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JEE Main/Boards

Example 1: Find the differential equation of the family
of curves y = Ae* + Be™

Sol: By differentiating the given equation twice, we will
get the result.

dy Ae* —Be™*
dx
2
= d_y =Ae* + Be* =y
dx?

Example 2: Find differential equation of the family of
curves y = c(x — c)?, where c is an arbitrary constant.

Sol: By differentiating the given family of curves and
then eliminating ¢ we will get the required differential
equation.

y =c(x—c)?
= dy =2(x-c¢)c
dx
By division, x=c_ Y
2 dy / dx
or c=Xx- 2y
dy / dx

Eliminating ¢, we get

dv )2
(—yJ = 4c*(x — €)? = 4cy
dx

2y
= dydyix——
Y y{x dy/dx}

Example 3: Find the differential equation of all
parabolas which have their vertex at (a, b) and where
the axis is parallel to x-axis.

Sol: Equation of parabola having vertex at (a, b) and
axis is parallel to x-axis is (y — b)> = 4L(x — a) where L is
a parameter. Hence by differentiating and eliminating L
we will get required differential equation.

26y —by =4
dx

On eliminating L, we get

dy-yd
(y - by = 2(y~ b) %ﬂ(tan‘llj (x-a)
X4y X

Differential equation is,

2(x —a) d_y =y-b.
dx

Example 4: Show that the functiony = be* + ce* is a
solution of the differential equation.
2
dy _3dy o0
dx? dx

Sol: Differentiating given equation twice we can obtain
the required differential equation.

y = be* + ce*

= gy be* + 2ce® =y + ce*
dx
2
= d—y =be* + 4ce* =y + 3ce*
dx?
2
= d_y_ d—y+2y =0
dx2 dx
dy y1-¥°

Example 5: Solve: —+ =0

dx Il_XZ

Sol: By separating x and y term and integrating both
sides we can solve it.

dy _ ¢ dx
J.\/1—y2_ I\/l—xz

= sinTly = —sinx + ¢

or sinly + sin'x = ¢

Example 6: Find the equation of the curve that passes
through the point P(1, 2) and satisfies the differential
equation

=2Xy
2

If(x)dx+C = :
x“+1

y>0

Sol: By integrating both sides we will get general
equation of curve and then by substituting point (1, 2)
in that we will get value of constant part.

dy = 2xy - jd_y: 2X dx

dx %241 y R

= logly| = -log(x* + 1) + logc,
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= log(ly| x* + 1)) = logc,
= |yl +1)=¢,

As point P(1, 2) lies on it,
2(1+1)=c,orc,=4

Curveisy(x* + 1) =4

X=y)+3
Example 7: Solve: dy &
dx  2(x-y)+5
Sol: By putting x —y = t and integrating both sides we
will obtain result.

Putx—yzt;then,1—d—y:$
dx dx
Differential equation becomes
_dy _ t+3 or $_1_t+3_t+2
dx 2t+5 dx 2t+5 2t+5
= J.dx:J.Zt +5dt =2t + i
t+2 1+2

= x+c=2t+log|t+ 2] =2(x-y) + log|(x -y + 2)|

Example 8: x?dy + y(x + y)dx = 0: xy > 0

Sol: We can write the given equation as

3
dy dy dy
2 ogy| x Loy | == Y
&) o]~

and then by substituting y = vx and integrating we will

get required general equation.

X+
d_y = M (Puty =VX)
dx X2
:>v+xd—y=—v(1+v)
dx
:>d—V:—2v—v2 or _[ dv = %
dx v(v+2) X
:_%:1.[ 1 1 dv
x 2\lv v+2
d’y . dy
= —log|x| =—Z-3=-2+2y =0 (log|v| - log|v+2]| + ¢
glx] T e Y (log|v| - loglv+2| + ¢,
Y2 2
or | x> =c or X— =cor y2 =c
+ X+2 y + 2X
X

dy dy
Example 9: Solve: ——+secx=tanx:0 <x < ——
dx dx

d
Sol:The given equation is in the form of d—>):+ px=q
hence by using integration factor method we can solve it.

-2xy _dy  2xy
X2 =1 dx

ILF. =

x> +1
= secx + tanx

Solution is y(secx + tanx)

= Itanx(secx+tan)dx

= .[secxtanxdx + j(seczx—l)dx

=secx + tanx—x + ¢
or (y—1) (secx + tanx) = c — x

Example 10: Solve:

sinx.cosy.dx + cosx.siny.dy = 0

given, y = % when x = 0.

Sol: Here by separating variables and taking integration
we will get the general equation and then using the
given values of x and y we will get value of constant c.

We have,

sinx.cosy.dx + cosx.siny.dy = 0

On separating the variables, we get
dt

2 JR—
dx

Integrating both sides, we get

jsmx dx+J siny dy =0
CosX cosy

[Dividing by cosx cosy], we get

= loglsecx| + log|secy| = logC

= loglsecx| |secy| = logC

= secx.secy = C .. (i)

On puttingy = % x = 0in (i),
we have C = secO.sec%

:>C(n.(J§)= V2

Substituting the value of C in (i) we get

Secx.

1
-2 = Cosy = —=secx

1
cosy NP
1
=ys= cos™! Esecx



Example 11: Solve the differential equation

dy

v x%e™Y, given that y =0 for x =0.
X

Sol: Similar to the problem above we can solve it.

Here, :_y =x 0)

X

On separating the variables, we have
= e¥dy=x%dx

Integrating both sides, we get

Ie3y = Ixzdx
3y 3

= e—=X—+c ..... (ii)
3 3

putting: y = 0 for x = 0, in (ii), we obtain

e0

—=O+C:>l=C [e? = 1]
3 3

On substituting the value of C in (ii), we get
ey =x3+ 1

which is the required particular solution of (i)

Example 12: Solve the following differential equation:

dy
2 gy —2xy +y?=0

Sol: Here by rearranging the given equation we will

log(secx+tanx

get e ) = _[tanx(secx+tanx)dx. Now by

substituting y = vx and then integrating we can solve
the illustration above.

2 oy
dx y-y
dy  2xy-y? .
& - T ..... (I)

Puty = vx so that d_y =V +xﬂ in (i), we get
dx dx

s xd—v _ 2x(vx)—(vx)2
dx 2%°

dv v2
= V+X— =V-—

dx 2
xdv _—v? _dvdx
dx 2 v2 2X
Integrating, we have

——1|on|+c
4 2 "9
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x 1

== == |logx| + ¢
y 2

Example 13: Solve the following differential equation

coszxd—y +y = tanx
dx

Sol: Here by reducing the given equation in the form of

d—y+py =q and then using integration factor we will

dx
get the result.

d

We have, coszx—y +y = tanx
dx

d
= d—y + y.sec’x = tanx.sec’x
X
2
I.F. = ejsec e etan

y(LF) = [Q(IF.)dx+c

y.el = J‘tanxsec2 xe®"dx = jtetdt
tanx =t
te' — jetdt +C ,
sec” xdx = dt
=tet-et+c
= tan x eta™ — gtanx 4 ¢

y = tanx— 1 + ce™a™

Example 14: Solve Xj—y -y=x
X

Sol: As similar to the problem above, we can reduce the
. . d . :
given equation as d—ytherefore by using integration

X

factor we can solve this.

We have, xd—y—y =x°
dx

- Y 1

=X . (i)
dx x y
This is a linear differential equation iny
2xy —y?

2

Here, P = — and Q = x

2X

I—%dx

Now, I.F. = eIpdx =e

-1
= e’|°9x = e|Og =x'= l
X

.. The solution of (i) is
y(l.F) = j(QxIF.)dx+c =x+C

= y=x+Cx
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Example 15: Solve the following differential equation:

dv )
— + Yy = COSX — SinX.
dx

Sol: Here given equation is in the form of :_y+ Py =Q,
X

where P = 1 and Q = cosx — sinx hence by using
integration factor we will get result.

Given differential equation is

d_y + Yy = COSX — sinx . ()

dx

The given differential equation is a linear differential
equation

On comparing with Cdj_i +Py=Q
P =1,Q = cosx — sinx
ILF. = ejpdx: e*
. required solution of (i) is
y (LF) = jQ.(I.F)dx+c
= ye = I(cosx —sinx)e*dx +c¢
= y.e* = Jcosxexdx - jsinx.exdx +c
Integrating by parts, we get
= y.e* = CosX Iexdx—j(—sinx)exdx - J'sec2 xdx+c
= y.e¥ = e*cosX + Iex sinxdx — Iex sinxdx + ¢

y.eX = e*CosX + C
y = COsX + ce™

JEE Advanced/Boards

Example 1: Solve

[Xey/x _ysinX]dx +Xsin Xdy =0; x>0
X X

Sol: Simply by putting y = vx and integrating we can
solve the problem above.

Yy
{ex —XsinlJ + sin ﬂ =0
X X xdx

Puty = vx

o (¥ =vsinv) + sinv [v+xd—vj =0
dx

= J.%+.[e"’ sinvdv =0

Integrating, we get
1 .
logx — > e (sinv + cosv) = ¢

orlogx = ¢ + 1e*y/x. (sinl—4cosxj
2 X X
Example 2: Solve:

xdy — ydx = xy*(1 + logx)dx
Sol: We can reduce the given equation in the form of

- id(i) = x(1 + logx)dx. Hence by integrating L.H.S.

y Yy

with respect to X and RH.S. with respect to x we will
y

get the solution.

_ ydx—xdy

y2

= xy(1 + logx)dx
or—d [ij = xy (1 + logx)dx
y

or— id(ij = x*(1 + logx)dx
y \y

Integrating, —Iid(ij
y \y

= sz (1 +Iogx)dx

2 3 3
or - 1ix) . (1 + logx) X——jx—.ldx
2y 3 3 X

2 33
_—1(1) = (1 +log x) X X 4e
y 3 9

Example 3: Find the equation of the curve passing
through (1, 2) whose differential equation is

y(x + y?)dx = x(y* - x)dy

Sol: Similar to example 2 we can solve the problem
above by reducing the given equation as -

Xd[lj+%d(xy):0.

X X X y
(xy + yHdx = (xy? — x?)dy

or y3(ydx — xdy) + x(ydx + xdy) = 0

or —x?y? xdy — ydx _2de +xd(xy) =0
X



Yal ¥, 1
or - ;d(;)+ 2y d(xy)=0

Integrating, we get

ory’+2x—-2cxy =0
As it passes through (1, 2), condition is

8+2+4c=0:>c=—g

Thus curve isy* + 2x — 5x%y = 0

Example 4: Form the differential equation representing
the family of curves y = Acos2x + Bsin2x, where A and
B are arbitrary constants.

Sol: Here we have two arbitrary constants hence we
have to differentiate the given equation twice.

The given equation is:

y = Acos2x + Bsin2x ()
Diff. w.r.t. x,
dy = —2Asin2x + 2Bcos2x
dx
— d?y .
Again diff. w.rt. x, d_2 = —4Acos2x — 4Bsin2x
X
= —4(Acos2x + Bsin2x) = -4y [Using (i)]
2
Hence :—)2/ + 4y = 0, which is the required differential
X
equation.

Example 5: The solution of the differential equation x

2
d_y =1, given thaty = 1,d—y: 0, whenx =1, is
dxz dx
. . d?y . . .
Sol: By integrating Xd_2 = 1 twice we will get its
X
general equation and then by substituting given values
of x, y and j—ywe will get the values of the constants.
X
2 2
Xd_y = 1 - d_ = E
dx dx? X
dy
= ——=logx+C
ax 09 !

Again integrating

y =xlogx—x + Cx + C,
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. dy
Giveny = 1and dx =0atx=1

=C =0and(C, =2

Therefore, the required solutionisy = x log x — x + 2

Example 6: By the elimination of the constant h and k,
find the differential equation of which (x—h)?+(y—k)?=a?,
is a solution.

Sol: Three relations are necessary to eliminate two
constants. Thus, besides the given relation we require
two more and they will be obtained by differentiating
the given relation twice successively.

Thus we have

u—h)+w—k)§X=o 0)
dx

d’y (dy ’ 3 ..

1+ (y k) _dX2 +(a] =0 .. (i)

From (i) and (ii), we obtained

y—k=-
oy
dx?
2
Hdv] ]dv
X dx
X - h = f
ay
dx?

Substitute these values in the given relation, we
obtained

which is the required differential equation.

Example 7: Form the differential equations by elimi-
nating the constant(s) in the following problems.

@x-y*=c(®+y)?%, (b)aly+ay=x

Sol: Given equations have one arbitrary constant,
hence by differentiating once and eliminating c and a
we will get the required differential equation.

(a) The given equation contains one constant
Differentiating the equation once, we get

2x = 2yy' = 2c(x® + y?) (2x + 2yy')



24.28 | Differential Equations

2_y2
(@ +y? )2
Substituting for c, we get
(Xz +y2)(x2 _yz)
(x2 +y? )2

or (¢ +y?) (x = yy') = 20¢ = y)(x+yy')

Butc =

x-yy) = 2(x +yy)

= Yyl +y?) + 20¢ - y)]
= X(X% + y)-2x(x2 - y?)

= yy'3x* —y?) = x(By* - x)
X (3y2 —x? )
y(3¢ -y?)

(b) The given equation contains only one constant.
Differentiating once, we get

Hence, y' =

2a(y + a)y’ = 3x? .. (D)
Multiplying by y + a, we get

2a(y + @)%y’ = 3x3(y + a)

Using the given equation, we obtain

2x% =3xy +a) or 2xy'=3y+3a
or a= % (2xy" = 3y)

Substituting the value of a in (i) we obtain
2 n 1 [
3 (@xy" - 3y) {y+§(2><y—3y)}y = 3%

é (2xy'=3y)@xy)y" = 3x?

Cancelling x, we obtain

8x(y)? - 12y(y)*-27x =0

Example 8: If y(x — y)? = X, then show that

Jﬁ = loghx-yf - 1

Sol: As given y(x — y)? = x, therefore by differentiating

it with respect to x we will get the value of j—y After

X
that differentiate both sides of equation j(d—);) :%
X—2y

log[x—y)? — 1] w.r.t. x and then by substituting the value

dy .
of g Ve can prove it.

Let P= J.(deg) = % log{(x-y)? -1}
_ dx
P= J‘(x—3y)
dP 1 .
a = (X - 3y) (|)

Also P = %Iog{(x -y)2-1

. @_(X_y){l_jﬁ}
ok {(x—y)z—l}

Given y(x —y)? = x

- (i)

Differentiating both sides w.r.t. x
Cdy _ 1-2y(x-y)
dx (x - y)(x - 3y)
From (ii) and (iii)
dP (x=y){1-0-2y(x-y)/ (x=y)x-3y)
dx {x-y7 -1

.. (iii)

) (x=y)(x=3y)-1+2y(x-y)
(x—3y){(x—y2)—1}
{7 -1

 (x-3){(x-y)

dP 1

~ dx (x—3y)

It is true from (i)

TR

Hence I

Example 9: Solve: cos(x + y)dy = dx

Sol: Simply by putting x + y = t we can reduce the given
equation as % = sect + 1 and then by separating the
X

variable and integrating we can solve the problem
given above.

We have cos(x + y)dy = dx

= d_y = sec(x +y)
dx
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On putting x +y = tso that 1 + d_yzﬁ
dx dx
Orﬂ=$—1 we get
dx dx

ﬁ—lzsec
dx

=1 + sect

LIRS <L ST

1+sect cost+1

J‘ cost

dt:jdx
cost+1

:j{l— 1 }'dt=x+C
cost+1

I{l— 1 } dt=x+C
2cos’(t/2)-1+1

_[ 1—lsec21 dt =x+C
2 2

:>t—tan1 =x+C

2

X+y
x+y—tanT =x+C

y—tan% =C

dy
Example 10: Solve: sin™ [&J =X+y

Sol: Similar to example 9.
dyj d
We have, sin™ (_ =x+y= Y = sinx +
dx y dx (x+y)
Putting x + y = t, so that
JO _dt _ dy_dt
dx dx dx dx

1

dy dt

N _ dy _at_, ..
Now, substituting x + y = t and dx _ dx in (i),
we get

ﬂzsint:>$=sint+1:>dx= dt.

dx dx 1+sint

Integrating both sides, we get
Idx = J.Ldt +c
1+sin’t

—si 1-sint
:>Idx:jﬂdt +C:-[ S;ﬂ dt
1-sin’t cos“t

= Idx = I(secz t- tantsect)dt

= X = tant — sect

=x=tan(x +y)-secx +y) + C

Example 11: Solve the equation:

d—yzl+xsinz

dx x X

Sol: Simply by putting y = vx and integrating we
can obtain the general equation of given differential
equation.

We have,
dl:l.;.xsinl ()
dx x X

Puty = vx, so that

dy dv
—= =V+X—
dx dx
On putting the value of y and % in (i), we get
X
+ v + Xsi
VX o SV Hxsinv
dv dv. .
X— => — =sinv
dx X
Separating the variables, we get
fjv =dx = Icosecv dv :de
sinv
v .
= log tanE =x+C (1))

On putting the value of v in (ii), we have

logtan Y =x+cC
2X

This is the required solution

Example 12: Solve:

2yeydx+ y—2xey dy=0

x/y
Sol: We can reduce the given equation as dy _2xe™”

dX 2yeX/y
and then by putting x = vy and integrating we can

obtain general equation.
We have,

X X

2ye;dx+ y—2xe; dx=0
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= 2yey.%+[y—2xey} =0
dy

dy _ 2xeX”Y
dx B 2yex/y

=

. (i)

Clearly, the given differential equationisahomogeneous
differential equation. As the right hand side of (i) is
X

expressible as a function of [
y

J. So, we put

dt dx
— =v=>x=vyand —
dx dy

=v+yj—;in(i),weget

dv  2ve' -1
vy —
dy 2eY
dv  2ve' -1
= = — _
dy 2eY
dv 1
=y =
dy 2e"

= 2ye'dv=-dy
= 2e'dv = - ldy ,y#0
y

Integrating both sides, we get
1
2|e'dv =—|=dy+ logc
.[ Iy

= 2e'=-logly| + logc

= 2e'=log E‘
y

o (=)

Example 13: Show that the family of curves for which
the slope of the tangent at any point (x, y) on it is

= 2 = log

2 2
u, is given by x? —y? = cx
2xy
Sol: Here by reading the above problem, we get that
2 2
d—yzu. Hence by putting y = vx and then
dx 2xy

integrating both sides we can prove the given equation.
We have slope of the tangent

2,2 2,2
= X + y = d—y = —X + y

2xy dx 2xy

y
1+
2
or dy__ x (i)
a2y
X

Equation (i) is a homogeneous differential equation.

So we puty = vx and CI—:v+—
dx

Substituting the value of Y and :_y in equation (i), we
X

X
get

dv l+v
V+X— =
dx 2v
2
or (;I_v: 12V .. (i)
X %

Separating the variables in equation (ii), we get

2v dv=%or 2v

1-v? X

dv=—%
ve -1 X

.. (i)
Integrating both sides of equation (iii), we get

2 1
.[Vz ildv = —I;dx

or log|v?—1| = -log|x| + log|C||

or log|(v?=1)(x)| = log|C,| . (iv)
y y*

Replacing v by = in equation (iv), we get —2—1
X X

x==zC,

or (y?—x°) = £Cx or x* —y? = Cx

Example 14: Solve: dy _Xxt2y-3

dx 2x+y-3

Sol: Simply by putting x = X + h;y = Y + k were (h, k) will
satisfy the equations x + 2y —3 =0 and 2x + y -3 =0 we
can solve the problem.

dy x+2y-3
dx 2x+y-3
Putx=X+hy=Y+k
= dx=dX;dy =dY
dy _av
dx dX
Given equation reduces to
dy (x+h)+2(Y+k)-3  X+2Y+(h+2k-3)
dx  2(X+h)+(Y+k)-3  2X+Y+(2h+k-3)

N0



Choose h and k such that
h+2k-3=0and2h+k-3=0
= h=1;k=1

Equation (i) becomes

dy X+2Y

X 2XaY - (1)

Put: Y = VX

= d—Y=V+Xd—V
dXx dX

Now equation (ii) becomes:

X dv. _ X+2VX 1+2V

V+X— = =
dXx 2X+VX  2+V

2
Xd_V:1+2V_V:1—V
dX 2+V 2+V

Separating the variables, we have

2+V _d_X
1-V? X
Integrating, we get
j 2 dV+j V_ gy o[
1-V? 1-V? X
1, 1+Vv 1 2
= 2.=lo - —log(1-V*) = logX + logc
Jlogi— ~>10g(1-V?) = logX + log

= 2log (%} —log(1 - V?)= 2logcX

2
= log [(1i$j Xl 1\/2} = log(cX)?

2
3[1+vjX 1 - (02
1-V (1_\/2)
1+V
(1-v)

=c?X? ... (i)

Putting the value of V in (iii), we have

... (iv)
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Substituting the value of X and Y in (iv), we get
X+y-2 _ 2

(x-)

["X=x-h=x-1Y=y-1]

Example 15: Solve the following differential equation:
2

x> -1

x>=1 d_y +2xy =
dx

Sol: First reduce this into the form of :—y+Py =Q and
X

. . . . P
then using the integration factor i.e. eI % we can solve

this.
dy
We have, (x*-1) — + 2xy =
dx x2 -1
. Yo x 2 (i)
dx x?2-1" (x*-17

This is a linear differential equation in y.

2X 2

Q= ——

x? -1 2 4\?
N (x 1)

e _ 2™

Here, P =

2
ILF. = e = 090D = y2_ 1

*. The solution of (i) is

Y(LF) = [(QxIF)dx+C

.02 —1) = j(xz—l).—
1
= ZIde+C

x—1

x+1

= 2.llog +C

2

1+C

X_
Xx+1
+C}

el

= yx*-1)=log

x—1
x+1
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Exercise 1

Q.1 Write the order and degree of the differential

equation x — cos (d_y) =0
dx
2
Q.2 Solve the differential equation d_y+ 1=y 0
dx 1-x°

Q.3 Write the order and degree of the differential

equation d—y+sin dy =0
dx dx

Q.4 How will you proceed to solve the differential

equation dy =T +X+y+xy?
dx

Q.5 Find the integrating factor for solving the differential
equation

(1 +y?) dx = (tan'y — x) dy

Q.6 Solve the differential equation % = cosO

Q.7 To solve the differential equation :_y + 2y = 6e,
X

how will you proceed?

Q.8 Prove that, the differential equation that represents
all parabolas having their axis of symmetry coincident
with the axis of x is yy, +y2 =0.

Q.9 Form the differential equation representing the
family of curves y = Acos2x + Bsin2x, where A and B
are constants.

Q.10 Prove that, the functiony = Ax + B is a solution
X

2
of the differential equation: x? dy + xd—y -y=0
dx2 dx

Q.11 Prove that, the differential equation of which

d
1 + 8y?tanx = cy? is a solution is coszx% = 4y3

Q.12 Form the differential equation of the family of
curvesy = Ae®

d
Q.13 Y ey + xe
dx

d_y+1+c052y=0

.14
Q dx 1-cos2x

Q15 \/x+x2 +y? +x%y° + xydy 0

& =
2
Q.16 d_y __ Xy
dx 3 +y3
dy .
Q.17 - = sin®x.cos®x + xe*
dx

Q.18 (1 — x3)dy + xydx = xy2dx
Q19 Xd—y +y=y?

dx
Q.20 (x—y3)dy + ydx =0

Q.21 y—xd—y = a[y2+x2d—yJ ,Wherex =a,y = a.
dx dx

Q.22 xlogxd—y +y= 2 log x
dx X
Q.23 e = x + 1,y(0) = 4
Q24y' +2y?=0,y(0) = g
Q.25 xy' + y = XCOSX + sinx, y (g} =1

Q.26 y2 + x? d_y= xyd—y , given thatwhenx =1,y =1
dx dx

Q.27 (1+sinx>x)dy + (1+y?)cos x dx=0,given that when
T
= — , = O
X 5 y
Q.28 xydy = (y + 5)dx, given that y(5) = 0

Q.29 (x + 2)dx = (x* + 4x + 9)dy, given that y(0) = 0



Exercise 2

Single Correct Choice Type

Q.1 The general solution of the differential equation, y’
+yo'(x) — 0(x).0'(x) = 0 where ¢(x) is a known function is:
(A)y = ce™™ + ¢(x) — 1

(B)y = ce™® + ¢(x) - 1

Oy =ce®™=6¢() +1

D)y = ce™ + ¢(x) + 1

Q.2 The differential equation yj—y
X
any arbitrary constant represents:

+x = C, where Cis

(A) A set of circles with centre on x-axis.
(B) A set of circles with centre on y-axis.
(C) A set of concentric circles.

(D) A set of ellipses.

Q.3 The differential equation of all parabolas having
their axis of symmetry coinciding with the axis of x is:

d’y dy d?y dy2
A y—2+-—2=0 B) x—=+|—=| =0
()ydx2+OIX ()xdy2+ ™

) 2
© yd—y+ d_y =0 (D) None of these
d)(2 dx

Q.4 The solution of the differential equation,

dy 1 y2 2
— | = —2—||1=x+
Xy|: |X:| |:1 Xz:l( X+ X )
given that when x = 1, y = 0is:

(A) log \/1+y2 = logx + tan™'x — g

2

l+y T
B) lo = 2tan'x —=
(8 log = :
1+y? =«
QO lo = — —2tan”'x
©log=—F-=

(D) None of these

Q.5 Given,y =1 + cosx and y = 1 + sinx are solution of
dy
dx?

the differential equation +y = 1, then its solution
will be also:
(A)y = 2(1 + cosx)

(C) y = cosx — sinx

(B) y = 2 + cosx +sinx
(D)y = 1 + cosx + sinx
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Q.6 The solution of the differential equation

2
(x + 2y%) :_32/ =yis:
X
X
(A) 2 =y+c ®) =y +c
y
2
© X =y?sc D) L=x?+c
y X

Q.7 A normal is drawn at a point P(x, y) of a curve.
It meets the x-axis and y-axis in the points A and B

. 1 1 A
respectively such the oatos = 1, where 'O’ is the

origin. The equation of such a curve passing through
(5, 4) denotes:

(A) A line.
(C) A parabola.

(B) A circle.
(D) Pair of straight line.

Q.8 The latus rectum of the conic passing through the
origin and having the property that normal at each
point (x, y) intersects the x-axis at ((x + 1), 0) is:

(A1 (B) 2 © 4 (D) None of these

Q.9 The solution of the differential equation
ZXZyj—y = tan(x?y?) — 2xy?, that given y(1) = \/g is
X

(A) sinx2y2 = ex! (B) sin(xzyz) =X

(C) cosx?y* + x =0 (D) sin(x?y?) = e.e

Q.10 A wet porous substance in the open air loses its
moisture at a rate proportional to the moisture content. If
a sheet hung in the wind loses half its moisture during the
first hour, then the time when it would have lost 99.9% of
its moisture is: (weather condition remaining same)

(A) More then 100 hours
(B) More than10 hours

(C) Approximately 10 hours
(D) Approximately 9 hours

C . .
Q11 Ify = @ (where c is an arbitrary constant)

is the general solution of the differential equation

dy = X+¢[£] then the function d{ij is
dx x y y

X2 X2 y2 yz
(A) V (B) % © 2 (D) - Z
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Q.12 A tank contains 10000 liters of brine in which
10 kg of salt is dissolved initially at t = 0. Fresh brine
containing 20 gms of salt per 100 liters keeps running
into the tank at the rate of 50 liters per minute. If the
mixture is kept stirring uniformly, then the amount of
salt (in kgs) present in the tank at the end of 10 minutes,
is (Assume that there is no overflow of brine is the bank)
(A) 11.5 (B) 11.15

(C) 10.1 (D) 10.5

Q.13 Which of the following differential equation is not
of degree 1?

(A) Xy, + (x+x)? yf + ey3=sinx

(B) y5/? + (sinx)y

L H XY =X

Q) Jy,+y =x+1

(D) None of these

Q14 If d_y _ Xty , then the solution of the differential

dx xy+y
equation:
(A)y =xe*+c B)y=e"+c
Q) y = Axe* D)y=x+A

Q.15 The degree of the differential

£y ) &y _d
Y1 14 39Y  sY g s
dx3 dx?>  dx

equation

(A) 1 (B) 2 3 (D) None of these
Q.16 The differential equation for all parabolas each
of which has a latus rectum ‘4a’ and whose axes are

parallel to x-axis is:

(A) of degree 2 and order 1 (B) of order 2 and degree 3

2 2 3
© 2a9% 21 (D) 2aﬂ+(d—yJ -0
dy2 dy2 dx

Previous Years' Questions

Q.1 The order of the differential equation whose general
solution is given by y = (c, + ¢,)cos(x + ¢,) — c,e*"5.

where ¢, ¢, ¢, ¢, c, are arbitrary constants, is ~ (1998)

(A)5 (B)4 Q3 (D) 2

Q.2 A solution of the differential equation

2
dy dy .
_y—=L = : 1
(dxj de+y Ois (1999)
Ay=2 (B) y = 2x
CQy=2x-4 D)y =2x-4

Q.3 If y(t) is a solution of (1 + t) j—{—tyzl and

y(0) = -1, then y(1) is equal to:- (2003)

1 1 1 1
A) -5 (B) e + 3 Qe- > (D) >

Q4 Ify = y(x) and w(d—yj = —cosx, y(0) = 1, then

y+1 (dx
— | equals
y >

1
(A) 3

(2004)

2 1
(B) 3 - 3 (D) 1

Q.5 If j—y =y(logy —log x + 1), then the solution of
X

the equation is (2005)

(A) Iog(szcx (B) Iog(yjzcy

X X

© y|og(yj=cx (D) xlog(yJ:cy

X X

Q.6 A right circular cone with radius R and height H
contains a liquid which evaporates at a rate proportional
to its surface area in contact with air (proportionality
constant = k > 0). Find the time after which the cone is

empty. (2003)

Q.7 If length of tangent at any point on the curve y =
f(x) intercepted between the point and the x-axis is of

length 1. Find the equation of the curve. (2005)

Q.8 If a curve y = f(x) passes through the point (1, -1)
and satisfies the differential equation,

y(1 + xy) dx = xdy, then f(—%} is equal (2016)

Nnd o omE o2 D) -2
w-z ®F O O -5



Q.9 Let y(x) be the solution of the differential equal (x

log x) :—y+ y = 2xlogx, (x >1). Then y(e) is equal to
X (2015)

(A) e (B) O G2 (D) 2e

Q.10 If y = sec(tan''x), then % at x = 1is equal to :
X (2013)

1
1 (D) \2

NG

2
Q11 dx equals
dy2

2, )t -3
" {d_yj (d_yj
dx? dx

1
(A) (B) > 1

(2011)
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Q.12 Solution of the differential equation cos x dy =

y(sin x —y) dx, 0 < x < g (2010)

(A)ysecx =tanx + ¢ (B)ytanx = secx + ¢

(O tanx =(secx + )y (D)secx = (tan x + )y

Q.13 The differential equation which represents the
family of curves y = c,e?*, where ¢, and c, are arbitrary

constants is (2009)

Ay =y By =y'y

Qyy =y D) yy" = ('

Q.14 The solution of the differential equation

j—y XY satisfying the conditiony (1) = 1is (2008)
X X

(A)y =log x + x (B)y = xlog x + x?

(C)y = xetD (D)y =xlog x + x

Exercise 1

2
Q.1 () Solve Y = X+
dx X2 4+y?

(ii) (¢ = 3xy?)dx = (y? - 3x?y)dy

Q.2 Find the equation of a curve such that the projection
of its ordinate upon the normal is equal to its abscissa.

Q.3 The light rays emitting from a point source situated
at origin when reflected from the mirror of a search light
are reflected as beam parallel to the x-axis. Show that
the surface is parabolic, by first forming the differential
equation and then solve it.

Q.4 The perpendicular from the origin to the tangent at
any point on a curve is equal to the abscissa of the point
of contact. Find the equation of the curve satisfying the
above condition and which passes through (1, 1)

Q.5 Use the substitution y> = a — x to reduce the

dy

equation y3.d— + X + y?=0 to homogeneous form and
X

hence solve it.

. Yo vanYly ZlysinY-xcos ¥ |xY
Q.6 Solve: {x cos>+y S|n;:|y _{y sin —x cos x}(dx

Q.7 Find the curve for which any tangent intersects
the y-axis at the point equidistant from the point of
tangency and the origin

Q.8 Solve: (x —y)dy = (x + y + T)dx

Q_g So|Ve:ﬂ:M
dx 2x+y-3
Q.10 Solve: ¥ - ¥=Xx+1
dx y+x+5
dy  x+y+1
Q.11 Solve: dx_2x+2y+3
2(y+2)
Q.12 Solve: dy = Lyre)

dx (x+y—1)2
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Q.13 Show that the curve such that the distance
between the origin and the tangent at an arbitrary
point is equal to the distance between the origin and

-1y
the normal at the same point, x> +y? = ce X

Q.14 If solution of differential equation j—y —y=1-¢e*
X

ttan

and y(0) = y, has a finite value. When x — oo, then
findy,.

Q.15 Let y = y(t) be a solution to the differential

equationy' + 2ty = t? then find Iim%
t—>oo
Q.16 Solve: d_y+ X y= L
dx  1+x° 2x(1+x2)

Q.17 Solve: (1 -x?) j—y + 2xy = x(1 —x?)"?
X

Q.18 (i) Find the curve such that the area of the
trapezium formed by the co-ordinate axes, ordinate of
an arbitrary point and the tangent at this point equals
half the square of its abscissa.

(ii) A curve in the first quadrant is such that the area of
the triangle formed in the first quadrant by the x-axis,
a tangent to the curve at any of its point P and radius
vector of the point P is 2 square units. If the curve
passes through (2, 1) find the equation of the curve.

Q.19 Solve: x(x =1) j—y—(x—Z)y =x32x - 1)
X

Exercise 2
Single Correct Choice Type
Q.1 A curve passes through the point [1%} , and its

slope at any point is given be—cos2 [Xj Then the
X X

curve has the equation, y is equal to:

(A)y = xtan™ (’msj

(B) y = xtan”'(log+2)

e
@y = Ltan [“‘;}
X

(D) None of these

Q.2 y = f(x) satisfies the differential equation j—y—y =
X

cosx — sinx with the condition that y is bounded when
x = +o0. The longest interval in which f(x) is increasing

in the interval
ﬁ
D) |0,—=
<>[ 6)

T T T n 57
w33 @3 of5%)

Q.3 The real value of m for which the substitution,
y = u™ will transform the differential equation 2x4yj—i’ +
y* = 4x8 into a homogeneous equation is:

(A)m=0 (B)ym =1

(€O m=3/2 (Dym =2/3

Q.4 The solution of the differential equation

xzﬂ.cosi—ysiniz—l, Wherey — -1 as x —> «© is
dx X X
(A)y:sini—cos1 B)y= x+1
X X -1
Xsin—
X
Qy=cost +sint (@©)y= X
X X 1
XCOS—
X

Q.5 The equation of a curve for which the product of
the abscissa of point P and the intercept made by a
normal at P on the x-axis equals twice the square of the
radius vector of the point P, and passes through (1, 0) is:

(A) X% +y?> = x4 (B) x2 + y? = 2x*
(C) x? + y? = 4x* (D) None of these

Q.6 The order and the degree of the differential
equation whose general solution is, y = c(x — ¢)?, are
respectively:

(A) 1,1 (B) 1,2 1,3 (D) 2,1

Q.7 the degree of the differential equation

2 2
d_y 3 d_y =x/n d_y is
dx? dx dx?
(A) 1 (B) 2 © 3 (D) None of these

Q.8 Orthogonal trajectories of family of parabolas
y? = 4a(x + a) where ‘a’ is an arbitrary constant is

(A) ax? = 3cy (B) x2 + y? = a?

CQy=ce2 (D) axy = ¢



Q.9 If the function y = e* + 2e™ is a solution of the

&y _p3dy
. . . dX3 dx
differential equation =*———— = K, then the value
of K is:- y
(A) 4 (B) 6 @9 (D) 12

d f(y/x
Q.10 Solution set of the equation L A y =X (y )
dx fy/x)
(A)f(ij —cy
y

(B) f(lj - X
X
© f(zj =cxy
X

(D) None of these
dy _ X2+ 2xy +y?

dx 2 —2xy+2y2

solutions. C, passes through, A(1, 2), and line through
origin and A meets C, at B. Then slope of the tangent
to the curve C, at B is:

Q.11 . Let C, and C, be two of it's

5 9 9
(A) 3 (B) © (@) “ (D) None of these

Q.12 The solution of the differential equation log [j—yj
=4x-2y—-2,y=1whenx=1is:- X
(A) 2e2y+2 — e4X +e2

(B) 2672 =¥ 1 et

(C) 262y+2 — e4x +e4

(D) 3e2y+2 — e3X +e4

Multiple Correct Choice Type

Q.13 The general solution of the differential equation,

(el

(A) y - Xe1 —CX (B) y = Xe‘l +cx

(C) y = xe.xe= (D) y = xe=

where c is an arbitrary constant.
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Previous Years' Questions

Q.1 Le f(x) be differentiable on the interval (0, o) such

t2f(x) — x°f(1)

that f(1) = 1, and lim = 1 for each x > 0.
t

—X t—Xx
Then f(x) is: (2007)
(A) l+£ (B) _l+ﬁ
3x 3 3x 3

1 2 1
Q -=+5 D =

X X X

/1_ 2
Q.2 The differential equation :—y V27V Getermines
X y

a family of circles with (2007)

(A) Variable radii and a fixed center at (0, 1)
(B) Variable radii and fixed center at (0, -1)
(C) Fixed radius of 1 and variable center along the x-axis

(D) Fixed radius of 1 and variable center a long the y-axis

Q.3 Let y = f(x) be a curve passing through (1, 1) such
that the triangle formed by the coordinates axes and the
tangent at any point of the curve lies in the first quadrant
and has area 2 unit, from the differential equation and
determine all such possible curves. (1995)

Q4 A and B are two separate reservoir of water.
Capacity of reservoir A is double the capacity of
reservoir B. Both the reservoirs are filled completely
with water, their inlets are closed and then the water
is released simultaneously from both the reservoirs.
The rate of flow of water out of each reservoir at any
instant of time is proportional to the quantity of water
in the reservoir at the time. One hour after the water

. . . |
is released the quantity of water in reservoir A is 15

times the quantity of water in reservoir B. After how
many hours do both the reservoirs have the same
quantity of water? (1997)

Q.5 Let u(x) and v(x) satisfy the differential equation
%+p(x)u:f(x) and j—\;+p(x)=g(x), where P(x),

f(x) and g(x) are continuous functions. If u(x,) > v(x,)
for some x, and f(x) > g(x) for all x > x,, prove that any
point (x, y) where x > x, does not satisfy the equations
y = u(x) and y = v(x) (1997)

Q.6 A curve passing through the point (1, 1) has the
property that the perpendicular distance of the origin
from the normal at any point P of the curve is equal
to the distance of P from the x-axis. Determine the
equation of the curve. (1999)
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Q.7 A country has food deficit of 10%. Its population
grows continuously at a rate of 3% per year. Its annual
food production every year is 4% more than that of the
last year. Assuming that the average food requirement
per person remains constant, prove that the country
will become self-sufficient in food after n years, where
n is the smallest integer bigger than or equal to

In10-1In9 (2000)
In(1.04)-(0.03)

Q.8 Let f: R — R be a continuous function, which satisfies

f(x) = jf(t)dt. Then the value of f(log 5) is ....... (2009)
0

X

Q.9 If the function f(x) = x® + e2 and g(x) = f'(x), then

the values of g'(1) IS .oovoeerrcenne (2009)

Q.10 Let y'(x) + y(x)g'(x) = g(x)g'(x), y(0) = 0, x € R, where
df(x)
dx

differentiable function on R with g(0) =g(2) = 0. Then the

f'(x) denotes and g(x) is a given non-constant

value of y(2) is .............. (2011)

Q.11 A solution curve of the differential equation

(X +xy+4x + 2y +4) %— y? =0, x > 0, passes through
X

the point (1, 3). Then the solution curve dy dx (2016)

(A) Intersects y = x + 2 exactly at one point.
(B) Intersects y = x + 2 exactly at two points
(C) Intersects y = (x + 2)?

(D) Does NOT intersect y = (x + 3)?

Q.12 Consider the family of all circles whose centers
lie on the straight line y = x. If this family of circles
is represented by the differential equation Py" +
Qy' + 1 = 0, where P Q are functions of x, y and y’

2
{here y'= % y"= d—)Z/ , then which of the following

dx
statements is (are) true ? (2015)
(A)P=y+x
(B)P=y-x

©Q=1+y, +y?
D) P-Q=x+y-y -

Q.13 The function y = f (x) is the solution of the
dy xy x* +2x

differential equation —=+ in (-1, 1)
dx X2—1 1_X2
B
2
satisfying f(0) = 0. Then j f(x)dx is (2014)
NE]
2
w B ® -V
3 2 3 4
or ¥ o =B
6 4 6 2

Q14 A curve passes through the point(l, %}

Let the slope of the curve at each point (x, y) be

X X
curve is

X+sec[lj, x>0, x > 0. Then the equation of the
(2013)

(A) sin (zj =logx +l
X 2
(B) cosec [X) =logx+2
X
(C) sec (Z_yj =logx+2
X
(D) cos [Z_yJ =logx +E
X 2

Q.15 If y(x) satisfies the differential equation y’ - ytanx
= 2x secx and y(0) = 0, then (2012)

gL n? (7 _TC2
woilar @)

T 2 T 272
(@) Y(Ej -y

(m|_4r, 2n
o15)-53%

Q.16 Let f: [1, 0) = [2, ©) be a differentiable function
such that f(1)= 2. If 6.[1Xf(1)dt =3xf(x)—x> forall x>1,

then the value of f(2) is (2011)

Q.17 Let f be a real-valued differentiable function on
R (the set of all real numbers) such that f(1) = 1. If the
y-intercept of the tangent at any point P(x, y) on the

curve y = f(x) is equal to the cube of the abscissa of P,
then the value of f(-3) is equal to (2010)



Q.18 Interval contained in the domain of definition of
non-zero solutions of the differential equation (x — 3)?
y+y=0 (2009)

Q.19 Let a solution y = y(x) of the differential equation

Xm dy - y\/y27_1 dx=0 satisfy y(2) = %
3

Statement-I: y(x) = sec y(x)=sec(sec‘:l x—gj and
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Statement-II: y(x) is given by 1_ &_ 1 _iz
y

X X
(2008)

(A) Statement-I1 is True, statement-Il is True; statement-II
is a correct explanation for statement-I

(B) Statement-I is True, statement-Il is True; statement-I|
is NOT a correct explanation for statement-I.

(C) Statement-1 is True, statement-Il is False

(D) Statement-| is False, statement-Il is True

MASTERIJEE Essential Questions

JEE Main/Boards

Exercise 1

Q.9 Q.14 Q.20 Q21
Q.26

Exercise 2

Q3 Q4 Q8 Q.10
Q11 Q.16 Q.14

Previous Years’ Questions

Q3 Q5 Q8

JEE Advanced/Boards

Exercise 1

Q3 Q.6 Q14 Q.18
Q.19

Exercise 2

Ql Q4 Q5 Q9

Q11 Q13

Previous Years’ Questions

Q2 Q4 Q7
Q10
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JEE Main/Boards

Exercise 1

Q.1 Order = 1; Degree = 1
Q.3 Order = 1, degree is not defined
Q.s etan_ly

Q.7 (L.F)y = j (IF).Q

Py (dyY
12y &Y Y
Q de2 [dX}

Q.14 tany — cotx = ¢

3
Q.16 logly| = —+c¢
3y3

Q.18 —[logy — log(y — 1)] = —%Iogﬂ -x3) +cC

3

y* 2
20X = Z—+—
Q.20 x 7 +y
Q_ZZ ylogl)(l = Lglxl_z.kc
X
Q.24 1. 2X + 2
y i
y _
Q.26 = =logly| + 1
X

Q.28 y — 5logly + 5| = log|x| - 6log5

Exercise 2

Single Correct Choice Type

Q1A Q2A Q3C
Q78 Q8B Q9 A
Q13D Q14 C Q158

Previous Years' Questions

Q1C Q2C Q3 A

2
Q7 Y I s Q8cC
dx2 dx

Q12D Q13D Q14D

Q.2 sin”ly + sin"'x = ¢
Q.4 Separate the variables after factorizing

Q6r=sinB+c

Q.9 y" = -4Acos2x — 4Bsin2x = -4y

4
Q13 e’ =¢e"+ XT-FC

2_
Q.15 VX2 +1+ y2+l+llog vi+x -1 +c=0
2 VI+x2 +1

6 4
_ (cosx) _(cosx) e+ 1) +c

17
17y ="—¢ 2

Q19y-1=xy

X 2 1
Q21 Y |7 1) (a; J
y_l X+; a -1
a

Q23y=(x+ Tlog|x + 1| -x + 4

Q.25 y = sinx
T

Q.27 tan”'(sinx) + tan'ly = 2

Q29y = %Iog(x2 +4x + 9) - log3

Q4B Q5D Q.6 B
Q10C Q11D Q12C
Q.16 C
dy
Q4 A Q5 A Q6T=—
dx
Q9C Q10 A Q11 C
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JEE Advanced/Boards

Exercise 1

Q.1 (i) c(x — y)¥2 (6 + xy + y2)6 = exp {itan_l X+ 2y

3 x\/g

} where exp x = e* (i) (¢ + y?)? = (¥ = y?)c

2,y 22 2
Q.2 # = log (y#_m/yz —x? )C—S , Where same sign has to be taken
X X
Q4x2+y2-2x=0 Q5 %Iog [x?+a%| - tan™t (E] = ¢, wherea = x + y?
X
Q.6 xycosX =C Q.7 x* + y? = cx
X
1
ctan™! er—E
X+=
Q8 e 2 Q9 (x +y-2) = cly - x)?
Q.10 tan’li%g’ﬂogc\/(y%)2 +(x+2)° =0 Ql1x+y+ gz ce3t2)
—2tan_1y—+2 1 1
Q12c=e X3 = (y +2) Q.14§ Q.15 >

J1+x% -1
Q16 y 1+x2 :c+%|og[tan%arctanx} another form is yw/1+x2 =c+%|ogL
X

Q17y = c(1-3) + V1-x2 Q.18 (i) y = cx? +x (i) xy =2

Q19 y(x—1) = x*(x* =X + Q)
Exercise 2

Single Correct Choice Type
Q1A Q2B Q3C Q4 A Q5 A Q6 C
Q7D Qs8C Q9D Q10B Q118 Q12C

Multiple Correct Choice Type
Q.13 B, C

Previous Years’ Questions
Q1A Q2C Q3x+y=2xy="1 Q4 log;,, {%j Q.6 x?+y?=2x
Q80 Q9?2 Q100 Q11 A,C Q.12 8B, C Q138

Q14 A Q15A,D Q.16 6 Q179 Q19 C
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JEE Main/Boards

Exercise 1

Sol 1: x = cos dy = d—y=cos‘1x
dx dx

.. Degree = 1, order = 1

2
Sol 2: d_y:_ 1oy
dx 1-x?

dy dx
= |- > ZI\/ >
\/1—y 1-x
= —sinly =sin”™x + ¢ or sin”x + sin"y = ¢

Sol 3: d—y+sin d_y =0
dx dx

Highest order derivative = 1

Degree is not defined as differential coefficient is not
free from radical and fraction.

So|4:d—y =1T+x+y(l+x) or dy =(1+x)(1+y)
dx dx
(Separation of variables method)

d
:jﬁ:j(ux)dx
2

:>Iog(1+y):x+x?+c

Sol 5: (1 + y?)dx = (tan”'y — x)dy

dx 1 tanly
—+ X =
dy (1+y?) 1+y?
A
~. Integrating factor = e \! *Y = elen Y

Sol 6: ﬂ = cosO
de

J.dr=.|'cosed9

r =sinb+ c

Sol 7: dy + 2y = 6&*
dx

This is a linear equation
~. Integrating factor = N EL S
. 2X_y + 2 2X\) — 6 3x
CeX g + 2e¥y = 6e
6
— [de®v) = [6e>*dx = ey = ¥ + ¢
[de®y) =] Y =3

Sy =2+ ce

Sol 8: Ellipse with their axis coincide with x-axis

2 2
X—z +y_2 =1 2—;( + 2_y2/ =0
a‘ b a b
b? x —b? y—xy'
A
y
=>vyy' = i|: _i ':| ﬁ ﬁi
2Ly a® (a’y
—b?
YY) E
For parabola
Equation will be y? = 4ax
=2yy'=4a or y = 2
y
or2a=yy'
=)y +y' =0

Sol 9: y = Acos2x + Bsin2x
y' = —2Asin2x + 2Bcos2x
y" = —4Acos2x — 4Bsin2x = -4y

Sol 10:y = Ax + B
X

B
y=A-—
2
"no_ 2_B
y 3
XY XY -y



2
= ﬂ+x[A—Ej—[Ax + EJ
x> x? X

—B+AX—E—AX—E:0
X X X

Hence proved.

Sol 11: 1 + 8y’tanx = cy?
y?(c — 8tanx) = 1

.. 2y(c — 8tanx) :_y + y*(-8sec?x) =
X

2y 1 dy = 8y’sec’x
yz dx

" d_y = 4y3sec’x  or coszxd—y = 4y3
dx dx

Sol 12: y = Ae®

=y = ABe™

=y" = AB%¥

= yy" = A2B2e?x = (y')?
&y _(dyY
y d)(2 dx
Sol 13: d_y = eV + X7
dx
:jeydy = J'(e" +x°) dx
4
SeV=e+ — +c¢C
4

dy 1+c052y
dx 1-cos2x

Sol 14:

d
:Il+c052y :Ic052x—1
d
:>.[ __.[ -Xz

2sin“ x
2
:jsec y dy:—jcosec X dx

2cos y

= tany = cotx + ¢

s otany —cotx = ¢

Sol 15: \/1+x2+y2+x2y2 +Xyd_y =0

dx
JA+x3)A+y?) + xyd—y =0
dx

d
:xyd—i = —\/(1+x2)(1+y2)

fgp

= take 1 + y? = t, differentiating both sides
2ydy = dt

=.[ t1/2 \[_m

lel + X d = [0+
X x«/l + x?

= j—l dx+j—x dx
Xyl + X J1 o+ X
e

l, = I;dx
Xyl + x°

Put x = tan0; dx = sec?0 do

2
= I—sec 0do :.[cosecede = log |cosech — coto|
tanOsecO
_ 1-cosO _ llo 1-cos6 ?
sin® 2 9 sin®
_ 1 1- cose) Elo 1-cosO
) g(1 cos?0) 2 1+cosO

1 secf-1 2 _
orl, = E|09(—j = l|09 Mrx -1 1J

secO+1 2 /1+x2+1

2_
\ly2+1:— (\/x2+1j+llog M +c
2 V1+x%+1

\/x +1+44y? +1——Io [ L+ _1J+c:0

Vi+x% +1
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Sol 16: d_y:xz_y = —{logy —log(y - 1)] =—%|09(1 -x) +c
dx X3 1y?
2
X Sol19:xd—y +y=y?
dx 3 d
(X] +1 = x L=y -y)
y dx
dy dv dy { }
Put x = T=v—=—+y— =|— =- ———dy—logx+c
R dx Y dx y -y I Iy (y-1)
dy 1 1 x dv v2 = log(y — 1) — log(y) = logx + logc
dx v v dx _v3+1 = (x-1) =xy
3
‘_Xj_": Y- 3—1 Sol 20: (x - y3)dy + ydx = 0
v axo ovi+1 v +1 — xdy + ydx = ydy
V3 (3
I(V +1)d —j— :>— +logv = logx + ¢ :Id(xy)—jy dy
4 3
y y , ¢C
SXy= Z—+C OrX=>—+—
1 x ) 4 4y
SN R logx — logy = logx + ¢
3 d d
x> SO|212y—X—y =a(y +X2_yJ
3 ) dx dx
slogy +c= Z— =y = Ce¥
3y’ dy,
=>——(ax“ +x) =y-—ay?
dx
S0l 17: & = ginsx cos’x + xer j dy =J' dx
dx y—ay’ " ax?+x
dy = I(sin3xcos3x+xex)dx 1
:>_[ 1 dyz_[ 1 dx
= Jsinx(l—cos2 x)cos> xdx + xe* — ¥ y(d -ay) x(ax+1)
Put cosx = t = —sinxdx = dt :>J' l+ a y:J‘ 1 a dx
y l-ay X ax+1
= - [@-)E)dt + x(en - e
= [( -t)dt + ex-1) = | 1__1 dy = [ 1 1
A y ( lj X ( 1)
t t y—— X+=
=———— +ex-1+c a a
6 4
- (cosx)® _ (cosx)* Fe(x+ 1) +C logy — log (y—lj = logx - log (x+l] + logc
6 4 a a
1 1
Sol 18: (1 —x)dy + xydx = xy2dx loga - log a—; = loga log. a+g + logc
(1 —x3dy = (xy? — xy)dx = x(y? — y)dx 21
logc = log
| dy — [ dx a’-1
(y?-y) “1-x%
X 2,1
byt L2 - )5
y (-1 271-2 y-- (g fa -t
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2 1
Sol 22: xlogxd—y +y = —logx s Cc= L = 1 Ly=s ———
dx X LI Z(X N 1]
2 T
Sy, 2
dx xlogxy X2 or1=2x+£
y T

f L dx
I.F = xlogx

e = e!M™ =]ogx

2 Sol 25: xd—y + Y = XCOSX + Sinx
-~ (logx)y = I—Zlogxdx dx
X

d 1 sinx

Put logx = t = L x = dt Or—y+[—)y:cosx+—

X dx | x X
~.(logxy =2 J.e‘ttdt [Lax

LF=ex =x
" L o) _ cosx+—Sinx X
dt=—du=+ 2J.e“udu = +2[ev(u—-"N] + ¢ Todx X
~(logx)y = +2[e™¥(-logx - 1)] + ¢ _[d(xy) = I(xcosx+sinx)dx
2

- (logx)y = - ;(|09 Ix]+1) +c Xy = Ixcosxdx+jsinxdx

dx .
Sol 23: eM/H =y 4 1, y(0) = 4 = xjcosxdx—J.(ajcosxdxjdx+'[5|nxdx

= xsinx — [sindx + | sinxdx + ¢
d_y =log(x + 1) :jdy = _[En(x+1)dx j I
dx S Xy = XSinX + ¢

din(x +1) -
dy =1 + 1) |1dx — || ——=|1.dx |dx Z| =
[dy = logx + 1) [1d ;( el ] y@ 1
y=x|og(x+1)—jidx+c I-Z4ic =c=0
x+1 2 2
= xlog(x + 1) = x + log(x+1) + ¢ Sy =sinx + 0
Ory=(x+1)logx+1)—x + ¢ Sy = sinx
y(0) = 4 &
L4 =cC Sol 26: y2 + XZ& = Xyd_z(/
Ly=x+TNlogx+ 1)-x+4 yz
Jdy vyt (Xj
Sol 24:y" + 2y* = 0 T dx xy—x* [y)] _ 1
d_y:_2y2 X
o Lety = vx
1
”I_zyz y—jdx .'.d—y=v+xd—V
dx dx
1( 1 2 2
——(——j=x+c ori=x+c .'.v+xd—V= v or xd—V: v o, oY
2 2y dx v-1 dx v-1 v-1
orv—1,  rdx
y(O) = g J-TdV—J'Y

= v-logv = logx + cor y_ log (X]: logx + ¢
X X
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whenx =1y =1

1-logl =logl+corc=1
=log|y[+1

or vy =xlog(ey)

Sol 27: (1 + sin%)dy + (1 + y?)cosxdx = 0

J‘ COsX dx

- _
1+y

1+sin’x
tanly = - I—tz (Putting sinx = t)
1+t

.. cosxdx = dt

- tanTy = —tan”"sinx + ¢

- tanT'sinx + tan”'y = kil

4

Sol 28: xydy = (y + 5)dx

:>( y ]dy = ldx
y + 5 X

5
= I(l—ﬁ]dy = logx + ¢

=y ->5log(y + 5) = logx + ¢

since forx =5,y=0

= 0-5log5 = log5 + ¢ = ¢ = -6log5
.y = 5log(y + 5) + logx — 6log5

y+5 X
= 5Slog| =——| + log| =
resea(5) )

ory-5log|y+5]|=log|x|-6log5

Sol 29: (x + 2)dx = (x> + 4x + 9)dy
. dy ‘_[ (x+2) __J- 2x+4
x? +4x+9) (x? +4x+9)
Putx®+4x+9=t
S(2x + 4)dx = dt

2 dt ;Iogt+cory— Zlog(x® + 4x+9) +¢C
forx=0,y=0
1
c=-=log9
> 9
) —llo (x2+4x+9)
sy = Slog T

Ory = %Iog(x2 +4x + 9) - log3

Exercise 2

Single Correct Choice Type

Sol 1: (A) y' +y ¢'(x) — d(x) $'(x) =
This is a linear equation

I.F. = e“"(x)dx = e¢(x)

= [de®™.y) = [e?()¢'(x)dx
ety = tet — Iettdx

Let ¢(x) = t

¢'(x)dx = dt

ety = tet — J‘etdt +c=tet—et + ¢ = (p(x) — 1)et™ + ¢

= (o(x) —1) + ce®
or y=ce ™ 4+ ¢x) -1
Sol 2: (A) yd—y+x =C = jydy = J'(c—x)dx
dx

2 2 X2 2

=>x-2cx+y?=0o0r(x—c2+y*=¢

... Circle with centre at (c, 0) and radius c.

Sol 3: (C) Parabola equation y? = 4ax

dy
L2y—=4
ydx @

2 2
or d_y +yd— =0
dx dx2

dy (1+y?)

Sol 4: (B) xy dx R )(1+ X +x%)

=]

J- 1+x )+x

1+y (1+x)x



1

1+x° o

1 2 1
= Elog(1+y )=J;dx+_[
= %Iog(1+y2) =logx+tant x+c

Forx=1,y=0

s c=-tan'1=-=
4
orlog(1 + y?) = 2logx + 2tan™x — g

or log

1+y?)
2

= 2tan”'x — ~
X 2

Sol 5: (D) y = 1 + cosx
y =1+ sinx
using option we can see that

y = 1 + cosx + sinx is satisfying the equation

OI—y:cosx—sinx
dx
2 2
4y —Sinx — COSX.". dy +y=1
dx dx?

Sol 6: (B) (x + 2y9) & =y
dx

sdy _

X—=—+2y g
X

y
= ydx — xdy = 2y3dy

N ydx—xdy _ 2ydy
y2

X
L= =yi+cC

Sol 7: (B) Equation of normal at P(x, y)

=y =~ Kix-x
y

OA = x-intercept = x + yd—y
dx
OB = y-intercept ox
= V- = + _—
y-intercept =y Xdy
dy
1+—
! + 1 =1 or __dx 1
X+ dy +x% d—y+x
ydx Y d ydx

dy _
=y-1) prol (1 =x)or I(y—l)dyzf(l—x)dx

2 2

y X
=L —y=x-"—+c
2 7 2

=y -12+ x-1)2-2=2c
Sy=12+ (x=12=2+2c
atx=5y=4

.'.42+32:2+2corc:22—3

Sy =12+ (x=1)2 = (5)?

This is circle with centre (1, 1) and radius 5.

Sol 8: (B) X-intercept of normal = yj—ier =X+ 1
.'.yj—izl; :>§=x+c =y =2(x+¢)

.. This curve pass through origin

Soc=0

Soy? = 2%

.. Latus rectum = 2

Sol 9: (A) 2x2yj—y + 2xy? = tan[(xy)?]
X

Putxy =t
B,
dx dx

S 2Xxy xd—y+y = tanx?y? or 2t$ = tant?
dx dx

- f thdtzjdx
tant

Putt?=u

2tdt = du
du

j =X+
tanu

or logsinu = x + c or logsinxy = x + ¢

i
forx =1,y = ,/—
Y72
IogsinE =c+1 c=-1
2
~osin(xy)? = e
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sol 10: (€) 9™ = cm
dt

slogm=ct+c,
att =0, m = maximum =M

- logm = ¢,

att = 1 hr, moisture content remains %

.| M_
nlog= =c 4 g

Iog% —logM = ¢,

= |O l
J 2
After t = x hr moisture content remains
100 - 9501.9 99 = 0, 1% = 2V
100
0.1M
nlog —— =xc, +¢,
100

. lo w—lo m = Xc, —xfnl
199700 719 2

0501
X = 120 ~96 ~ 10 hr

log=
092

Sol 11: (D) Considering option taking d)(ij o
y

dy _y_-y*

dx x x?

dv
Y= VXV + X— =V—V?
dx

= xj—v =—-Vv= J.—V%dv=J‘%dx

X

1
== =logx + ¢
v

X
or ;— logcx ory = logox

Sol 12: (C) In 10 min. total litres run into tank = 50 x

10 = 500 It
In 100 litres there is 20 gm salt

. in 500 litres we have 20500

Initially we have 10 kg of salt

=100gm =0.1kg

.. Total salt after 10 minutes = 10 + 0. 1 = 10.1 kg

Sol 13: (D) (A) order 2 degree 1
(B)y, = (x —xy — (sinx)y,)*

.. order 2 degree 1

@y, +y=&+1y
.. Order 1 degree 1

Xy+y

dy
Sol 14:(C) = o x

Jdy _y[x+1

Tdx xly+1

j(y+1)dy:j(x+l)dx
X

y + logy = x + logx + ¢

= logye’ = logxeYA [ ¢ = logA]

s yer = Axe*  ory = Axe*Y

Sol 15: (B) Degree is 2

Sol 16: (C) y? = 4xa
dy

ydx 4a

dy

L YyP=2y—=X ory = 2xd—y
dx

dx
.. Order 1 degree 1
dx 1 d?x

or —=—yor —=-—
dy 2a dy? 2a

Previous Years' Questions

Sol 1: (C) Given,y =
2

dy d’y (dy .

Y o —{y ™ +[dx X ()

2 2
= y=(c, + ¢,)cos(x + ¢;) —ce~ yj_i’_ yj (j_ij

(c, + ¢,)cos(x + c,) -

Now, letc, +¢c,=A,c,=Bc, xy—+x£ ) dy =0=c
dx

=y = Acos(x + B) — ce* ... (i)

On differential w.r.t. x, we get xj—y ... (iii)
X
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Again differentiating w.r.t. x, we get CIE = dy _ gt logli 4

2 B dx
xd—y+1.d—y+ 1.d_y = —Acos(x + B) — ce* ... (iv)
dx?  dx  dx =et(1+1t)
N xd y +2d_y W) Required solution is
dx>  dx

d
ye (1 + 1) = d—y(1 +t)dt + ¢
= [ xy =Ae* +Be ™ +x? ] X

= Ae* +Be ¥ =xy - x°

Again differenting w.r.t. x, we get —yet(l+1) = et 4 c

j—y — 2 +y2)[2x+2y jyj iy e y(0) =T
X

X =-1e%(1+0)=—-e"+cC

3 2 .
3d_3;+j_y=d_¥+y [from Eq. (V)] c=0
« _

dx dx Puttingt =1, we gety (1) = 71

Which is a differential equation of order 3
dy —cosx(y +1)

Sol2:(C) (a)y =2 Sol 4: (A) Given, dx 2 + sinx

= [x—yﬂ

y+1=2+sinx

N dy —COSX_ g4
dx

On putting in equation, (i), On integrating both sides

02— x(0) +y =0 = log(y +1) = -log (2 + sinx) + log ¢,
=y = 0 which is not satisfied. When, x=0,y=1=c=4
dy = y+l=——
b)y=2x=> 2x+2yd— 2 +sin x
X
) n| 4 1
on putting equation (i), o 12)73°
(2P-x.2+y=0 n)] 1
= yi=|==
=>4-2x+y=0 2 3
=y = 2x =4 which is not satisfied.
Qy=2x*-4 Sol 5: (A) X:_y =y(ogy —log x +1)
X
dy
dx j—y = (XJ (Iog LA 1}
On putting in equation (i), XX X
(4x)>-x.4x+y=0 PutX:t:y:xt :>d—y=t+xﬂ
X dx dx
=y = 0 which is not satisfied. tlog dx = x dt
Therefore, C is the answer. dt dx
= ==
tlogt x
Sol 3: (A) Given, &Y and y(0) = -1
ol 3: (A) ven 4 " y(0) =- = loglog t =log x + log c

Which represents linear differential equation of first y
order = log (;j =X
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Sol 6: Given, liquid evaporates at a rate proportional to
its surface are.

35 o« =S . ()
X
2
We know, volume of cone = d_y+xd_y
dx2 dx

and surface area = nr?

()

orV = %nrzh and S = nr?

2
d_y+1.d_y+d_y =tan0
dx2 dx dx

where tanf = d_y and x
dx

... (iii)
From equation (ii) and (iii), we get

V= lnr3 cot® and S = nr?

... (iv)
On substituting equation (iv) in equation (i), we get

lcot 03r? i = —knr?
3 dt

2
= cotd x? d—)2/+xd—y—y: 0=-k jdt
dx dx 0

= cotf(0 - R) = —k(T - 0)
= RcosO = kT
= H = kT [from Equation (iii)]

=T = yax>+1= Iog[\/xz +1—x}
dy

.. Required time after which the cone is empty, T = ™
X

Sol 7: Since, the length of tangent = j—y =1
X

- X—x% +1 -1 _dy
X +1-x - dx

dy d’y dy
= 2 =L iv=0
T ax g Jax Y

d_y 3 asin(logx)+ bcos(logx)

= X +C
dx X X
Puty = sinf
dy
= dy = cosbdo SLX== = iX+C
dx
2 .
:>xd—y+1.d—y: _acos(logx)_bsm(logx) iyt c

dx? dx X X

Again put cosb = t = —sin6d6 = dt

t2
—|———=dt = +x+c

1 + t
2
- de_y+xd_y = X+ C
dx? dx
2
:>t—|ogx2d—y+xd—y =X+ C
dx2 dx
2
= xzd—y+xﬂ =+X + C
dX2 dx

Sol 8: (C) y(1 + xy) dx = xdy = ydx — xdy + xy?dx = 0

2
yzd(£]+xy2dx=0 =X X ¢ .. ()
y y 'y
Since, (1,-1) satisfies the above equation
—1+1:c:>c=—1
2 2
o 1
Putin(i)x=-=
(i) >
11
2.4 1 -1 _-11
y 2 2 2y 2 8
1.3 4,42
2y 8 y=3
Sol 9: (C)
d_y+_y =2 atx=1,y=0
dx xlogx
F= L dx = °91°9) — |ogx
e xlogx

= y(logx) = IZ(Iogx)dx
= y(logx) = 2[xlog—x] + ¢
At  x=1, c=2 x=e
y=2e—-e)+2=>y=2



Sol 10: (A)
y = sec (tan" x)
Lettan'1x =0

x =tan 6

=y=secH

= y=v1+x?

dy _ 1

= = .2X
dx 2

1+x°
Atx =1

rherefore, &L
erefore, = \/5

Sol 11: (C)

dx dx

& gl (e

dfdy)_dj 1 |___1 dfdy
dyldx) dy [dyj (dyjz dy { dx

dx

Sol 12: (D) cos x dy = y(sin x —y) dx

dy = ytanx — y?(secx)
dx

izd—y—ltanx:—secx

y? dx y

kg o Loy _dt
y y? dx  dx
dy

dt
——— —t (tanx) = —secx = d—+(tanx)t =secx
X

LF. = ejtande =secx
Solution is t(I.F) = J(I.F) sec x dx

1
—secx=tanx +c
y

Sol 13: (D) y =c,e?"

y'=c,ce?
y =cy
y'=cy’
From (ii)
yl
C, =—
2y
U2
So,y :T:yy v

~v=logx+c

:X=Iogx+c
X

Since, y (i) = 1, we have
y =xlog x + x
JEE Advanced/Boards

Exercise 1

2
Sol 1: () - X+
dx 2 er2

1+7
X

dy _

dx 2
1 +(yJ
X
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1 1 V+2
:>—J. + v
3 [(1—V) (v2+v+1)Jd

- %Iog(l—v3) =logx+c

6 2

1 1¢2v+1+3
= -Zlog(l-v)+= &————Jdv
3 J I vi+v+l

log(x® —y*) —logx +logx

w|

1 3
_§|°9(1_V)g,[

= %Iog(x3 —y3) + %Iog(x—y) - %Iogx+c

1 1 1 2 V+%
=—log(y?> + xy + x) - =logx + = x — tan™
6 aly y ) 3 g 5 \/§ \/5
2

= %Iog(x3 -y + %Iog(x—y) - % logx + ¢

= itan'1 2y +X)

V3 V3x

= |Og(X3 — y3)1/3 (X _y)1/3 (yZ + Xy + XZ)—‘I/G +C

1 _1f 2y+x
(X = y)z/a (yz +Xy + X2)1/6 = e\/§tan [«EXJ

Putx-v

X

1-3v?

V+ X—

dx V3 -3y

v 1-v*
or X— =

dx v3 -3y
Iv -3v . %

1-v* X

dt
—t2)

:—%Iog(l—v“)_%j(l logx + ¢

_1| (1_4)_§X1|0 ﬂ = | +
:Zog % 2291—t_OgXC

2

1 3 X% +y? B
—Zlog(x“—y“) + logx — an[ﬁj =logx + ¢

X" =y

2y 3/4
.. log [xz )):2} log(x* — y*)""* = logc

Or () +y?) (2 —y?) 2 = ¢
Or (x> + y?)? = (x* - y?)c

Sol 2: Projection of ordinate on normal

ycoso
ycos6 = x PO Y)
0
cosH = X 0
y
2 2_2
1—sin29=x—2:>sin6= Y 3
y y
2 2 2
- tanf = y y =X [XJ -1
X X X
y = VX

1
5o |—==—=—dv =logx +c
Isz—l—v
j—j(\/vz -1 +v)dv =logx + ¢
2
:—%—J\/vz —1dv =logx + ¢

2
:—V——{X\/vz -1 —%Iog[v+\/v2 —1}

2 2
=logx + c
2 2 _ 2
oY EINY X =|og“yi yz—xz]c—}+c
2 i
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0+7 SoI5:y3d_y +x+y*=0
Sol 3: . 2tan6 = - X dx
y
l+0><; y2+x=a.'.%=2 d—y+l
dy y dx dx
ortaneza=+z d 2 > da da

. 2logy = logx + ¢

Sy? =X S x+(@-x) —=0
dx
.. This is a parabola
da X 1
- _ a=vx
dx x-a 1.2
Sol 4: Equation of tangent T
Y-y vaxd ot = | (1-v) dv = logx + ¢
p(X, Y) dX 1-v (V2 Vv +]_)
dy 0
= —(X=x
dx( ) 1

5o -2

dy

= X—==-Y+y-x—
dx dx
. - 1
Distance from origin 5 (V_Z)
d - —tan? _ L _
y Xdi J \/5 NE log(ve —v+1)
>————= =Xory*- 2xy—y o
dy 2 dx
1+ —
o 1
a2 logx + ¢

= lIog |x? +a° |-tan™ (EJ =cC
2 X

Where a = x +y?

Y —vorv+x— 1 v—l
X x 2 v cosY +YsinY
ay y X X X
dv v 1 dx Sol 6 dx
-2 r J' dv=[—= XX Y inY _cosY
dx 2 2v 1(\,2 +1} X X X
2\ v put Yy
X
——J( j = logx + ¢ dv _ vcosv+Vv3siny
v2+1 Vit X— = ——
dx vsinv —cosv
Or —log(v? + 1) = logx + c or log(x* + y?) + 2logx dv 2vcosv
rx—=—o-" """
= logx + c or logx — log(x® + y?) = ¢ dx vsinv-—cosv
for (1, 1) Ivsmv cosv B %
2vcosv X

= -log2
- log2x = log(x* + y?) lDtanvdv —J.ldv:| = logx + ¢
orx2+y>—-2x=0 2 v
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lIog | secv|—llogv =logx +
2 2

log secy = logx® + 2logc
sec”
or log X| = logc or xycos Y = ¢
Y x? X
X
Sol 7: Equation of tangent
dy dy
- —=—X +x—-y=0
Y dx dx Y
. dy
Intercept aty-axis =Y =y - x—
dx
2
.'.y—xd—yz X2 +x° dy
dx dx
2 2
oryz—ZXyd—y=X20rd—y=y X
dx dx 2xy
=X+ Yy’ =X
Sol 8: (x —y)dy=(x + y + 1)dx
dy x+y+1
dx  x-—vy
Putx =X+ h
y=Y+k
X+Y+h+k+1
X-Y+h-k
~h+k+1=0
h-k=0
h-k=-1 LGy X+Y
2 dx X-Y
Putizv
X
v+Xﬂ _l+v
dx 1-v
2 —
oer—VzlJrv orI 1-v dv =logX + ¢
dX 1-v 1+V2

= tan’'v— % log(1 + v?) = logX + ¢

y2
log 1+X—2 =logX + ¢

N |-

Y
=tan' — -
X

Y
or tan” 3 - log VX2 +Y2 =c¢

y=Y+k

S h+2k-3=0
2h+k-3=0
~h=1k=1
ax=X+1y=Y+1

dy _ X+2Y
dX 2X+Y

Y = vX

dv 1-v? (2+v
orj

1—v2]dv =logX + ¢

log1tY + (—EJ log(1 - v2) = logcX
v 2

X+Y
or log
X-Y

—% log(X?—Y?) + logX = logX + ¢

O X+Y>< 1 B
TOIXNY Kz y2) €

AAXHY = (X=Y)P2C
orX+Y=(X=Y):C

(X +Y=2)=c(X-Y)
or (X +Y=2) = c(Y - X)?

dy y-x+1

Sol 10:
dx y+x+5

x=X+hy=Y+k
h+k+5=0
k-=h+1=0



k=-3
h=-2
dy Y-X
dx Y+X
Puty = vX
v+Xd—V - vl
dX v+1
wav _-1-v: _ (@+v?)
dx l+v 1+v
B (1+v)dv= dX
1+v? X

= —tan’'v - %Iog(1 +V?) =logX + ¢

Y
—tan‘1 -log \/(X2 +Y?) =¢

y+3
X+2

~tan” 5 + logc \/(x+2)2 +(y+3)2 =0

S |11.d_y—m
O T 2 y) + 3
X+y=V
dy _dv
dx dx
_dv 1= v+1
' dx 2v+3

1+

dv _3v+y N .[2v+3

= dv:jdx
dx 2v+3 3v+4

7(3v+4)+7

3 3 _
orj 3via dv = X+ C

2v+1lo v+4
fyiz LA R
ERC I Y Ik
2 1
or §(x+y)+ §Iog(3(x+y)+4):x+c

lIo X+ +i —5——
orgleg XYty T3 T3YIC

Iog(x+y+§] = 3(x—2y) + logc

4 -
orx+y+ o = ce’ 2

d 20y +2)
Sol 12: —yZ(y—)z
dx  (x+y-1)

x=X+h y=Y+k
k+2=0..k==2
h+k-1=0andh=3

Putting — =

dv 2v?
v+ X

dx 1 +v)?
) Xd_v_2v2—v(1+v2+2v) B v(l +v?)
" dx (1+v)? 1+v)?
or I (1+V) v =logX + ¢

v(1+v )
_J‘Mdv = |09X +C

v(1+v2)

1 2
=-|| =+ v =logX + ¢
Voo (1+v?)

—_[ l+ 2 dv =logX + ¢
Voo1+v?)

= —logv - 2tan™'v = logX + ¢

Y
. logY + 2tan”'y = C

—2tan711 —2tan_1E
orY = ce X or(y+2) = ce x-3

Sol 13: Equation of tangent

dx  dx
Equation of normal
dx
Y-y=-—(X=x
y dy( ) dy
y =X~
dx

Distance of tangent from origin =
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dx
xd— +y
Distance of normal from origin = y

dy dx dy
— —_ i —_ —_—
Y [Xdy+dex
dy dy
-Xx—2 =+ -2
y de (X+ydxj
rd_y_y—x dy _ [y+x]_y+x
dx y+x dx y—-Xx) x-y
Puty = vx
v+xdv - vl orv+xd—v ——(V+1J
dx v+1 d v-1

dv o 1-v? Xd_v__(v2+1)
dx v+l “dx = v-1

or I—Mdv = logx + ¢
1+v?)

or I—(V—_l)dv =logx + ¢
v? +1)

3—%Iog(1+v2) + tan”'v = logx + ¢

— logy(x* +y?) +tant Y = logc
X

5 +tan 1Y

or \x? +y? = ce X
Sol 14: d—y—y=1—e‘x
dx

—1dx _
If = e =e¥

(e™y) = I(ex - e‘2")dx

1 _
ey =-e"+ Se 2y

forx =0
=—1+1+c
Yo >
o 1
..c-y0+5

.'.y=—1+%e‘x+ceX

For x — o« and y to be finite

c=0

2
1+ [dyj
dx

Sol 15:y' + 2ty = t?

2tdt 2
LF = el 29 _ gt

2 2
sely= J"tzet dt

2
sy = izjtzet dt
t
© 2
2t
|imX:|imL2 jtZetzdt = lim————
t—owo t t—>ootet t—>ooet +2t2et
.t .1 1
= lim > = tI|m i = >
taoo]__,_zt ~>007+2
2
Sol 16: d_y+ X 1

dx 14+x2°  2x(1+x%)

X _dx

[ L (14X
—/n(1+x“)
LF=e1® _g2 =1+x?

(m)y = Jﬁdx

= Put x = tan0

sec’ 0do

= dx = sec’0d0 = I—Ztanesece

1—cose‘

=1 0de = lIo | cosecO—cotf | = l|09
—E_[cosec =599 2 sind

1 0
= —logtan| = |+c

(\/l +x° )y = %{Iogtan(%tan‘l xj + c}

sol17: Yy 2 X
o A =
dX (l_X2) (1_X2)1/2
2x
d
LE=eid oetetod 1

(1-x%)

) 1 X
" (1—x2jy :J(l—x2)3/2 dx

1 —2X 1), dt
- (HraEme - )
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Putl—-x?=1t (i) x-interupt because of tangent
—2xdx = dt

(1] R S [
2 _1 t1/2 1—X2
2

P(x, y)
y = 1-x2 +c(1-%)
Sol 18: (i) Equation of tangent
> X
_ dy <
n E(X_X) tangent
y-intercept dx
=X—-V—
\ LA = E><y><()(_yd_xj =2
curve
« dx
t t 2
angen Xy -y dy 4
P(x, y)
dx x 4
r———+—=
dy y y
AN R
XN . POx_x_A
cordinate dy vy y2
dy )
= — X — —7dy
AR hoe v 1
y
1 dy 1 2 >
2 |:y y dX:| 2 (_ijj—_3dy = —y +C
y y -2
dy
Ory+y— X—— =X « 5
dx X_2 4
Yoy
Xﬂ—2y+x=0
dx )
X=—+cqy
-2y y
o Forx=2,y=1
IF—eJ_; e‘2'°9xzi2 n2=2+cx1=c=0
X Xy =2
1 1
X—ZY=I—X—2dx:;+c

Sol 19: x(x - 1) j—y —(x=2)y =x3(@2x-1)
X

dy (x-2)  _x*(x-1)

dx (x—l)xy (x—1)
— N— e
ILF = e_J.(x—l)de —e J(x x(x—1)]dx _ e j[x X_1+X]dx

i 2 1
da _[2logx-log(x-1)] _ X—
= @ \X X 1 — e[ g g
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(X_zl)y _ I(Zx—l)dx = jcosxe’xdx—[—sinxe’x +J‘cosxe’xde
X
ey = sinxe™ + ¢
(X_l)y =X—-X+C . — +X
2 Sy =sinx + ce
yx=1) =x3(x*=x + ¢) Asx =
Sy = sinx
Sy = sinx

Exercise 2

-y = f(x) is increasing in [O,Ej
Single Correct Choice Type 2

dy

Sol 3: (C) 2xy —= + y* = 4x°

SoI1:(A)d—y:X—cosz(xj @2y ™Y
dx  x X

d_y B 4X6 _y4
Lety = vx dx —2x4y
LAy v+ xd—V
" dx dx y=u"

d 1 du
.'.v+xd—V:v—coszv Y gt M

dx dx dx
2 1 _ du  4y® _ 4™
or jsec vdv = j——dx = tanv = —logx + ¢ MU — =
X dx 2xm
ortan¥=—logx+c U= x
n dX  4x® M x6(4 — x*m6)
= This curve is passing through (LZ] SomxT g = Py = e
Ltant =c=c=1 6=4+2m-1
3

-y = xtan™(1 - logx) om= >

ory = xtan™ IogE > dy 1 1
X Sol 4: (A) x d—cos— —ysin= = -1
X X

X
. 1
Sol 2: (B) j—i —y = COSX — Sinx Cdy tan(XJ _seci
L F = eJ'—ldx e dx (XZ) (X2)
tan| —
Jd(e'xy) = J.(cosx—sinx)e’xdx f- EX]dX
LF=¢ X
ey = — cosxe™ — I(— sinx)(~e™)dx - Jsinxe‘xdx 1
Put — =t
= —cosxe™> — 2 Isinxe‘xdx = —cosxe™> — 2 Xl
. =-— dx =dt
[— sinxe™ +jcos xe’xdx] x°
“LE = ejtantdt _ efnsect _ sect = secl
= —cosxe™ + 2sinxe™ — 2 .[cos xe *dx e N
sec? 1
Also fd secly :—I—de
X X2

ey = jcosxe’xdx - jsinxe’xdx



1
= secly = +J‘S€'C2 tdt Put — =t
X X

1
——2=dX=dt

X

1 1 1
sec—y =tan— + ccos—
X X X

atx > o0,y —> -1
-1=0+c.. =-1

.1 1
sy =sin= —cos=
X X

Sol 5: (A) P(x, y)
Equation of nor mal (Y -y) = —j—X(X—x)
y

.. X-axis intercept = x + yj—y
X

I=x2+y% ,r=xi+yj

x(x+ y:—yj = 2(x% + y?) [given]
X

xyd—y=x2+2y2
dx

or WX, 2
dx y x

Puty = vx
—y:v+xd—V
dx dx

v dx 1
dv=|—or = 24
Jvz 1 v _[ » or 2Iog(v 1)

= /nXx+cC
or %Iog(x2 +y?) = 2logx + ¢

forx=1y=0
~c=0

XY= () =Xt

Sol 6: (C) y = c(x —)?

% =2¢(x—¢)

dy
dx
n2
c= W)
4y

2
(—j = 4c%(x — €)? = 4cy

2
o)

4y

i
4y = (x(y')—y—J

4y

.. Degree = 3
Order = 1

2

sol 7: (D) &Y+
d 2

X

3(d_y
dx
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d2y
xlog| —=

This equation is not a polynomial equation in y', y”
so degree of such a differential equation cannot be

determined.

Sol 8: (C) y? = 4a(x + a)

X
= logy = ——- +c

2a

X
| -_x - co 2a
orlogcy > ory ce
a

Sol 9: (D) dy = 4e™ —2e™
dx

2 3
dy = 16e* + 2e~*and dy = 64e¥- 2e
dx? dx

&y ,.dy

513 4x -X 4x -X
Cd® dx 64e™ —2e* —-13(4e™ - 2e™)
B y eM 127

12e™ +24e7
4x +2e™*

=12
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dy
Sol 10: (B) -

2 2
Sol 11: (B) d_y:w
dx  ¥? —2xy+2y2

2
1+2y+(yj
d_y_ X X

Puty = vx
dv 1+2v+v?
ViEX—=——————
dx 1-2v+2v

dv 1+2v+v2—v+2v2—2v3
“ax 1-2v +2v?

dv 1+v+3v2—2v3
“ax 1-2v +2v?

J- 1- 2v+2v) d dx

1+v+3v2-2v3 X

‘I[ 6v —6v-1+4

dv = logx
1T+v+3v2-2v3

dv

1 5 o, 4
Elog('l +V+ 3v2-2v3) + —I

(1+v+3v2—2v3)

= logx

Rather than solving this integration we can solve this

problem in another method

Line joining origin and A(1, 2)

= (y-0) = 2(x~0)

y = 2X
dy
Let g, fory =2x

dy  x*+2x2x+(2x)° _ 9
dx  x? -2x2x+(2x)> 5

dy 9
~Ify =2xcutsc orc, > x5

~Ify = 2x cuts ¢, at b then also slope of tangent at B

will be equal to %

Sol 12: (C) fn(:—yj =4x-2y-2
X

d_y:e4x—2y—2 _ e™
dx e2ye2
4x
Iezydy I dx = = =le—dx
4 o2
Forx=1y=1
e 1¢é* 5
—=——4+Cc=>cCc= e
2 4¢?
oy L2 1o
4
e4x

2
or 2e¥ = 5 € or 2edt2 = @ 4 @4

Multiple Correct Choice Type

d
Sol 13: (B, C) X( yJ ylo Q[U

d_y:X|og[XJ
dx X X
Puty = vx

dv
SV + x— =vlogv
dx

xd—V =v(logv-1)
dx

1
Y (=4
or IV(logv—l) Ix X
log(logv — 1) = logx + cy = xe. xe™
C =logc

orlogv—1 = e
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Previous Years’ Questions

2 2
Sol 1: (A) Given that, fim 0O _
t—x t—x

1

= x2f'(x) — 2xf(x) +1=0
= x2f'(x) — X + i
3x

Since, f(1) =1 1=c +%

2
=>c==
3

Hence, f(x) = Zx2 + i
3 3x

1—
Sol 2: (C) Given that, dy _NTY
dx y

y
= | —

dy = [dx

= - l—y2 =X+C

2(x+c)2+y2=1

Here, centre is (-c, 0); radius = \/c2 —c?+1=1

Sol 3: Equation of tangent to the curve y = f(x) at point
(x, y) is

Y-y =1 X-x ()
The line (i) meets the x-axis at p(x T Oj
And the y-axis at Q(0, y — xf'(x)).
Area of AOPQ is

1 LY Ve = xP00)?
2(OP)(OQ)—Z(X f'(x)J(y Xf(X))__T(X)
/\y
y = f(x)
Q 1, 1)
% y)
(0] P X

We are given that area of AOPQ = 2, therefore,

e
2f'(x)

= (y - xf'())? + 4f'x) =0
=(y-p’ +4p=0 .. (i)
Where p = f'(x) = dyldx.

Since, 0Q > 0, y —xf'(x) > 0. Also, note that p = f'(x) < 0.
We can write (i) as y — px = 2\/$

:>y:px+2\/—7p

Differentiating (iii) with respect to x, we get

.. (i)

-1
_dy . dp 1) 2 qpdr
p=—"—=p+ XX+2£ZJ( 9)] (1)OIX

d -1
= - (p)?]=0
X

d -1
= —IO:Oorx:(—p)2
dx

d
If d_z =0, thenp = cwherec < 0 [ p <0]

Putting this value in (iii) we get

y =CX + 24—
This curve will pass through (1, 1) if
1=C+2\/—7C
= -c-2/<c+1=0

= (\/—7—1)2=Oor\/—7=1

= —c=1lorc=-1

... (iv)

Putting the value of c in (iv) we get
y=-x+2orx+y=2

-1
Next, putting x = (—p)2 x or—p = x-2 in (iii) we get

yz__X+2(lj=l
X2 X) X

=xy=1 (x>0,y>0)

Thus, the two required curves arex +y =2 and xy = 1,
(x>0,y>0)

3

X .
Sol 4: - + 3 oc V for each reservoir
e

dy 1(dv dv
e A e Y =KV
( aj *T a+bf(v) 1A
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(K, is the proportional constant)

VA gv 1
= —A - —Kljdt
A Va 0

= log j—y: a’= -K.t
X

dt .

Similarly for B,

2
dt_a ... (i)
dx 2

On dividing equation (i) by (ii), we get

a? +1?
2

t2dt

1
t? +a’

It is given thatatt =0, V, =2V, and at t = .[

.3
Vi =3V

Thus, d_y
dx
N x+y-1

AX+y+1

Now, let att = t, both the reservoirs have some quantity

.. (iii)

of water. Then, V, =V,

From equation (iii),

[ztﬁ_lj
dx
t?-2

t
t, = log, ,(1/2)

=

Sol 5: Let w(x) = u(x) — v(x) ()
and h(x) = f(x) — g(x)
On differentiation equation (i) w.r.t. x
2tdt P +t-2
dx t
= {f(x) = p(x).u()} = {g(x)
- p(Xx)v(x)} (given)

= {f(x)-g(x)} = p()[u(x)-v(x)]

t = hX) - p(x).w(x)

2
| 2t°dt (i

(t+2)(2t-2)
j—y + p(x)w(x) = h(x) which is linear differential equation.
X

The integrating factor is given by

dt
IF = o r(x)(let)

On multiplying both sides of equation (ii) of r(x), we get

dt
). | P [dx + pearOw() = r(x).h(x)

= y =r(r).h(x)
X

xdy —ydx

X2

Now, rx) = £ > 0, V x
X

And h(x) = f(x) - g(x) > 0 for x > x,

Thus,
J‘EZJ‘COSGdG,VX > X,
2

r(x)w(x) increases on the interval [x, =]

Therefore, for all x > x,

rOOw(x) > r(x,) w(x,) > 0

[ r(x,) > 0and u(x,) > v(x,)

=>Ww(x) >0V x>x,

= ux) >V (XA X >x,

[ r(x) > 0]

Hence, there cannot exist a point (x, y) such the x > x,

andy = u(x) and y = v(x)

Sol 6: Equation of normal at point (x, y) is

Y—y=—_—1:sin9+c X =x)
r

Distance of perpendicular from the origin to Eq. (i)

x+yd—y 2 2
_ dx _ [1-x"-y
2.2

dx

Also, distance between P and x-axis is |y|

o oxdx+ydy  [1-(x%+y?)
Coxdy-ydx | x4y




=y +%x +2xyjr

=y X% +y?

xdx + ydy -0

=Y (x2—y?)+2xy
X

N ydr—xdy

—— or
r2do rcos0

But _|'sec6d6=jﬂ =X=¢
r

where c is a constant.

Since, curve passes through (1, 1) we get the equation
of the curve as x = 1

The equation gy = fx,y) is a homogeneous equation
X gxy)
Puty = vx, = d_y = foy)
dx g(x,y)
v+ X dy
dx
dv
dx
_dv __dx_fuy)
dx X gxy)
J‘f(v) v
= ¢, —log(v? + 1) = log|x|
= loglx| (v* + 1) = c,
r 3
= Iydx _
. X
2 l_ 3
S>xX+yl== x3y'y =yl '1x
2

or x? +y* = e
is passing through (1, 1)
1T+ 1 =2e1 = +ec=2

Hence, required curve is x? + y? = 2x
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Sol 7: Let X, be initial population of the country and Y,
be its initial food production.

Let the average consumption be a unit. Therefore, food
required initially aX. It is given

y, =aX,[ 20 | = 0.9ax, . ()
100

Let X be the population of the country in year t.

They, i—{: = rate of change of population
= iX = 0.03 X
100
> ot
—= j 0.03dt

= logX =0.03t + ¢

= X = Ae®®when A = e
Att=0, X=X, thus X, = A
X = X g0

Let Y be the food productioninyear t.

t
ThenY =Y,[1, 4
100

= 0.9aX(1.04)

“Y, = 0.9aX, [from Eq. (i)]

Food consumption in the year t is aX e%%"
Again, Y —= X >0 (given)

= 0.9X,a(1.04)" > aX e’

(104 1 10

= >
%3t 709 9

Taking log on both sides, we get
t[log(1.04)-0.03]log10-log9

logl0-log9
~ log(1.04)-0.03

Thus, the least integral values of the year n, when the
country becomes self-sufficient, is the smallest integer
greater than or equal to

logl0-log9
log(1.04)-0.03
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Sol 8: from given integral equation f(0) = 0
Also, differentiation the given integral equation w.rt. x
f'(x) = f(x)

00 _

If f(x) = 0 00

= logf(x) =x + C
= f(x) = e‘e*
“f0)=0=e“=0,
a contradiction

L fx)=0,VxeR
= f(log 5) = 0

Alternate Solution

Givenf(x) = If(t) dt
0

=f(0)=0
And f'(x) = f(x)
It f(x) = 0

160 _

=1
f(x)

=logf(x) =x+C

= f(x) = e.e*

f0)=0

= e = 0, a contradiction
~fx)=0VvVxeR

= f(log 5) = 0

Sol 9: given, g{f(x)} = x

= 9O (x) = 1 o (i)
Iff(x) =1=x=0,f0) =1

Substitute x = 0 in eq. (1), we get

o L
g()= 70)
=dg(1)=2

2 (%) = 3% +%ex/2

:>f'(0):%

Alternate solution
Given, f(x) = x> + 2

= f'(x) = 3x% + %e"/z

Forx =0, f(0) = 1, f(0) = % and g(x) = F1(x)

Replacing x by f(x), we have
g(f(x)) = x

= g'(f(x)).f'(x) = 1

Put x = 0, we get

e L .
g = F0) 2

Sol 10: d_y +vy.9'(x) = g(x)g'(x)
dx

ILF. = ejg'(x)dx = eI

.. Solution is y(e9®)

= j 9(x).9'(x).e9dx+C

Putg(x) =t g'(x) = dx = dt

y(e9)= j teldt+C

= te'- Il.et +C

=tet—-e'+C

yed® = (g(x) — 1)eI® + C

Given, y(0) =0, g(0) =g(2) =0

.. Equation (i) becomes

y(0).e99 = (g(0) - 1).e99 + C

=20=+-N1+C=C=1

2 y(x).e9% = (g(x)-1)e™ + 1

= y(2).e99=(g(2)-1)e9@+1,

=y@2).1=(1).1+1

y(2) =0
Sol 11: (A, ©) (x+2)° +y(x+2)=y

%:(X-FZ)Z +x+2
dy y? y

1 o 1. 1
(x+2f & ¥ y(x+2)

; dx

. (i)



1 dx 1 1

. (X+2)25_(X+2)y y2

Jdt v 1
dy y y?
" Put 1 =t - ! 2%:$
X+ 2 (x+2) dy dy
dt t 1 J v
= —+—=-— [F=e?
dy vy y
t.y:C+Iy(—i]dy
V2
ty =C-logy
. C-I
x+2y o9y

It passes (1,3) =>1=C+log3=C=1+log (3)

L:1+Iog3—logy
X+2

[A] option is correct.

For Option (C)

sl

X+1- Iog(ij
y

—x-1

y=3e
= Intersect

For Option (D)

(x + 3)2 (x + 3)2

-1=-lo
442 973

.' (x+3)" -1 g (x+3)

2
3e % :(x+3)2

= Will intersect.

= (D) is not correct.

2

=Yy
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Sol 12: (B, C) Let centre of the circle is (a, a) and radius 'r’
Now equation of circle is (x - a)? + (y — a)? = r?
=>x+y’-2ax—2ay +2a°-r’=0 . (i)
Differentiation w.r.t. x we get

X+yy —a-ay,=0 . (i)

X +
—a it .. (iii)
1+ Yy

Differentiation once again equation (ii) w.rt. x we get
| +yy, +y: —ay, =0 (V)

Using (iii) is (iv) we have

(1+yy2+yi)_[X+WlJy2:0

l+y,
:>1+(1+y1+yf)y1+(y—x)y2:0
Hence, p=y-xandQ=1+y, + yf

y = x* +2x
x* -1 1-x°

dy
Sol 13: (B) . *

This is a linear differential equation

X
2 dx lIn|><2 -1 5
[F.=e X¥"-1 =g =v1-x

= solution is

yVl—-x° J.)\(/()lixz) ~N1-x%dx

or yv1- 2 :j(x4+2x)dx=§+x2 +C

f0)=0 =C=0
5
= fx)V1-x° =X?+x2
/2 B2 2

Now, _[ f(x)dx = X

372 Jg/z V1%

dx (Using property)

V372 2 n/3

.2
=2 I X dx:ZI >N ecos@de (Taking x = sinB©)
0 V1-x° o cost
n/3 . n/3
=2 I sin” 0do = 2 9 _sin26
0 2 4

ORI
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Sol 14: (A) d—yzl+secl Let y = vx
dx x X

dv dx

Secv X

dx
.[cosvdv = _[?

= sinv=1nx+c

= sin[lj =1nx+c
X

The curve passes through (1, g]

= sin(lj = 1nx+l
X 2

Sol 15: (A, D) j—y—ytanx — 2xsecx
X
= cosxd—y+(—sinx)y = 2x
dx

= %(y cosx) = 2x

=y (x) cos x = x> + ¢, where c = O sincey (0) = 0

whenx—E r —i Whenx—z r —E
2 \4) s 3Y3)7 9

whenx = T Y(Ej:_fi_+Jl
47 (4) 82 2
whenx =2 'E_Eﬁ-ﬂ
377(3)735L 3

Sol 16:

6fo(t)dt = 3xf(x) — x> = 6f(x) = 3f(x)+ 3xf'(x) — 3x°
= 3f(x) = 3xF'(x) — 3x% = xf'(x) = f(X) = x*

dx _1 - dx x

IF = e_[ o e-log, x

Multiplying (i) both sides by =
X

Integrating

Y _x+c
X
Putx=1y=2

=2=1+c=>c=1=y=x*+x

2

=S>fx)=x"+x = f2)=6

Note: If we put x = 1 in the given equation we get
f(1) = 1/3.

Sol17: Y-y =m (X-X)
y-intercept (x = 0)
y =y —mXS
Given thaty-mx =x* = xj—y—y——xg
X
dy_Y_ e
dx x
. i 1
Integrating factor e " =
X
.. Solution is y.lz J.E.(—xz)dx
X Ix
W3
= f(x):y:—?+cx
Given f(1) = 1 = c=%
(x)= —£+3—X = f(-3)=9
2 2

d
Sol 18: (=37 Y4y =0
dx

o

(x-3)

:>—1 =1n|y|+c
X—3

so domainis R - {3}.

dy

dx
Sol 19: (C) J'X\/ﬂ_‘[y\/yzi_l

sec!2=sec! (iJ +C

7

=>C=——-—=

ola
ola

T
3
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1

_ -1 I
= SeC "X =seC y+g

-1 s
=>Yy= SGC(SGC X—E]

-1 Y
=CO0S " —+—

a1
= COs T —
X

y 2x x2\ 2
L2 B 1
y X x?




