B, C) The function f(x) = tan x is not defined at 

x
2
π

= , so f(x) is not continuous on (0, π).

Since, g(x) = x sin 1
x

 is continuous on (0, π) and the 

integral function of a continuous function is continuous,

∴ 
x

0

1f(x) t sin dt
t

 
=  

 
∫  is continuous on (0, π)

Also, 

31, 0 x
4f(x)

2x 32sin , x
9 4

 π
< ≤=    π < < π   

We have,
3x

4

lim f(x) 1
−π

→

=

33 xx 44

2xlim f(x) lim 2sinf 1
9+ ππ →→

 
= = 

 

So, f(x) is continuous at 3x
4
π

=

⇒f(x) is continuous at all other points

Finally, f(x) sin(x )
2
π

= + π  ⇒ f
2 2

 π π
= − 

 

h 0
x

2

lim f(x) lim f h
2− → π

→ 
 

 π
= − 

 
 = 

h 0

3lim sin h
2 2 2→

 π π π
− = 

 

and 
h 0xx

2

lim f(x) lim f h
2+ → 

→ 
 

 π
= + 

 
 

=
h 0

3lim sin h
2 2 2→

 π π π
+ = 

 

So, f(x) is not continuous at x
2
π

=

Sol 6: A → p; B → r

We know [x] ∈ I, ∀ x ∈ R. Therefore, 

sin(π[x]) = 0, ∀ x ⇒R, by theory we know that sin (π[x]) 
is differentiable everywhere, therefore (A) ↔ (p). 

Again, f(x) = sin (π(x– [x]))

Now, x – [x] = (x) then π (x – [x]) = π(x)

Which is not differentiable at x ∈ I

Therefore, (B) ↔ (r) is the answer

Sol 7: A → p,q,r; B → p,s; C → r,s; D → p,q

(A)x|x| is continuous, differentiable and strictlyincreasing 
in (–1, 1)

(B) | x |  is continuous in (–1, 1) and not differentiable 
at x = 0

(C) x+[x] is strictly increased in (–1, 1) and discontinuous 
at x = 0 

⇒ Not differentiable at x = 0
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(D) |x – 1| + |x + 1| = 2 in (–1, 1)

⇒ The function is continuous and differentiable in  
(–1, 1)

Sol 8: 
x 1 x 1

x 1 1 1lim lim
(x 1) (2x 5) (2x 5) 3→ →

 −
= = − − − − 

Sol 9: 
x 1

xlim(1 x)tan
2→

 π
−  

 

= 
h 0
limhtan (1 h)

2→

π
−  = 

h 0

hlimhcot
2→

 π
 
 

 

= 
h 0

h 2
22lim

htan
2

→

π
×

π =
π π

 
 

Sol 10: Let y = sin (x2+ 1)

∴ 
2 2

x 0

dy sin[(x x) 1] sin(x 1)lim
dx xδ →

+ δ + − +
=

δ

( )2 2

x 0

x12cos x x x ( x) 1 sin x x
2 2

lim
xδ →

 δ 
+ ⋅ δ + δ + ⋅ δ +  

    =
δ

=

2

2

x 0 2

1 1sin[x x ( x) ] x x ( x)
2 22cos(x 1) lim

1 xx x ( x)
2

δ →

⋅ δ + δ ⋅ δ + δ
+ ×

δ⋅ δ + δ

= 
2

2

x 0

1x x ( x)
22cos(x 1) 1 lim
xδ →

 ⋅ δ + δ
+ ⋅

δ  
= 2x cos (x2 +1)

Sol 11: Given f(x) = x tan–1 x

using first principle

h 0

f(1 h) f(1)f '(1) lim
h→

 + −
=  

 

=
1 1

h 0

(1 h)tan (1 h) tan (1)lim
h

− −

→

 + + −
 
  

= 
1 1 1

h 0

tan (1 h) tan (1) htan (1 h)lim
h h

− − −

→

 + − +
+ 

  

= 1 1

h 0

1 hlim tan tan (1 h)
h 2 h

− −

→

  
+ +  +  

= 

1

h 0

htan
2 h

lim
h 4(2 h)

2 h

−

→

  
  + π   + 

+ ⋅  + 

 = 

1

h 0

htan
2 h1 1lim

h2 h 4 2 4
(2 h)

−

→

  
  + π π   + = + +
  + 

Sol 12: Given that,

2

x 1 , when x 1
2x 7x 5f(x)

1 , when x 1
3

 −
≠ − += 

 − =

RHD = 
h 0

f(1 h) f(1)lim
h→

+ −

= 
2

h 0

1 h 1 1
32(1 h) 7(1 h) 5lim

h→

  + −
− −  

+ − + +   

= 
2

2h 0

3h 2(1 h) 7(1 h) 5lim
3h{2(1 h) 7(1 h) 5}→

 + + − + +
 

+ − + +  

= 
2

2h 0

2h 2lim
93h( 3h 2h )→

 
= −  − + 

LHD = 
h 0

f(1 h) f(1)lim
h→

− −
−

= 
2

h 0

1 h 1 1
32(1 h) 7(1 h) 5lim

h→

  − −
− −  

− − − +   
−

= 
2

2h 0

3h 2(1 h 2h) 7(1 h) 5lim
3h[2(1 h) 7(1 h) 5]→

− + + − − − +

− − − − +

= 
2

2h 0

2h 2lim
93h(2h 3h)→

= −
− +

   ∴ LHD = RHD

Hence, required value of f ‘(1) is 
2

9
−

 

Sol 13: 
2x 0

x sinxlim
x cos x→

−

+
= 

1/2

x 0
2 1/2

x 0

lim(x sinx)

lim(x cos x)
→

→

−

+

= 

1/2

x 0

1/2

x 0

sinxlim x 1
x

lim(0 1)

→

→

  
−  

  
+

= 0 0 0
1
⋅

=
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Sol 14: Here, 
2 2

h 0

(a h) sin(a h) a sinalim
h→

+ + −

= 
2

h 0

a [sin(a h) sina]lim
h→

+ −
+ h[2asin(a h) hsin(a h)]

h
+ + +

= 

2

h 0

h ha 2cos a sin
2 2

lim (2a h)sin(a h)
h2
2

→

 
⋅ + ⋅ 

  + + +
⋅

= a2cosa + 2a sin a

Sol 15: Given, 25xy cos (2x 1)
3 | 1 x |

= + +
−

⇒ 

2

2

5x cos (2x 1), x 1
3(1 x)y

5x cos (2x 1), x 1
3(x 1)


+ + < −= 

 + + >
 −

The function is not defined at x = 1

 ⇒ 
2

2

5 (1 x) x( 1) 2sin(4x 2), x 1
3 (1 x)dy

dx 5 (x 1) x(1) 2sin(4x 2), x 1
3 (x 1)

  − − −  − + ≤  
−   = 

 − −  − + >  −  

⇒ 
2

2

5 2sin(4x 2), x 1
dy 3(1 x)
dx 5 2sin(4x 2), x 1

3(x 1)


− + <

−= 
− − + >
 −

Clearly at x = 1, dy / dx is not defined

Sol 16: (A) 2x xx 2x cot y 1 0 ...(1)− − =   ...(i)

Now x 1= ,

1 2cot y 1 0 cot y 0 y
2
π

− − = ⇒ = ⇒ =

Now differentiating eq. (i) w.r.t. ‘x’

( ) ( ) ( )2x x 2 xdy2x 1 logx 2 x coses y city x 1 logx 0
dx

 
− + − − + + = 

 

Now at 1
2

 π
 
 

( ) ( )
t,

2

dy2 1 log1 2 1 1 0 0
dx π

 
  + − − + =    

 

t, t
2 2

dy dy2 2 0 1
dx dxπ π

   
⇒ + = ⇒ = −   

     

Sol 17: (A) ( ) ( )( ) ( )( )g x 1 log f x 1 log log f x+ = + = +

( )g" x 1 g"(x) logx⇒ + − =

1 1g" 1 g" 4
2 2

   
+ − = −   

   

1 1 4g" 2 g" 1
2 2 9

   
+ − + = −   

   

……

……

( )2

1 1 4g" N g" N
2 2 2N 1

   
+ − − = −   

    −

Summing up all terms

Hence, 
( )2

1 1 1 1g" N g" 4 1 .....
2 2 9 2N 1

 
     + − = + + +          − 

Sol 18: (A)

( ) ( ) ( )( )( )
( )

22 2 2

42

4ax x ax 1 4ax x 1 2x a x ax 1
f " X

x ax 1

+ − − + + +
=

+ +

( )
( )

( )
( )2 2

4a 4af " 1 f ' 1
2 a 2 a

−
= − =

+ −

( ) ( ) ( ) ( )2 2
2 a f ' 1 2 a f ' 1 0+ + − − =

Sol 19: (C) From graph, p = -1

( )
x 1
lim g x 1

+→
⇒ = −  

( )
x 0
lim g 1 h 1
→

⇒ + = −  

n

mx 0

hlim 1
logcos h→

 
⇒ = −  

 

-x + 1

x - 1

0 1

( )
n 1 n 1

x 0 h 0

n.h n hlim lim 1
m tanhtanh

− −

→ →

  
⇒ = − = −    −    

, 

which holds if n m 2= =
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Sol 20: (B) ( ) ( ) ( )f x g x cosx sinx .g' x= +

( ) ( )
( ) ( ) ( ) ( )
f ' 0 g 0

f ' x 2g' x cosx g x sinx sinxg" x

⇒ =

= − +

( ) ( )f ' 0 2g' 0 0⇒ = =

But ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

x 0 x 0

x 0

g x cosx g 0
lim g x cot x g 0 cosecx lim

sinx
g' x cosx g x sinx

lim g' 0 0 f ' 0
cosx

→ →

→

−
 − = 

−
= = = =

Sol 21: (B) Differentiating the given equation, we get
23y y ' 3y 1 0− + =

( ) 1y' 10 2
21

⇒ − = −

Differentiation again we get 2 26yy 3y y" 3y" 0+ − =

( )
( )4 3 2

6.2 2 4 2f " 10 2
7 321

⇒ − = − = −

Sol 22: (B, C, D) For ( ) 1f x xcos ,x 1
x

 
= ≥ 

 

F’ ( ) 1 1 1f x xcos sin 1
x x x

   
= + →   

   
for x → ∞

Also ( ) 2 2 3

1 1 1 1 1 1f ' x sin sin cos
x x xx x x

     
= − − −     

     

3

1 1cos 0 for x 1
xx

 
= − < ≥ 

 

( )x⇒ is decreasing for )1, ∞

( ) ( )f ' x 2 f ' x⇒ + <  . Also, 

( ) ( ) ( )
x x

1 1lim f x 2 f x lim x 2 cos xcos 2
x 2 x→∞ →∞

 
+ − = + − = + 

( ) ( )f x 2 f x 2 x 1∴ + − > ∀ ≥

Sol 23: Let ( )
( ) ( )

4 3 2P x ax bx cx dx e

p' 1 p' 2 0

= + + + +

= =

( )2

2x 0

x p' x
lim 2

x→

 +
  =
 
 

( )p 0 0 e 0⇒ = ⇒ =

( )
x 0

2x p' x
lim 2

2x→

 +
  =
 
 

( )p 0 0 d 0⇒ = ⇒ =

( )
x 0

2 p" x
lim 2

2→

 +
  =
 
 

⇒ c 1=

On solving, a 1 / 4,b 1= = −

So, ( )
4

3 2xp x x x
4

= − +

( )p 2 0⇒ =

Sol 24: (A, C) 

2
2 2

4 2x 0 x 0 2 2 2

xa a x 1 14L lim lim
x 4xx a a x→ →

− − −
= = −

 + − 
 

( ) 2 2

x 0 22 2 x

4 a a x
lim

4x a a
→ −

− − −
=

 
+ 

 

Numerator 0→  if a 2=  and then 
1L
64

=

Sol 25: (B, C) 
2

0

f(x) lnx 1 sint dt= + +∫
1f '(x) 1 sinx
x

= + +

2

1 cosxf ''(x)
x 2 1 sinx

−
= +

+

(A) f’’ is not defined for x n , n I
2

−π
= + π ∈ , (A) is wrong

(B) f’(x) always exist for  x > 0

(C) f ' f<

Since f’ > 0 and f > 0   f’ < f

x

0

1 1 sinx lnx 1 sinx dx
x

+ + < + +∫

LHS is bounded RHS is increasing with range ∞  so 
there exist some α  beyond which RHS is greater than 
LHS

(d) f f ' b+ ≤  is wrong as f is M1 and its range is not 
bound while β  is finite.
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Sol 26: (D) 
22ln(1 b ) 2 1 be 2bsin

2b
+ +

= θ =

2
2 1 bsin 1 as 1

2b
+

⇒ θ = ≥

/ 2θ = ±π .

Sol 27: (A, B, C, D) ( ) ( )
x

2

lim f x 0 f / 2
−π

→−

= = −π

( )
x

2

lim f x cos 0
2−π

→−

 π
= − = 

 

( )
1 x / 2

f ' x sinx, / 2 x 0
1 0 x 1
,1 / x x 1


 − ≤ −π= −π < ≤
 < ≤

>

Clearly, f (x) is not differentiable at x = 0 as f´(0-) = 0 
and f´(0+) = 1. f (x) is differentiable at x = 1 as f¢ (1–) = 
f′ (1+) = 1.

Sol 28: ( ) ( ) ( ) ( ) ( )y ' x y x g' x g x g' x+ =

( ) ( ) ( ) ( ) ( ) ( ) ( )g x g x g xe y ' x e g' x e g x g' x⇒ + =

( ) ( )( ) ( ) ( ) ( )e x g xd y x e e g x g' x
dx

⇒ =

( ) ( ) ( ) ( ) ( )g x g xy x e e g x g' x dx∴ = = ∫

= te tdt,∫  where g(x) = t

= (t – 1) et + c

( ) ( ) ( )( ) ( )g x g xy x e g x 1 e c∴ = − +

Put x = 0 _ 0 = (0 – 1) . 1 + c ⇒  c = 1

Put x = 2 ⇒ y (2) . 1 = (0 – 1) . (1) + 1

Y(2)=0

Sol 29: (B, C) ( )f 0 0=

And ( ) ( ) ( )
h 0

f x _ h f x
f ' x lim

h→

+ −
=

( ) ( )
h 0

f h
lim f ' 0 k

h→
= = = (say)

( ) ( ) ( )( )f x lx x f x kx f 0 0⇒ = + ⇒ = =

Sol 30: (B) Given 
2

x

x x 1lim ax b 4
x 1→∞

 + +
− − =  + 

( )
( ) ( ) ( )

( )
22 2

x x

1 a x 1 a b x 1 bx x 1 ax ax bx blim 4 lim 4
x 1 x 1→∞ →∞

− + − − + −+ + − − − −
⇒ = ⇒ =

+ +

( )
( ) ( ) ( )

( )
22 2

x x

1 a x 1 a b x 1 bx x 1 ax ax bx blim 4 lim 4
x 1 x 1→∞ →∞

− + − − + −+ + − − − −
⇒ = ⇒ =

+ +

⇒ 1 − a = 0 and 1 − α − b = 4 b = −4, a = 1.

Sol 31: (B) ( ) ( ) ( )
h 0

f 0 h f 0
f ' 0 lim

h→

+ −
=

2

h 0

h cos 0
h

lim
h→

π
−

=
    

h 0
limhcos 0

h→

 π
= = 

 

so, f(x) is differentiable at x = 0

( ) ( ) ( )
h 0

f 2 h f 2
f ' 2 lim

h
+

→

+ −
=

( )2

h 0

2 h cos 0
2 h

lim
h→

π
+ −

+
=

 

( )2

h 0

2 h cos
2 h

lim
h→

 π
+  + =

( ) ( )2

h 0

2 h
f ' 2 lim sin

h 2 2 h
+

→

+  π π
= − + 

( )
( )

2

h 0

2 h .hlim sin
h 2 2 h→

 + π
 =

π +  

( )
( ) ( )

2

h 0

2 h .hlim sin
h 2 2 h 2 2 h→

+ π π
= × = π

π + +

Again ( ) ( ) ( )
h 0

f 2 h f 2
f ' 2 lim

h
−

→

− −
=

−

( )2

h 0

2 h cos
2 h

lim
h→

π
−

−
−

=
( )2

h 0

2 h cos
2 h

lim
h→

 π
−  − 

−
 

( )2

h 0

2 h sin
2 2 h

lim
h→

 π π
− − − =

−

( )

( )
( ) ( )

2

h 0

2 h hlim .sin
h 2 2 h 2 2 h

2 2 h
→

− π π
= × = −π

π − −
−
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Sol 32:(B, D) Required limit is

( ) ( )( )

1
a

0
1

0

x dx
2 2

1202a 1 a 1
a x dx

= = =
+ +

+

∫

∫
17a 7 or
2

⇒ = − .

Sol 33: (D) Let g (x) = e–x f (x)

and g″ (x) > 1 > 0

So, g (x) is concave upward and g (0) = g (1) = 0

Hence, g (x) < 0 ∀  x ∈  (0, 1)

( )xe f x 0−⇒ <

( ) ( )f x 0 x 0,1< ∀ ∈

Alternate solution

( ) ( ) ( ) xf x 2f ' x f x e− + ≥

( )
"2

x xf x e 0
2

− 
⇒ − ≥  

 

Let ( ) ( )
2

x xg x f x e
2

−= −

( ) ( )
2xg 0 0,g 1

2
= = −

Since g is concave up so it will always lie below the 

chord joining the extremities which is y = xy
2

= −

( )
2

x x xf x e
2 2

−⇒ − < −

( ) ( ) ( )
2 xx x e

f x 0 x 0,1
2

−
⇒ < < ∀ ∈

Sol 34: (D) Given f’ (x) – 2f (x) < 0

( ) 2xf x ce⇒ <

Put 
1 1x c
2 e

= ⇒ >

Hence f (x) 2x 1e −<

( )
1 1

2x 1

1/2 1/2

0 f x dx e dx−⇒ < <∫ ∫

( )
1

1/2

e 10 f x dx
2
−

< <∫  

Sol 35: (B) ( ) ( ) ( )F' x 2xf x f x= =

( ) 2x cf x e +=

( ) ( )( )2xf x e f 0 1= =

( )
2x

x

0

F x e dx= ∫

( ) ( )( )2xF x e 1 F 0 0= − =

( ) 4F 2 e 1= −

Sol 36: (A) 
1 h

1/2

h 0 h

1g lim t dt
2

−
−

+→

 
= 

 
∫

1

1 1
1

2 2
0 0

0

1tdt dt 2sin
1t t 1 1t 24 2

−

 
− 

= = =  
 −    − −   

 

∫ ∫

= ( )1 1sin 1 sin 1− −− − = π .

Sol 37: (D) We have ( ) ( )g a g 1 a= − and g is 
differentiable

Hence 1g' 0
2

 
= 

 

Sol 38: (B, C) Let H (x) = f (x) – 3g (x)

H (-1) = H (0) = H (2) = 3.

Applying Rolle’s Theorem in the interval 1,0 − 
( ) ( ) ( )H' x f ' x 3g' x 0= − =  for atleast one ( )c 1,0∈ −

As H”(x) never vanishes in the interval

⇒  Exactly one ( )c 1,0∈ −  for which H’(x) = 0

Similarly, apply Rolle’s Theorem in the interval [0,2].

⇒  Exactly one ( )c 1,0∈ −  for which H’(x) = 0

Similarly, apply Rolle’s Theorem in the interval [0, 2].

( )H' x 0⇒ =  has exactly one solution in (0, 2)

Sol 39: (A, B, C) (A) ( ) ( ) ( )f x F x xF' x= +

( ) ( ) ( )F' 1 F 1 F' 1= +

( ) ( )f ' 1 F' 1 0= <

( )f ' 1 0<
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(B) ( ) ( )f ' 2 2F 2=

( )f x is decreasing and ( )F 1 0=

Hence ( )F 2 0<

( )f 2 0⇒ <

(C) ( ) ( ) ( )f x F x xF' x= +

( ) ( )F x 0 x 1,3< ∀ ∈

( ) ( )F' x 0 x 1,3< ∀ ∈

Hence, ( ) ( )F x 0 x 1,3< ∀ ∈  

Sol 40: (A, B) ( ) ( ) ( ) ( ) ( )p RedBall p 1 .p R | I p II .p R | II= +

( ) ( ) ( )
( ) ( ) ( ) ( )( )

p II .p R | II1p II | R
3 p I .p R | R | I p II .p R | II

= =
+

 

3

3 3

31

1 2 3 4

n
n n1

nn3
n n n n

+
=

+
+ +

Of the given options, A and B satisfy above condition

Sol 41: (A, D) Differentiability of ( )f x  at x 0=

LHD ( ) ( ) ( ) ( )
0 0

f 0 f 0 0 g
f 0 lim lim 0−

σ→ σ→

 − − σ + −σ
 = = =
 σ σ 

RHD ( ) ( ) ( ) ( ) ( )
0 0

f 0 f 0 g
f ' 0 lim lim 0+

σ→ σ→

+ σ − σ
= = =

σ σ

( )f x⇒ differentiable at x 0=

Differentiability of ( )h x x 0=

( ) ( )xh' 0 1g e R= ∀ ∈

LHD

 ( )( ) ( )( ) ( )( ) ( ) ( ) ( )
0 0

g 1 g ef h 0 f h 0
f h 0 lim lim g' 1

σ
−

σ→ σ→

−− − σ
= = = −

σ σ

RHD

 ( )( ) ( )( ) ( )( ) ( ) ( )
( )

0 0

g e g 1f h 0 f h 0
f h 0 lim lim g' 1

σ
+

σ→ σ→

−+ σ −
= = = −

σ σ

Since ( ) ( )( )g 1 0 f h x≠ ⇒ is non diff. at x = 0

Differentiability of ( )( )h f x  at x 0=

( )( )
( )f xe x 0h f x
1 x 0

 ≠= 
=

LHD ( )( ) ( )( ) ( )( )
0

h f 0 h f 0
h' f 0 lim

σ→

− − σ
− σ =

σ

( )
( )e

0

g1 elim . 0
g

−σ

σσ→

−σ−
= =

σ

RHD ( )( ) ( )( ) ( )( )
0

h f 0 h f 0
h' f 0 lim

σ→

+ σ −
+ σ =

σ

( )
( )

0

ge 1lim . 0
g

−σ

σσ→

−σ−
= =

σ

Sol 42: (A, B) ( ) ( ) ( )3 3f x acos x x b x sin x x= − + +

[A] If ( ) ( )3a 0,b 1, f x x sin x x= = = =

( ) ( )3f x x sin x x⇒ = +

Hence f(x) is differentiable.

[B] If ( ) ( )3a 1,b 0 f x cos x x= = = −

( ) ( )3f x cos x x⇒ = − Which is differentiable at x = 1 

and x = 0.

Sol 43: (B, C)

( )

n

r 1
n2nn

2
2

r 1r 1

nx
rx 1ln f x lim ln .

n nnx
rr

=

→ ∞

==

   +   =      +         

∏

∏∏

( )

n

r 1

nn

n r 12
2

r 1

n

2n r 1

1x
r

x 1nln f x lim ln .
n n

r1x
r
n

rx 1
n1x lim lnln

n rx 1
n

=

→ ∞

=

=

→ ∞ =

 
     +     

  =
    
    

   
+  

   
      

   +   =  
  + +  
  

∏

∏
∏

∑
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1

2 2
0

1 txx ln dt
1 t x

 +
=  

+ 
∫    

1

+ -
Put, tx = p, we get

( )
x

2
0

1 pln f x ln dp
1 p

 +
=   + 
∫

( )
( ) 2

f ' x 1 xln
f x 1 x

 +
⇒ =  

+ 

sign scheme of f’ (x) 

Also, f’ (1) = 0

( ) ( )1 1 2f f 1 ,f f , f ' 2 0
2 3 3

     
⇒ < < <     

     

Also, 
( )
( )

( )
( )

f ' 3 f ' 2 4 3ln n
10 5f 3 f 2

   
− = −   

   


( )
( )

( )
( )

f ' 3 f ' 24ln 0
6 f 3 f 2

 
= < ⇒ < 

 

Sol 44: (B, C)

( ) 2 2f x x 3 x 3   = − = −   

f(x) is discontinuous at x = 1, 2, 3, 2

( ) ( )( )2g x x 4 7 x 3 = + − − 

-1

-1

-2

-3

1 2 3 2

g(x)

15x - 21

9x - 21

6x - 14

3x - 7

0

3

x 0�

0 x 1� �

1 x� � 2

2 x 3� �

3 x 2� �

x = 2

( )g x∴ is not differentiable, at x = 0, 1, 2, 3

Sol 45: (A) ( ) ( )f x
f ' x 2

x
+ =

( ) ( )xf ' x f x 2x⇒ + =   ( )( )d x.f x 2xdx⇒ =∫ ∫
( ) 2xf x x c⇒ = + ; ( ) ( )( )xf x x c 0asf 1 1

c
= + ≠ ≠

For this function, only (A) is correct.

Sol 46: (B, C) 

( ) ( ) ( )3f x x 3x 2, f 1 6 g 6 1= + + = =

( )( ) ( ) ( )
( )( ) ( )

g f x x g'f x f ' x 1

x 0, g' f 0 f 0 1

= ⇒ × =

= =

( ) ( )
1 1g' 2

3f 0
= =

( )
( )

( ) ( )
( )( ) ( )

( )( ) ( )
( )

f 3 38

g 38 3

f 2 16 g 16 2

h g g16 h 0

16 h g g16 h 0

c iscorrect

=

∴ =

= ⇒ =

∴ =

∴ = =

∴

`

( ) ( ) ( )
( )( )( )

( )( )( ) ( )

1f ' 6 111,f 1 6 g' 6
2

h g g x x

h' g g x g' x 1

= = ⇒

=

⇒ × =


