16.26 |

Matrices

JEE Main/Boards

- 2 -1 5
Example 1: If Xy X+ ,
3x+y 3z+4w 5 25
find x, y, z, w.

Sol. We know that in equal matrices the corresponding
elements are equal. Therefore, by equating the elements
of these two matrices which have the same number of
rows and columns, we get the value of x, y, z and w.

. X—y 2X+z -1 5
Given =
3x+y 3z+4w 5 25

x—-y=-1,
2x+z=25
3x +y =5,
3z +4w =25

By solving these equations, we get

x=1lLy=2z=3w=4

Example 2: Show that the matrix

1 1 3
5 2 6 | isanilpotent matrix of index 3
-2 -1 -3

Sol: Value of the index at which all elements of the
matrix become 0, i.e. null matrix, is called the nilpotent
matrix of that index. Here we calculate the n""power of
the matrix, where n =1, 2, 3, .... The value of n at which
the matrix becomes null matrix is the index value.

1 1 3
GivenA=|5 2 6
-2 -1 -3

1 1 3 1 1 3
=>A’=AxA=|5 2 6 |x|5 2 6|=
-2 -1 -3 -2 -1 -3

0 0 O
3 3 9
-1 -1 -3

Similarly,
0 0 O 1 1 3
SA=AA=3 3 9(x|5 2 6=
-1 -1 -3 -2 -1 -3

o O O
o O O
o O O

= A3=0.
e, Ak=0
Here k = 3

Hence, A is nilpotent matrix of index 3

Example 3: Solve the following system of homogeneous
equations:

2x+3y-z=0,x-y-2z=0and

3x+y+3z=0

Sol:Inthis problemwe canwrite the givenhomogeneous
equations in a matrix form, i.e. [A][X] = [O] and then by

calculating the determinant of matrix A we can find if
that given system has a trivial solution or not.

The given system can be written as

2 3 1] [x]| [o]

1 -1 -2||y|=]0|orAX=0

31 31|z 0
2 3 -1 X 0

Where, A=|1 -1 -2| X=|y|andO =0
3.1 3] z 0
2 3 -1

Now, |A|=1(1 -1 -2

3.1 3
=2-3+2-3(3+6)-1(1 +3)
=2-27-4=-33%0
Thus | A |# 0.

So the given system has only the trivial solution given
byx=y=z=0



Example 4: Find x, y, z and a for which

X+3 2y+x| |0 -7

z-1 4a-6| |3 2a
Sol: We know that, in equal matrices the corresponding
elements are equal. Therefore by equating the elements

of these two matrices which have the same number of
rows and columns we get the values of x, y, z and w.

Given, X+3 2y+x _ 0 -7
z-1 4a-6 3 2a

We know, that for equal matrices the corresponding
elements are equal, therefore

X+3=0;

2y +x=-7;

z-1=3;

4a—-6 = 2a;
By solving these equations, we get

nx==3,z2=4y=-2,a=3.

Example 5: Compute the adjoint of the matrix

1 45
A=|3 2 6
010

Sol: For this problem, we use the formula to get the co-
factors of all the elements of matrix A. Then by taking
the transpose of the co-factor matrix we can get the
adjoint of matrix A.

Consider Cij be a co-factor of a in matrix A.

Then the co-factors of the elements of A are given by

C, = i g‘ =0-6= -6,
oy g

c13=‘(3) i‘ =3-0=3,
c21=—‘;1 3‘:—(0—5):5
cofp o

c23=—‘(1) i‘:—(1—0)=—1,
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C, = : Z‘=(24—10)=14,
15
32=_‘3 6‘=_(6_15):9’
1 4
33=‘3 2‘ = (2-12) =-10,
60 3] [-6 5 14
~adjA=|5 0 -1|=[0 0 9

14 9 -10 3 -1 -10

cosO

cosO n—wo N

Example 6: If A ={ )
sin®

SInG]Then find lim lA”.

Sol: For this problem, we first have to calculate the n"
power of matrix A, i.e. A", and multiply the matrix A"

by l

n
Then, by with the given limit we can find the solution
of this problem.

cos® sind
Given A =| n
sin® cosH
A = cos® sing | _ | cosn®  sinnd
sin@ cosO —sinn® cosnob
cosn®  sinnd
= ZA" = n n
n _sinne cosnd
n n

But—1<cosn0, sinnd<1;

. cosnb
. lim =

n—oo n

0:

Example 7: A trust fund has Rs. 50,000 that is to be
invested into two types of bonds. The first bond pays 5%
interest per year and the second bond pays 6% interest
per year. Using matrix multiplication determine how to
divide by Rs, 50,000 among the two types of bonds so as
to obtain an annual total interest of Rs. 2,780.

Sol: In this problem, investment amounts can be written
in the form of a row matrix and interest amounts can



16.28 | Matrices

be written in the form of column matrix. By multiplying
these two matrix we will get the equation for annual
interest rates. By equating this to the given annual
interest value we will get the required answer.

Consider investment of first type of bond = Rs. x
And second type of bond = Rs. 50,000 — x

These amounts can be written in the form of a row
matrix A which is given by

A= [x 5oooo—x]1x2

The interest amounts per rupee, per year from the two

bonds are Rs. iand iwhich can be written in the
100 100

form of a column matrix B which is given by

e
5. | 100

6

100 J2.q

.. The total interest per year is given by
5

AB = [x 50,000 — x] x 120

100
= [x. 5/100 + (50,000 - x). 6/100]
= [3000 - x/100]
Since the required total annual interest is
= Rs.2,780. .. [3000 - x/100] = [2780]
= 3000 - x/100 = 2780
= x = 100(3000 - 2780) = 22,000
Hence the required amounts to be invested in the two
bonds are Rs. 22,000 and Rs. (50,000 — 22,000), i.e. Rs.
22,000 and Rs. 28,000 respectively.

coso  sino

Example 8: If f(a) = { )
-sina.  cosa

} and if o, B, y are

the angles of a triangle, then prove that f(a). f(B) ,
f(y) = -1,

Sol: In this problem, by the methods of substitution
and multiplication of matrices we can easily prove the
given equation.

. cos sin
Given that f(a) = { i ¢ a}
—sino.  cosa

cosf sinp and
—sinf  cosP

- fB)= {

cosy siny
f =
(Y) {—sin Y cosy}

_ | cosa  sina cosp sinp
of(p) = {—sina cosa} {—sin[fs cosﬁ}

_{ cosacosP —sinasinf

cosasinP +sinacosfP
—sinocosP —cosasinf —sinasinP + cosa.cosf

B I cos(a+f) sin(a+B)}

| —sin(a+B) cos(a+f)

i

milarly f(c) f(B) f(y)

~ [ cos(a+B+y)  sin(o+p+7y)
- | —sin(o+B+7y) cos(a+B+7)

[ cosm  sinm
= . }andasa+ﬁ+y:p
| —sint cosm
-1 0 10
= = - =1
10 -1 01 2
cosa —sina O
Example 9: If M(a) = | sina cosa 0
0 0 1
cosp 0 sinp
MB)=| 0 1 0
—sinp 0 cosp

then prove that [M(c) M (B)]* = M(-B) M(-a)

Sol: In this problem, by finding the inverse of the matrix
we can easily get the required answer.

M(e) M (B)I™* = M(B)™ M(o)™

cosa. —sino O
Given M(a) = | sinoe cosoa 0
0 0 1

. T
cosa -sino O

M(o)? =| sinae  cosa O
0 0 1
coso sina O

=|-sina cosa O
0 0 1

We can also write this in the form

cos(-a) -sin(-a) O
sin(~a) cos(-a) O0|=M(-a)
0 0 1



Similarly,

cosp 0 -—sinp
MB)*t=| 0 1 0
sinB 0 cosP

cos(-B) O sin(-P)
= 0 1 0 = M(-B)
—sin(-B) 0 cos(-PB)

- M(@) M ()] = M(-B) M(-a)

Example 10: Show that the homogeneous system of
equationsx—-2y +z=0,x+y-z=0,3x+6y-5z=0
has a non-trivial solution, Also, find the solution.

Sol:Inthis problemwe canwrite the givenhomogeneous
equations in a matrix form, i.e. [A][X] = [O] and then by
calculating the determinant of matrix A we can find if
that given system has a non- trivial solution or not.

The given equations are

X=2y+z=0,
Xx+y-z=0,
3x + 6y -5z =0,

We can write these equations in the form of matrices
as shown below

1 -2 1 X 0
1 1 -1|]y|=]|0]orAX =0, where

3 6 -5||z 0
1 -2 1 X 0
A=|1 1 -1|,X=|y|landO=|0
3 6 -5 z 0

1 2 1

Now, |A|=|1 1 -1

3 6 -5

=1-5+4+6)+2-5+3)+16-3)=0
Thus, |A]|=0

Hence, the given system of equations has a non-trivial
solution.

To find the solution, we take z = k in the first two
equations and write them as follows:

x—-2y=—kandx +y=k

b TG e
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1 -2 X
where A = 11 X = y

-k 1 -2
and B = Now, |A| = =320.
k 1 1

1 2
So Alexists; We have, adj A = [ 1 J

So,A‘lziade:A‘lzl 12
|A| 31-11

Now X = AB

s FHI A

=x=k/3,y = 2k/3

W

These values of x, y and z also satisfy the third equation.
Hence x = k/3, y = 2k/3 and z = k, where k is any real
number and which satisfy the given system of equations.

JEE Advanced/Boards

Example 1: Let A and B be symmetric matrices of the
same order. Then show that

(i) A + B is symmetric

(i) AB — BA is skew-symmetric

(iif) AB + BA is symmetric

Sol: In this problem, by using the conditions for

symmetric and skew-symmetric matrices we can get
the required result.

As given, A and B are symmetric.
~A=AandB =B
()(A+B)y=A+B' =A+8B

- A+ Bis symmetric

(i) (AB — BA)' = (A'B)’ — (BA)'

= B'A' - AB' [by reversal law]
=BA-AB[A = A, B =B]

. AB — BA is skew-symmetric

(iii) (AB + BA)' = (AB)" + (BA)'

= B'A' + AB'=BA + AB = AB + BA

. AB + BA is symmetric.
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Example 2: Solve the following equations:
2X-3y+z2=9X+y+z2=6x-y+z=2

Sol: In this problem, we can write the given
homogeneous equations in a matrix form, i.e. [A][X] =
[O]. Then, by calculating the determinant of matrix A
and adjoint of A, we get an inverse of matrix A, i.e. A™.

By multiplying this into [A][X] = [O] we get the required
values of x, y, and z.

We can also find if that given system has a trivial
solution or not.

As given, 2x -3y +z=9
X+y+z=6
X—y+z=2

This system can be written as AX = B,

2 31 X
Where, A= |1 1 1|X=]|y
1 -11 z
9
andB = |6
2

|A|=2(2)+3(0)+1(-2) = 2

- qT
1 -1 1 1
-1 1 11 1 -1
31 21 2 -
AdjA =| - 3 - 3
-1 1 21 1 -1
31 1 -3
11 11 1 1]]
2 2 -4
=lo 1 -1
-2 -1 5
AT L AdiA
|A|
Now, X =A~'B
) 2 2 -4][9 ) 22
ZE 1 -1 6 :E 4
-2 -1 512 -14

s x =11, y=2, z=-7 is the solution.

1 2 2

Example 3: LetA= |2 1 2],
2 21

prove that A2 —4A — 51 = 0, hence obtain A™:

Sol: In this problem, by using a simple multiplication
method we can get the matrix A? then by substituting
these in the given equation we will easily obtain the
required result.

1 2 2|1 2 2
A=A A=2 1 2||2 1 2
2 2 1112 21
[1+4+4 24244 2+4+2 9 8 8
=|2+2+4 4+1+4 4+2+2| =18 9 8
_2+4+2 4+2+2 4+4+1 8 8 9
Now A? — 4A — 51
(9 8 8] [4 8 8| [5 0 O]
=18 9 8|/-|8 4 8|-|0 5 0
8 8 9| |88 4| (00 5]
9-4-5 8-8-0 8-8-0 0 0O
=/8-8-0 9-4-5 8-8-0(=(0 0 O
8-8-0 8-8-0 9-4-5 0 0O
=0 [Here 0 is the zero matrix]
Thus A2—4A-51=0
L ATAZ-4ATA-SAT = A0 = O
or (ATA)A - 4(A*A) — 5AI = O;
orIA-4I-5A"1=(; oo BAT=A-A4]
1 2 2 4 0 O -3 2 2
=21 2|-/10 4 0|=|2 -3 2
2 21 0 0 4 2 2 -3
-3 2 2 -3/5 2/5 2/5
Al=-|2 -3 2|=|2/5 -3/5 2/5
2 2 -3 2/5 2/5 -3/5

Example 4: Find the product of two matrices

-5 1 3
AandBwhereA=|7 1 -5
1 -1 1
112
B=|3 2 1] anduseitforsolving the equations
213

X+y+2z=1,3x+2y+z=7and2x+y+3z=2



Sol: As the given system of equations is in the form
BX = C, multiplying it by B, which is obtained by the
multiplication of AB, we can get the required result.
-5 1 3
AB=|7 1 -5
1 -1 1

112
321
21 3

-5+3+6 -5+2+3
=|7+3-10 7+2-5
1-3+2 1-2+1

-10+1+9 4 00
14+1-15| =0 4 O
2-1+3 0 0 4

Also the given system of equations in matrix form is
BX = C . (i)
X 1
ylandC=|7
z 2

Where X =

From (ii), X = B*C

[Multiplying both sides of (ii) by B
S BiB=1

B=1I

From (1), AB = 4L, .. % 5
-5/4 1/4 3/4
=|7/4 1/4 -5/4

1/4 -1/4 1/4

=2
4

=X = BC

N < X

5,4 1/4
=17/4 1/4
1/4 -1/4

=

1
Example 5: Given A= |2 4
2 3

Find P such that BPA = Ll)
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Sol: Pre-multiplying both sides by B* and Post-
multiplying both sides by A™ in

1
BM:{

1
we can find P.
0 0

Given BPA = 1ol
010

010

1 01
=IPI = Bl{ } Al

B'BPA Al= B {1 0 l} At

010

N ()
010

2 3
To find B, B =
3 4

2 3
|B|=
3 4

‘:8—9=—1¢0

Let C be the matrix of co-factors of elementsin | B |;

C-= |:C11 ClZ}
C

C21
. C,=4C,=-3C,=-3C,=2

(D)

To Find A7, Since A =

NN R
w =
I =

S A =1(4-3)-12-2) + 1(6-98)

=1-0-2=-1%0

Let C be the matrix of co-factors of elements in | A |;
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4 1 21 P 4l
31 2 1 2 3
I R 11
31 1 2 3
11 o1 it
41 2 1] 2 4]
(1 0 -2 1 2 -3
=2 -1 -1|; ~C=|0 -1 1
-3 1 2 -2 -1 2
1 2 -3
AdjA=|0 -1 1
2 -1 2
A_]-:M:—ACUIA
[ Al
-1 -2 3
=10 1 -1 ... (iii)
2 1 =2

Substituting eq. (i) and (iii) in eq. (i), we get

4 3 101 123
L= 2 1 -2
4 3 4] | Y 23
L2 2 1 =2

- [4+0-8 8+3-4 -12-3+8

| -3-0+46 6-2+3 9+2-6

o |4 T T
3 5 5

Example 6: If F(a) =

coso. —-sina 0
sina. cosa O] then

0 0 1
show that F(x). F(y) = F( x+ y).

Hence, prove that [F(x)]™ = F(- x).

Sol: By substituting x and y in place of a in given
matrices we will get F(x) and F(y) respectively and then
by multiplying them we will get the required result.

cosx —sinx 0| |cosy -siny O
F(x) F(y) = sinx cosx O |siny cosy O

0 0 1 0 0 1

COSX COSY — sinx siny —cosx siny —sinx cosy 0
= | sinx cosy + cosx siny —sinx siny + cosx cosy 0

0 0 1

o

_cos(x +y) —sin(x+y)

= |sin(x+y) cos(x+y) O] =F(x+y)

0 0 1
i.e. F(x).F(y) = F(x +y) (i)
2" part.

As we know that F(x) [F(x)] =1 . (i)

Replacing y by —x in (i),

we get  F(x). F(—x) = F(x —x) = F(0)
cosO -sin0 O 1 0O
=|sin0 cosO O0|=]0 1 O
0 0 1 0 01

i.e. F(x) F(=x) =1 ... (iii)

therefore from (ii) and (iii)

= [F)I™ = F(=x).

Example 7: Show that every square matrix A can
be uniquely expressed as P + iQ where P and Q are
Hermitian matrices.
Sol: By considering P = % (A + A9
And Q = %(A—Ae) wegetA=P+iQ

i

Then, using the property of a Hermitian matrix we can
prove the above problem.

0
Now P = {%(A+Ae)} = %(A + A%

= SN R = S0 A = Z(A s A) =P

.. P =P%, hence P is a Hermitian matrix.

Similarly
0 —
0 _ l _A© — l _ A®
Q= {Zi(A A )} {Zi}(A A")
__l 0 _ (A0 :_l 0 _ :l _ A0y —
= 2i{A (A% > (A’=A) > (A-A)=Q

.. Qs also Hermitian matrix,



Therefore A can be expressed as P + iQ ,where P and Q
are Hermitian matrices.

Let A =R +iSwhereRand S are both Hermitian matrices
We have A? = (R + iS)® = R + (iS)a

=R+ iS? =R - iS’= R-iS

(since R and S are both Hermitian)

S A+A = (R+iS)+ (R-iS) = 2R
:Rz%(A+A9):P

Also A—A® = R +iS) — (R —iS) = 2iS
:s:%(A—A%Q

Hence expression (1) for A is unique

Example 8: If A is Hermitian such that A? = 0, show that
A=0,

Sol: As A is a Hermitian matrix therefore A® = A. By
considering A = [aU]nxnto be a Hermitian matrix of order
n and as given A’ = 0, we can solve given problem as
follows.

a; Ay e a,
A = A Ay e a,, and
a; A, e a,
Y- — a,

Ao - 3, Ay e a,
A, By, e a

Since A% = Q;

Let AA°=[b] =AA°=0

ijlnxn

Then each element of AAY is zero and so all the principal
diagonal elements of AA® are zero

s b,=0foralli=1,2 .. . n

Now, b, =a a ,+a,a,+..+a a,
=la P +la)? +....]a ] . b,=0
= la >+ a,* + ... +]a =0
=la,|=la,| = ... =la =0
=a,=a,= ... =a =0

= each element of the i row of A is zero, but b, = 0 V¥

.. Each element of each row of A is zero. Hence, A = O
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Example 9: If the non-singular matrix A is symmetric,
then prove that A is also symmetric.

Sol: By using the conditions of non-singular and
symmetric matrix we can easily find the required result.
As given matrix A is a non-singular symmetric matrix.
S |Al#0and AT = A,
So, A exists

Now, AAT=1=A1A
= (AAY)T = ()T = (AA)T
= (A)T A== AT(AY)T
=>AHYTA=I=AAYN
= Al= (AT

[A"=A]

= A is symmetric.

Example 10:

2 3 -1 -1
Ao |l -1 -2 4
31 3 -2
6 3 0 -7
Sol: given
1 -1 2 4
2 -1 —
Ao 3 -1 -1
31 3 22
6 3 0 -7

R, >R, -2R Ry »R; —3R
andR, >R, -6R,;

Find the rank of the matrix

1 -1 2 -4
A |05 3 7
0 4 9 10
0 9 12 17

[ApplyingR,—> R,- R, -R/]

1 -1 2 -4

1o 5 3

o 4 9 10
0 0 0

[Applying R,— R,—R|]

1 -1 -2 -4
01 -6 -3
0 4 9 10

0 0 O
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[Applying R;,— R,—4R ]

1 -1 2 -4
o1 -6 -3
1o 0 33 22
00 0 0

[Applying R, —» 1/11 R ]

1 -1 2 —4
0 1 -6 -3
“lo o0 3 2
00 0 0

Since the equivalent matrix is in echelon form having
three non-zero rows. Hence, r(A) = 3

Exercise 1

Q.1 Find x and y, if (2)(_1} :( 3 j
5 X+y

Q.2 A matrix has 2 rows and 3 columns. How many
elements a matrix has? Find the number of elements of
a matrix if it has 3 rows and 2 columns.

Q.3 Order of matrix A is 2 x 2 and order of matrix B is 2
x 3. Find the order of AB and BA, if defined.

Q.4 Given a matrix A = [aij], 1<i<3andl<j<3 where
a; = i + 2j. Write the element

(a, (ii) a,, (iii) a, (iv) ag,
Q.5 A matrix has 18 elements. Write the possible orders

of matrix.

Q.6 Give an example of a diagonal matrix, which is not
a scalar matrix. Also give an example of a scalar matrix.

Q.7 For the matrix A, show that A + AT is a symmetric
matrix.

Q.8 For the matrix A, Show that A — AT is a skew-
symmetric matrix.

Q.9 The total number of elements in a matrix represents
a prime number. How many possible orders a matrix
can have ?

. [ x -1} (0
Q.10 Find x and y, if [ZyJ + [ 4 J = [3]

Q.11 If f(x) = 3x?> — 9x + 7, then for a square matrix A,
write f(A).

Q.12 If A, B and AB are symmetric matrices, then what
is the relation between AB and BA?

1
2| B, [2-24], find AB.
3

Q13IfA =

120
12
Q.14 Are the matrix ( J and |3 4 O0]equal?
Give reasons. 3 4 0 0O

2 -1
Q.15 Given a matrix A = {4 }

2
. . 1
Find matrix kA, where k = — 3
6 tano
Q.16 Simplify: tan 6 sec an
tan® —secH
—tan® —secH
+secO .
—secH tan®
Q171fX .Y, ,=Z,, forthree matrices X, Y, Z, find the
values of m, p and b.
0 -1 2
Q.18 Is matrix A= |1 0 -3 |symmetric or skew-

-2 3 0

symmetric? Give reasons.

sin®
—cos6

cos0
sin®

Q.191fR(0) = { } , write (i) R(%) , (if) R(x+Y)



Q.20 For a skew-symmetric matrix A = [aij], what is the
nature of elements a, if i = .

Q211 A= O find A
00

. . 1 0 x|
Q.22 Find x, if [x 1] {_2 _3} {3} =0

Q.23 Find the sum of matrix A =

additive inverse.
1| |2 4
-1 |5 0

. 2 2 -1
Q.25 Evaluate[sm 0 1}+ { cos“ 0 O}+ {0 }

(2 _1jand its
4 6

2
Q.24 Find X, if X + L

cot’0 0 —cosec’® 1 -1 0

Q.26 If A and B are symmetric matrices, show that AB
is symmetric.

Q.27 If a matrix has 8 elements, what the possible
orders it can have ? What if it has 5 elements?

Q.28 Evaluate the following:
a

[a, b] H +labed |P
d C
d

0
Q29IfA=10 , find A2 Hence find A®
1

o r O
o O R

Q.30 Show that the element of the main diagonal of a
skew-symmetric matrix are all zeros.

4 —
and B = > 7
-3 0 O

4
Q32IfA = [2 3] find values of x and y such that

0
Q.31 Find AB, if A = {0

A? —xA + yl = O where I is a 2x2 unit matrixand O is a
2 x 2 zero matrix.

33Aa=|t > ada 3= [T 7
gr'\dB Tl 5 7)) ATEE A 2 3 )
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coso  sina
Q34IfA = . , then show that
—sino.  cosa
A2 = cos2a.  sin2a
—sin2o.  cos2a

0 01
prove that (al + bA)® = al + 3a’bA.

0 1 1
Q.SSIfAzg }andlz{ 0]

Q361IfA=

ﬂ , find the values of

p and q such that (pI + gA)? = A.

2 3 4 5 1 2
Q371fA=|1 0 6|andB=|6 -1 4

-2 1 5 5 3 4
find 2A - 3B.

Q.38 Construct a 3 x 3 matrix [aij], whose elements are
given by a, = 2i - 3j.

3x - 3

Q391f| X TV
2x+z 3y—-w 4
Q.40 Find matrices X and Y, if

X+Y= > 2 and X-Y = 36
0 9 0 -1

cos@sin@]

sin 0

2
,find x, y, z, w.
7} y

cos? 0 )

]

QALIfA = [

B=£ coszd)

cos¢sing

cos0sin0

cosdsing

, then show that AB is zero
sin? ¢

matrix, provided (6 — ¢) is an odd multiple of n/2.

-1 1 -1 0 4 3
Q421fA=|1 -3 3 |andB=|1 -3 -3]|,
5 -5 5 -1 4 4

compute A?B2,

Q.43 Find the matrix X such that,

2 -1 -1 -8 -10
0 1|X+|3 4 0
-2 4 10 20 10
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Exercise 2
Single Correct Choice Type

Q.1 If number of elements in a matrix is 60 then how
many dimensions of matrix are possible

(A) 12 (B) 6 (C) 24 (D) None of these

Q.2 Matrix A has x rows and x + 5 columns. Matrix B has
y rows and 11 -y columns. Both AB and BA exist, then

(A)x=3,y=4 B)x=4,y=3
Cx=3,y=8 D)yx=8,y=3

Q.3 If A is square invertible matrix such that A2 = A,
then det.(A2-1) is

A1 (B) 2 © 3 (D) None of these

Q.4 Number of distinct matrices that can be formed
using all the 143 distinct elements is

(A) 4! (B) 4(143)! (C) 2(143)! (D) (143)!

Q.5 If A2 = A, then (I + A)*is equal to
(AT + A (B)I + 4A
(O 1+ 15A (D) None of these

a
Q6If A= [_B ([j is an orthogonal matrix, where o,

B and the roots other than the common root of the
equations x> —px + g = 0 & x* + px—q = 0, then

1 1 1
(A) p=t—,q=t— B p=0qg=+—
V202 N
1
QOp=+—-=,9=0 (D) None of these
V2

Q.7 A is a square matrix of order n and (det A) = 3. If
det (AA) = 81; where A € N, then possible value of n is

(A) 3 (B) 5 () (D)7

12
Q8IfA = and ) = 25X then f(A)is
2 1 1—x

A 11 ®) -1 -1
11 -1 -1

2 2
(@) {2 2} (D) None of these

Q.9 If A is a skew symmetric matrix such that A’A =],
then A*1(neN) is equal to

(A) AT B)I Q-1 (D) AT

Q.10 A and B are 2 x 2 matrices satisfying det
A = det B and tr(A) = tr(B), further A>—3A + 141 = 0 and
B2—AB + ul = 0, then p is equal to

(A) 3 (B) 11 (G -11 (D) 14

Q.11 The false statement is -
(A) The adjoint of a scalar matrix is scalar matrix.

(B) The adjoint of upper triangular matrix is lower
triangular matrix.

(C) The adjoint of upper triangular matrix is upper
triangular matrix.

(D) adj(adj A) = A, A'is a square matrix of order 2.

Q.12 If the matrices A, B, (A + B) are non-singular, then
[A(A + B)'B]*is equal to

(A)A+B (B) At + B
Q) (A +B)*? (D) None of these

Q.13 If A is an orthogonal matrix | A | = — 1, then AT is
equal to

(A) - A
(©) - (adj A)

(B) A
(D) (adj A)

Q.14 If A and B are square matrices of order 3, then
(A) adj(AB) = adj A+adj B

(B) (A+B)yt=At+B?
(OOAB=0=]|A|=00r|B|=0
(D)AB=0=|A|=0andB =0

a 00
Q151fA=|0 a 0|, then|A|]|adjA]|isequalto
0 0 a
(A) a2 (B) %’
(C) a®t (D) None of these
1 tanx .
Q1l6IfA = , then the value of | ATA | is
—tanx 1
(A) cos 4x (B) sec?x
(C) — cos 4x (D)1



2 3
Ql71IfA = {5 _2] then 19A is equal to

1

(A) AT (B) 2A © EA (D) A

Q.18 If P is a two-rowed matrix satisfying PT= P, then

Pis

cos® —sind cos® sind
(A) . (B) .

—sin® cos0 —sin® cosH
© _C,Ose sind (D) None of these

sin@ —cos6

Q.19 If A and B are two non-singular matrices of the
same order such that B" = I, for some positive integer
r > 1, then ABrt A AB1A s equal to.

(A)O B) I
(C) A (D) None of these

Q.20 If A and B are orthogonal matrices of same order,
then:

(A) A + B is also orthogonal.
(B) A — B is also orthogonal.

(C) AB is also orthogonal.

(D) AB + BA is also orthogonal.

Q.21 If C is an orthogonal matrix and A is a square
matrix of same order then, trace of C'AC is equal to

(A) Trace of C (B) Trace of AC

(C) Trace of A (D) None of these matrix

Q.22 Let A and B are idempotent matrices such that
A.B =BA and A-B s non singular then | A + B | is equal
to

(A)O (B) -1 G1 (D) +1

Q.23 If A and B are square matrices of same order and
AA" =], then (A'BA) is equal to

(A) ABLAT (B) ATB°A
(C) ABIO(AT)I0 (D) 10A'BA
0 ¢ -b
Q241fA=|-c 0 a|and
b -a 0
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2

a® ab ac
B=|ab b? bc|then ABis equal to
ac bc c?
(A) A (B) B? Qo (D)1

Q.25 If A, B, C are square matrices of same order & AB
= BA, C? = B, then (A'CA)?is equal to

(A) B? (B) A? Qc (D) C

Q.26 A is a diagonal matrix of order 3, and tr(A) = 12.
If all diagonal entries are positive then maximum value
of det (A) is

(A) 8 (B) 16 (C) 32 (D) 64

Q.27 If A and B are two matrix such that AB = B and
BA = A, then A? + B?is equal to

(A) 2AB  (B) 2BA (OOA+B (D)AB

01
Q.28 A = L O} and B is column matrix such

0
that (A2 + A° + A* + A2+ 1),B = L} where I

is a unit matrix of order 2 x2, then B is equal to

1
A0 BO c0 DH
()1()i ()i ()1

11 |2| 5

Q.29 If A and B are square matrices of same order such
that AB = BA and A? = [, then ABA is equal to

(A) (ABY? (B)I (OF (D) B2

Previous Years’ Questions

Q.1 The parameter, on which the value of the

1 a a’
determinant |cos(p —d)x cospx cos(p +d)x

sin(p—d)x sinpx sin(p+d)x

does not depend upon, is (1997)

(A)a B)p @d (D) x
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1 X
Q2Iff(x) = | 2x X(x —1) (x+1)x
3x(x—1) x(x-1)(x-2) (x+1x(x-1)

(1999)

x+1

then f(100) is equal to

(A) 0 (B) 1 (C)100 (D) - 100

Q.3 The number of distinct real roots of

SinX COSX COSX

cosx sinx cosx| = 0in theinterval

COSX COSX Sinx

- —<x< —s (2001)

NG
N

(A) 0 (B) 2 © 1 D) 3

Q.4 The number of values of k for which the system of
equations (2004)

(k + 1)x + 8y =4k, kx + (k + 3)y =3k -1
(A)O B)1 2 (D) -1

Q5 Given, 2x—y + 22 =2, x-2y +z=-4,x +y + Iz =
4, then the value of A such that the given system of

equations has no solution is (2004)
(A) 3 (B)1 o (D) -3
Q6IfP = \/5/2 1/2 ,A={1 1} and
“172 372 01
Q= PAPT, then PTQ%%P s (2005)
1 2005 1 2005
(A) { } (B){ }
0 1 2005 1
1 0 10
D
© {2005 1} ©) {O 1}
1 0 O
Q7IfA=]0 1 1| 6A1=A?+cA+d]then
0 -2 4
(c,d)is (2005)
(A) (-6,11) (B)(-11,6) (C)(@11,6) (D) (6, 11)

Q8 leta, a, B, B, be the roots of ax’ + bx + ¢ = 0 and
px? + gx + r = 0 respectively. If the system of equations
a,y +a,z=0and B,y + B,z = 0 has a non-trivial

. b?
solution. Then prove that — = ac

q Pr

(1987)

bc ca ab
Q.9 Find the value of the determinant [P g
1 1 1

where a, b, and c are respectively the p*, g and rt"
terms of a harmonic progression (1987)

Q.10 Suppose, f(x) is a function satisfying the following
conditions: (1998)

(a) f(0) = 2, f(1) =1

(b) f has a minimum value at x = g and

(c) For all x,
2ax 2ax-1 2ax+b+1
=] b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b

where a, b are some constants. Determine the constants
a, b and the function f(x)

Q.11 Prove that for all values of 6, (2000)

sin® cosO sin20

sin 6+2—1t cos 6+2—7t sin 26+ﬁ -0
3 3 3
sin[0-2"] cos| 6-2%| sin[ 20— 2%

3 3 3

Q.12 If Ais an 3 x 3 non — singular matrix such that

AA'=A'Aand B =A*A then BB’ equals: (2014)
(A) I+B ()1 ©B* (D) B
1 2 2
Q13 If A=|2 1 -2| is a matrix satisfying the
a 2 b

equation AAT = Iwhere Iis 3 3x3 identity matrix, then

the ordered pair (a, b) is equal to: (2015)
(A (2.-1) (8) (-2.1)
© (21) D) (-2.-1)

5a —b
Q.14 If A{: , }and AadjA = AAT, then 5a + b is

equal to (2016)

(A) -1 (B) 5 4 (D) 13
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Exercise 1

Q.1 (a) A, , is a matrix such that | A| = a, B = (adj A)
such that | B | = b. Find the value of

a a’ a

1
b2+ a?b +I)SWhere =S = —+—+—+
(a a ) ere 5 AER
...... uptow, anda =3
(b) If A and B are square matrices of order 3, where | A |
=-2and | B| =1, then find (A?) adj (B?) adj(2A™?)

Q.2 Let A be the 2 x 2 matrices given by A = [aij] where
a;€{0,1,2 3 4 suchthata, +a, +a, +a,=4

(i) Find the number of matrices A Such that the trace of
A is equal to 4.

(i) Find the number of matrices A such that A is
invertible.

(iii) Find the absolute value of the difference between
maximum value and minimum value of det (A).

(iv) Find the number of matrices A such that A is either
symmetric or skew-symmetric or both and det (A) is
divisible by 2.

4 -4 5
Q.3 Forthe matrix A= | -2 3 -3 find A%
3 -3 4
111
. 2 3
Q4 (a)GivenA=1|2 4 1|B= L 4},
2 31

Find P such that BPA = 1ol
010

(b) Find the matrix A satisfying the matrix
1

A 3.2 _12 4
2 5 -3 3 -1

Q.5 Let S be the set which contains all possible values
of I, m, n, p, g, r for which

equation 2
9 3

P-3 p 0
A=1]0
r 0

m? -8 q
n’ -15

Be a non singular

idempotent matrix. Find the absolute value of sum of
the products of elements of the set S taken two at a
time.

cosx -sinx O
Q.6 If F(x) = sinx cosx 0| then show that F(x).
0 0 1

F(y) = F(x +y).
Hence, Prove that [F(x)]* = F(—x).

Q.7 Let A and B_ be square matrices of order 3, which
are defind as A = (a,] andB_= [bij]

where a. =
ij ij

2% andb = 2 foralliandj, 1<ij<3.
32n 22n
IfI = lim Tr 3A, + 32A, + 3°A, + ... 3"A ) and

n—oo

m = lim Tr(2B, + 2°B, + 2°B, + .... 2"B )

n—oo

Then find the value of (| + m).

[Note: Tr (P) denotes the trace of matrix P]

Q.8 Let A be a 3 x 3 matrix such thata,, = a,, = 2 and
all the other a; = 1.

Let A = xA? + yA + zI then find the value of (x + y + 2)
where I is a unit matrix of order 3.

1 2 2
Q.9 GiventhatA=12 2 3],
1 -1 3
211 [10
C=|2 2 1|,D=|13]| and thatCb =D.
111 9

2 0 7 -x 14x 7x
Ql1l0letA=|0 1 O|andB=|0 1 0 | are
1 -2 1 X —4x -2x

two matrices such that AB = (AB)* and AB # 1 (wherel
is an identity matrix of order 3 x 3).

Find the value of Tr (AB + (AB)? + (AB)® + ...... + (AB)1)
where Tr.(A) denotes the trace of matrix A.
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Q11 Let M = [m,] denotes a square matrix of order n
with entries as follows.

Forl<i<n,m,=10;Forl<i<n-1m_,,=m =3;

i+17 i Livl T
And all other entries in M_ are zero. Let D_ be the
determinant of matrix M, then find the value of
(D,-9D,).

Q.12 Find the product of two matrices A & B,

-5 1 3 1 1 2
whereA=|7 1 -5|&B=|3 2 1| anduseitto
1 -1 1 21 3

solve the following system of linear equations

X+y+2z2=13x+2y+z2=7;2x+y+3z2=2

Q.13 Determine the values of a and b for which the
3 =2 1||x b

system |5 -8 9||y|=]| 3
2 1 al|z -1

(i) Has a unique solution;

(ii) Has no solution and

(iii) Has infinitely many solutions.

Q14IfA = L 2hg 3 et 2
3 4 10 2 4

X % :
and X = then solve the following
X3 X4

matrix equations.
(@ AX=B-1
(CX=A

(b) B-1)X=1IC

Q.15 If A is an orthogonal matrix and B = AP where P
is a non singular matrix, then show that the matrix PB
is also orthogonal.

Q.16 Let M be a 2 x 2 matrix such that M

2] [2]) e ] <[] e am

X, (x, > x,) are the two values x for which det (M - xI) = 0,
where Iis an identity matrix of order 2, then find the value
of (5x, + 2x,).

Q.17 The set of natural numbers is divided into arrays
of rows and columns in the form of matrices as A, = (1),

5 3 6 7 8
A, = [4 5] A=19 10 11 So on
12 13 14

Find the value of T(A ).
[Note: T(A) denotes trace of A]

1 n

Q.18 ConsiderI =
’ '([xm -1

dxandJ

I n

J

— dxV n>mandn meN.
pXx +1

(a) Consider a matrix A = [aU]M,

0, i # j
[Note: Trace of a square matrix is sum of the diagonal
elements.]

LoomT an =]
where a, ={ 6+13 7433 J Then find trace (A™).

Jos 72 s s 72 s
(b)LetA=1J,5 63 J,5|andB=|L,5 63 I,
Jgs 56 Jizs lgs 56 Lj3s
then find the value of det (A) — det (B)
. . 3 4
Q.19 Consider the matrices A = 1 1 and

B = B ﬂ and let P be any orthogonal matrix and

Q =PAP"and R = PTQ*P also S = PBPT and T = PTS¥P

Columnl Column II

(A) If we vary K from 1 to n
then the first row first column
elements of R will form

(p) G.P. with common
ratio a

(B) If we vary K from 1 to n then
the 2" row 2" column elements
of R will form

(9) A.P. with volume
difference 2

(r) G.P. with common
ratio b

(C) If we vary Kfrom 1 ton
then the first row first column
elements of T will form

(s) A.P. with volume
difference -2

(D) If we vary K from 3 ton
then the first row 2" column
elements of T will represent the
sum of




Q.20 Consider a square matrix A of order 2 which has
its elements as 0, 1, 2 and 4. Let N denote the number
of such matrices, all elements of which are distinct.

Columnl ColumnII
(A) Possible non-negative value of det (A) is | (p) 2
(B) Sum of values of determinants (q) 4
corresponding to N matrices is
(C) If absolute value of (det(A)) is least, then | (r) -2
possible value of |adj(adj(adj A))|
(D) If det (A) is algebraically least, then (s) -2
possible value of det (4A™) is

138

Exercise 2

Single Correct Choice Type

Q.1 Let A, B be two square matrices of the same
dimension and let [A, B] = AB — BA, then for three 2 x
2 matrices

A, B, C [[A, B]C] + [[B, CLA] + [[C, A]lB] =

(A1 B)O0

(C) ABC — CBA (D) None of these
1 2 3

Q2A=|4 5 7| &fx)=x>-8+bx+7.IfA
2 3 «

satisfies f(x) = O, then ordered pair (o, y) is
(A) 2,-7) B) (=2, 7)
Q@7 (D) (=2,-7)

Q3 If {a E} is a square root of the two rowed unit
Y

matrix, then & is equal to

(A) a (B)B
Qy (D) None of these
Q.4 For A = ‘? ii,(A—ZI) (A-3Disa

(A) Null-matrix
(©) Unit matrix

(B) Hermitian matrix

(D) None of these
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Q.5 If a, B, y are the real numbers and

1 cos(a—P) cos(o—7)
A=|cos(B-a) 1 cos(B—-7)
cos(y—a) cos(y—B) 1

then

(A) A'is skew symmetric
(B) A is invertible

(C) A'is non singular
) |A]=0

Q.6 The values of x for which the matrix

x+a b d
a X+b C
a b

is non-singular are
X+C

(A) R—{0}
B)R-{-(@a+b+0)}
(OR-{0,-(a+b+0c)}
(D) None of these

Q.7 Let A is a skew symmetric matrix such A2= A, and B
is a square matrix such that B'B = B; | B | #0.If X = (A +
B) (A —B), then X™X is

(A)A-1
G A

B)I-A
(D) None of these

Q.8 For two uni-modular complex numbers z and z,,

z 27 ' Tz 27"
{_1 2} { 2 _2} equal to
Z, 5 4

10
(B) [O J

(@) {1 /2.0 } (D) None of these
0O 1/2

Qor |/ 0 ][5 ol”
’ x 1/25| |-a 5| '

then the value of x is

a 2a
A — B) —
) 125 ®) 25
2a
) — (D) None of these

125
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Q.10 If A is square matrix such that A2 =1, |A| = 1 and
B = (adj A)* then incorrect statement is

(A) AB = BA (B) AB=1
QA=8B (D)B =1

Q.11 If A and B are square matrices of order 3 and adj
A = B, then adj (3AB) is equal to

(M) 3B B)9[BI
Q3]ALL, D 9|AlL

Q.12 Let A and B are square matrices of order n such
that A" + B = O, O is a null matrix, A = adj B, tr (A) = -1
and A? = A then tr {adj(A'B)} is equal to

(A) (1) (B)1
Q1 (D) None of these

Q.13 If A is a non-singular matrix such that C = A + B,
|[C]2=]A]?|I-(A?1B)) and AB =BA, then

(A) B is null matrix

©Ic|=|A-8]

(B) A is null matrix

O)|Al=]8B]

Previous Years’ Questions

Q.1 Let o = 1 be a cube root of unity and S be the set of
all non-singular matrices of the

1 a b

form| ® 1 c|,whereeachofa borcis

o o 1

either ® and w2. Then, the number of distinct matrices
inthe setSis (2011)

(A) 2 (B) 6 Q4 (D)8

Q.2 Let M and N be two 3 x 3 non-singular skew-
symmetric matrices such that MN = NM. If PT denotes
the transpose of P then M?N?(M™N)}(MN-)" is equal to

(2011)

(A) M2 (B) —N?2 (©)-M2 (D) MN

Q.3 Without expanding a determinant at any

X2+X

X—2
stage, show that [2x* +3x-1  3x  3x-3

x> +2x+3 2x-1 2x-1

x+1

= Ax + B Where A and B are determinants of order 3
not involving x. (1982)

Q.4 Show that the system of equations 3x—y + 4z =3, x +
2y -3z =-2,6x + 5y + Iz = -3 has at least one solution
for any real number A = -5. Find the set of solutions, if
A =-5. (1983)

Q.5 Consider the system of linear equations in x, y, z
(sin30) x—y +z =0, (cos 20) x + 4y + 3z = 0 and 2x +
7y + 7z = 0. Find the values of 6 for which this system

has non-trivial solution. (1986)
a-1 n 6
Q6 LletA, = (@a-1° 2n® 4n-2
(@a-1® 3n® 3n?-3n
n
Show that D A, = ¢ e constant. (1989)
a=1
p b c
Q7Ifa#zpb#gc#randla q ¢/ =0
a b r
p

;9 ' (1991)

Then, find the value of
p-a qg-b r-c

Q.8 For a fixed positive integer n, if

n! (n+1)! (n+2)!
D=|n+1)! (n+2)! (n+3)Y, then show that
n+2)! (n+3)! (n+4)!

{i _ 4} is divisible by . (1992)

(n1)?

Q.9 Let A and o be real. Find the set of all values of A
for which the system of linear equations Ax + (sin a)y +
(cosa)z = 0x + (cos a)y + (sin o)z = 0 and —x + (sin o)
y — (cos a)z = 0 has a non-trivial solution for A = 1, find
all values of a. (1993)

Q.10 Let a, b, ¢ be real numbers with a2 + b2+ ¢ = 1.
Show that the equation

ax—by-c bx + ay cx+a
bx+ay —ax+by-c cy+b |=0
cX+a cy+b —ax—by+c

represents a straight line. (2001)



Q.11 Let o # 1 be a cube root of unity and S be the set
of all non—singular matrices of the form

1 ab

® 1 c|whereeachofa, band ciseither mor o°.
o o 1

Then the number of distinct matrices in the set S is

(2011)
(A) 2 (B)6 (Ox: (D) 4
Q.12 Let M be a 3x3 matrix satisfying
0 -1 1 1 1 0
M1l|=|2 |M-1|=|1|andM|1|=|0
0 3 0 -1 1 12
Then the sum of the diagonal entries of Mis  (2011)

(A) 5 (B) 6 @9 D) 8

Q.13 If P is 3 x 3 matrix such that PT = 2P + I where P"is
he transpose of P and L is the 3 x 3 identity matrix, then
there exists a column matrix

X 0
X =|y |#]|0|such that (2012)
z _0
o
(A)PX |0 (B)PX=X (CPX=2X (D)PX=-X
0

I

Q.14 Let P =[a.} is 3x3matrix and let Q =[bij],
where b; = 2i+jaU 1<i,j < 3.If the determinant of P is 2,

then the determinant of the matrix Q is (2012)

(A) 210 (B) 211 (C) 212 (D) 213

Q.15 Let @ be a complex cube root of unity with © =1
and P= [pu] be a nxnmatrix with P; = o) Then

(2013)
(D) 56

P2 20, whenn =

(A) 57 (B) 55 (C) 58

Q.16 Let M and N be two 3x 3 matrices such that MN =
NM. Further, if M =N?and M? =N, then (2014)

(A) determinant of (M?+MN?) is 0.
(B) there is a 3x3 non-zero matrix U such that (M2+MN?)
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U is the zero matrix.
(C) determinant of (M?2+MN?) >1.

(D) for a 3x3 matrix U, if (M?+MN?) U equals the zero

matrix the U is the zero matrix.

Q.17 The quadratic equation p(x)=0 with real coefficients
has purely imaginary roots. Then the equation p(p(x))=0
has

(A) Only purely imaginary roots.

(B) All real roots.

(C) Two real and two purely imaginary roots.

(D) Neither real nor purely imaginary roots.

—1+\/§

. z=
Q.18 Let >

, where \/-1 ,and r,s € {1,2,3}.

2s r

r 2s
Let P:{(_Z) z } and I be the identity matrix of
z z

order 2. Then the total number of or dered pairs (r, s)

for which P2 = —1is

3 -1 -2
Ql9LletP=|2 0 o |where aeR.
3 5 0

Suppose Q=[qij]is a matrix such that PQ =KkI

where R,k #0 and I is the identity matrix of order 3. If
2

Oy = —g and det (Q) = k?, then

(A) a=0k=8 (B) 40-k+8=0

(C) det (Padj(Q)) =2 (D) det (Padj(P)) = 2"

1 00
4 1 0| andIbe the identity matrix
16 4 1

Q.20 Let P =

ij

of order 3.If Q = [q} is a matrix such that p® -Q =1

then wequals (2016)
21
(A) 52 (B) 103 (©) 201 (D) 205
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Q.23 Q32 Q35
Q38 Q41 Q44
Exercise 2

Q4 Q11 Q14
Q19 Q.22 Q.26

Previous Years' Questions

Q1 Q2 Q6
Q.10 Q.13

JEE Advanced/Boards

Exercise 1

Q7 Q10 Q13
Q18 Q19 Q.20
Q17

Exercise 2

Q2 Q5 Q8
Q12

Previous Years’' Questions

Q2 Q4 Q11
Q12

JEE Main/Boards
Exercise 1

Qlx=2y=3
Q.3 Order of AB is 2 x 3; order of BA is not defined

Q51x182x93x%x6,6x3,9x2 18x1

Q.9 Two

Q.11 f(A) = 3A?-9S + 71

(2 3 4
Q13 |4 -6 8

6 9 12

Q.15 -1/ 2}

2

Q26,6
Q4 ()3 ()7 ()8 (v)1l

Ql0 x=1y= —l

2
Q.12 AB=BA
Q.14 No

0 -1
Q.16 [_1 0}
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Ql7m=2,p=3b=4

Q.19 () {(1) (1)} (i) {cos(x+y) sin(x +y) }

sin(x+y) —cos(x+y)

0

00
23
Q ooj

(1 0
.25
Q -2 1}

00
Q21| ] J

Q.28 [ac + bd + @ + b? + 2 + d¥]
00
.31
@ g g

33B_1—2 1 19
Q 3|5 8 11

-11 3 -14
Q37|-16 3 O
-19 -7 22

Q39x=3,y=7z=-2,w=14

Q.42A% = A, B? =1, A’B? = Al =A

Exercise 2

Single Correct Choice Type

Q1A Q2C
Q7A Q8B

Q13C Ql14acC
Q19 A Q20C
Q.25C Q.26 D

Previous Years’ Questions

Q1B Q2A

Q6 A Q7A

Q128 Q13D

Q3D
Q9D

Q15D
Q21C
Q27C

Q3C

Q90

Q148

Q.18 Skew-symmetric

Q.20 Each element is zero

Q22 1+ 410

Q.24 [

0
2

q

Q27 1x82x44x28x11x15x1

Q.29

Q32 x=9m,y=14

1 1
Q36 P+ -—=,qt F
3 3
1 -4 -7
Q38 |1 -2 -5
3 0 -3
Qa0 x=|% 4 y=|t 2
0 4 0 5
1 -1 -5
43 X =
Q {3 4 0 }
Q4B Q5C Q6C
Q10D Q118 Q128
Q16D Q17D Q188
Q22C Q238 Q24 C
Q28C Q.29 C
Q4B Q5B
1,5 1, 5
Q‘loa:Zrb:Z f(X):ZX —ZX-‘,-Z
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JEE Advanced/Boards

Exercise 1

Q.1 (a) 225(b) -8

17 4 -19

Q3|-10 0 13
21 -3 25

Q529

Q81

Q.10 100

Ql2x=2,y=1z=-1
Ql3()a#-3,beR
-3 -3

(i)a=-3and b # 1/3

1 2
Ql4@)X= |5 , (b)x{_1 _2}
2
Q.16 8
Q18(a)18 (b0

Q20A—>p,qtB—osCoprDor

Exercise 2

Single Correct Choice Type

Q1B Q2A Q3A
Q7B Q8cC Q9cC
Q13C

Previous Years' Questions

Q1A Q2C
Q6. iAa =c Q72

Q.1oaBl Ql11A Q129
Q16 A B Q17D Q18 A

Q4 A=A =A,=A;=0

Q.8 2n(n? + 4n + 5)

Q.2 (i) 5 (ii) 18 (iii) 8 (iv) 5

-4 7 -7 1] 48
Q4 (a){ . s . } (b) E{
Q721
Q9x = 1,x2=—1,x3= 1
Qlll

(ia=-3,b=1/3

(c) No solution

Q.17 3355
Q19A—>q;B—o>s,Cop;Dop

Q4 A
Q10D

Q5D
Q118

Q13D Q14D

Q198,C Q208

-25
-70 42

Q6C
Q12C

Q.50 = n, N + (<1 g,neZ
Q9o =nnornnt + n/4

Q15B,C D
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JEE Main/Boards

Exercise 1

s 7572

2x-1=3
2X=4=x=4/2=2
S5=x+y=2+y
y=5-2=3

x y) = (2 3)

Sol.2row =n

Column =m

Then total elements = mn
if(nnm)=(2,3)=>nmM=23=6
ifn,m=03,2)=>mn=32=6

Ayxo and B
SOI 3: 2x2 2x3
A 4

For AB = order will be = 2 x 3
For BA = row of B # column of A

So, BA does not exist

Sol4:A=1[a] 1<i<3,i<j<3
a=i+2
(la,=1+2=3()a,=3+22)=3+4=7

(i) a,, =2 + 3(2) = 8 (iv) a,, > not a element =i <j<3
but here 4 > 3

Sol 5: Total element = 18
Assume no of row = n
And no. of column = m

sonxm=18=1%x18=2x9=6x3=3x6=9 x
2x18x1

Sol 6: Diagonal matrix = LZ) g}

. 30
scalar matrix =

Sol 7: Matrix A = [aU] assume
Al = [aji]
SoA + AT = [aij + aji] = [bij] assume
Hereb. =a = a.
i ij ji
b.=a. +a.
ji ij ji
Here bU. = bji

Matrix is symmetric.

Sol 8: A-A'
= [aij] - [aji] = [bij] assume
b =a -a
ij i i
b =a -a
ji ji ij
=b =-b
ij ij

This matrix is known as symmetric matrix.

Sol 9: A matrix — row n, column = m
Total element = mn

mn is prime no.

so mn could be - 2, 5,7,11
factorof 2=1x2o0r2x1

So for any prime no. of only 2 order

= 1xnandn x 1(n € prime no.)
sol10: | ¥ |+ |=|°
2y 4 3
x—1 0
- =
{2y+4} [3}

x-1=0=x=1

2y+4=3=2y=3-4=-1

v=-1
2

Sol 11: f(x) = 3x*—9x + 7
f(A) = if A is a matrix
f(A) = 3A2-9A + 71

A is a square matrix so A? is possible.



16.48 | Matrices

Sol 12: A, B and AB are symmetric matrices Sol17:X .Y ., =Z,,
A= Columnofx=rowofy=3=pand2 x b =(m x 4)
B=b, Som=2b=4
AB =A,B=C
BA=B,. A =d, 0 -1 2
Sol18:A=|1 0 -3
butBij:Bji ) y 5 3 0
symmetric matrix’'s property
and Ay =A;
8, T T 85377 ay
. AB :Aij Bij :Aij‘ Bij = BA
Ay =~ A3y
AB = BA . .
so A is skew symmetric.
1
Sol13:A= (2| B=[2 -2 4] Sol 19: R(@) =| €050 sin0
3 sin6 —cosH
3x1
1 2 -2 4 - o
- _ cos— sin—
AB= 2| [2 -2 4] ,=[4 -4 8 /()2 2 | _[01
3 6 -6 12 2 T n 10
3x1 sin— —cos—
12 2
L 1 2 0 R(X+y):{c9s(x+y) sin(x+y) }
Sol 14: {3 4} and |3 4 0 sin(x+y) —cos(x+Yy)
2x2 0 O 0

3x3
Sol 20: Skew symmetric A = [aU.]
Both have different orders. So they are not same.

Sol 15: A = 2 -1 ,|<:-l
4 2

For all skew symmetric Matrix dia. | element (aU.) are
zeroso a; = 0 & wheni = j

2
sol21: A=|2 ©
00

aokl2 1o 12 1
4 2 214 2 0 0 5
IR

201y, !
= 2 2 = _1 E 2 2 4

1 1 a0 a 0 as 0
-z = -2 -1 A2 x A2 = — At=

;W 3@ [0 OHO 0} {o o}

at® 0
secO tane} {—tane —sece} = Alé=
+ secH

Sol 16: tan0 0 0
tan® —secO —secH tamod
tan0secO —tan0OsecO tan’0—sec’ 0 1 O X
= 5 5 Sol 22: [X 1], =0
tan” 6 —sec” 6 —tan@secH + cosBsecH -2 3L, 34
.2
sin“0-1 X X
0 N = [x-2 0-3 X—2-3 =0
= COSZ e = |:0 _1i| [ ]1X2 |:3:|2><1[ ] |:3:|
sin0-1 0 -1 0

cos’ 0 [(x-2)x-33)]=0=>x*-2x-9=0
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22422 -4(-9) _ 001
= 2 =110 Sol29:A=[0 1 0
1 0O
Sol23:a= |2 1 - :
°-‘4622 00 1][0 01
o A°=10 1 0|0 1 O
Additive inverse B which is — A 1 ol 11 0 o
So,A+B=A-A=0 _ I
1 00
2 — —
Sol 24:x +|2 1|-|? 4 A_gég_l
) 3 -1 |5 0 L .
AS = [A2P = [IP =
Assume x = A6 =1= A2
X3 X,
X +2 %, -1 2 4 Sol 30: Properties of skew — symmetric matrix [a, j]
X;+3 x, -1 |50 = All diagonal element are zero
=x,+2=2=x=0 = ="3
=>x-1=4=x,=1+4=5
0 4 5 -7
3=5 =5-3=2 Sol 31: A = .B=
=X, + = X, {O _3} {O 0}
=2x-1=0=x,=1
0 4| |5 -7
05 AB =
x=| %22 {o —3} {o o}
X3 Xy 21
_105-40 0(-7)| |0 O
Sol 25: 0(5) 0(-3) 00
sinf0 1 cos’ 0 0 {O —1}
* * 4 3
cot’0 0 —cosec’® 1 -1 0 Sol 32:A={ }
2 5
sin0+cos’0+0 1+0-1 5
= 5 , A2—XA +YI =0
cot®0—-cosec’0-1 0+1+0
, |4 3] |4 3| |4%+32 43+35
1 0] [1 o A® = =
_ _ 2 5/ |2 5 24+52 23452
-1-1 1 21
2_{22 27}
Sol 27: Matrix has 8 element 18 31
MmMxnN=8=1x8=8x1=2%x4=4x2 A2-XA+YI=0
ifmxn=5=1x5=5x1(only 2 possible order) (22 27 4 3 1 00
= X + =
5 118 31 2 5 10 00
c b 01
Sol 28: | bJM <[a b oc] |’ _[22-4x+y  27-3x ] _Jo 0
d | 18 -2x+x 31-5x+y 00
[ac + bd] x [a%? + b? + ¢ + d?] = Compare elements

=[a2+b?+ 2+ d?+ac+ bd] 27-3x=0
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3Xx=27=x= 2?7 =9=>y=45-31=14

xy) = (9 14)

Sol 33: A = 135
-2 5 7

2A-3B = 45 9
12 3

b, b, b
Assume B = { =2 3}
b, bs b

:>2A—3B={

[4 5 9
12 3

21-3b, 23-3b, 2x5.3b,
—4-3b, 25-3b, 2.7-3b,

2—:«;b1=4—>b1=4—_2=—z
-3 3
=6-3b,=1
=3b,=6-5=1
1
:>b2:§
Sameasb3:E
3
5 8 11
b4=—§,b5=§,b6=?
SoB=E_2 1 19
3|-5 8 11
so|34:A=|:CO.S(1 smoc}
—sino.  cosa

Az | COSQ sina | | cosa  sina
—sinat  cosa | | —sinat cosa

A2 = { cos® o —sin’ a

—sina.cosa —sina.cosa —sin’ o+ cos® a

we know — cos?a — sino. = cos’a.

and 2cosa sino. = sin2a

o A2 = cos2o  sin2a
—sin2a.  cos2a

cosasino + sinoa.cosa

1
sol35: A= Y| g |1 O
00 01

For(al + bAY:al=a |~ 0| =|2 O
01| |0 a

bA:b{o 1}:{0 b}

00 00

Al + bA = a 0 . 0 b _|@ b
0 a 00 0 a

(al + bA)® = a b||a blla b
O al||0 a| |0 a

_ 'a’ ab+bal[a b _|a® a’b+2a’b
0 a 0 a 0 a’
B 3a2b]

0 a

and R. H. S. = a% + 3a’bA

1 0 01
=a’ {0 J + 3a%b {O 0}
_ a 0 L |0 3a°b | _ a® 3a’b
0 a 0 0 0o a°

LHS=RHS

Sol 36: A = 0 1
-1 1

(pI + gA)? = A
0 0 1 0
pl=|P 7| qa=q = a
0 p -1 1 -q q
IS [SNE DA R A
0 p] [9 9 -q p+q

(|oI+qA)2={IO qu q}
-4 p+d] -9 p+q

{ pP°-q°  pg+qlp+q)
pa-qp+q) -9 +(q+q)?

SlE

Sop’-q*=0=p’=¢’=>p=1%q

} = A (given)
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pg+qp + g’ =
P+2gp=q’+2¢g°=1
-ve > @2- 2% = 1 = g = 1 not possible

tve > 2+ 20°=3¢°=1=>’=1/3

1
Sop=q=1% —
3
2 3 4
Sol37:A=|1 O0
-2 1 5
5 1 2
B = -1 4
5 3 -4
2 3 4 5 1 2
2A-3B=2|1 0 6|-3|6 -1 4
-2 1 5 5 3 4
-11 3 -14
=|-16 3 O
-19 -7 22

Sol 38: A, . = [aU]

a; =2i-3j
na,=21)-31)=-1a,=2(1)-32)=-4
a,=21)-3B3)=-7,a,=2(2-3(1) =1
a,=23)-3(=-2a,=22)-3(3)=-5
a, =23)-3(1)=3,a,,=23)-3(2 =0

a,, = 2(3)-33) = -3

a;; a, a3 -1 4 -7
SoA=|a, a, ays|l=]1 -2 -5
3 0 -3

sol39:| X FY|-|3 2
2x+z 3y-w 17

Compare elements

Xx=13
3x-y=33)-y=9-y=2
y=9-2=7

2X+z2=23)+7=6+7=4=7=4-6=-2
3y-w=37)-w=7=>w=21-7=14
Xy zw)=(3,7-214)

Sold0:x+v= > 2| x_y=|3©
A+ Y = S, K=Y =
° 09 0 -1

sumof X +Y, X=-Y
=>X+Y+X=-Y=2X

-l )P
S HMEE

w44
0 4

vols 2] s 2] [4 4
09 09| |0 4
Y_'5—4 2-4] [1 -2
| 0 9-4] |0 5

cos’®  cosOsin 6}

Sol 41: A =
cos0sin0 sin° 0

8= { coszd) coscl)sin(b}

cosdsind sin 0

AB = (CU)
C,, = €0s?0 cos?*¢ + cos0 sinb cos sind
C,, = cosb cosd (cosb cosé + sind sing)
C,, = cos0 cos¢ cos(0 —¢) =0
Similarly C,, C,, and C,, will also be zero
So AB = 00
00
-1 1 -1 0 4 3
Sol42:A=|3 -3 3|,B=|1 -3 -3
5 -5 3 -1 4 4

-1 1 -1|(-1 1 -1
A?=13 -3 3 3 -3 3
5 -5 3 5 -5 3

1+3-5 -1-3+5 1+3-5
=| -3-9+15 3+9+15 -3-9+15
-5-15+25 5+15-25 -5-15+25
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-1 1 -1 {xl X, xg} {1 -2 —5}
X = =
=13 -3 3|=A X, Xg Xg| [3 4 0
5 -5 5
0 4 3][0 4 3 Exercise 2
B2=]1 -3 -3 1 -3 -3
1 4 4||-1 4 4 Single Correct Choice Type
[4-3 -12+12 -12+12 1 00 Sol 1: (A) Number of elements in a matrix = 60
B2=|-3+3 4+9-12 3+9-12 =101 0 60 = 225131
4-4 -4-12+16 -3-12+1 1
L +16 -3 +16 00 Number of order matrix can have = 2 + 1) (1 + 1) (1
+1
AB2=A’I=A1=A )
=3x2x2=12
2 -1 -1 8 -10
Sol43: |0 1|X=[3 4 0 Sol 2: (O A ... Buy
-2 4 10 20 10 33 AB and BA both exist
> = forAB x+5=y ..(0)
X ‘s number of row = columnof | 0 1 = forBA 1l1-y=x ..(if)
-2 4 =>y=8x=3
orderof X =2 x 3
X, X, X, Sol 3: (D) A is a square invertible matrix
assume X =
X, X X A=A
2 -1 Multiply A7 both sides
X; X, X
0o 1 ||t 2 ™3 ALAZ = ATA =1
X, Xo X
-2 4
A=1
2% — X, 2Xy = Xg 2X3 —Xg SoA? =1
- %4 Xs X6 A? -1 = 0 (zero matrix)

=2X; +4%, 2%, +4%;  —2X3 + 44X,

Sol 4: (B) Total 143 elements all are different.

-1 -8 -10
=13 4 0 143 =1x143=143x1=11x13 =13 x 11
10 20 10 Total Number of order that exist = 4
X, =3, % =4x =0 Number of way to arrange 143 elements = 143!
~2x, +4x, = 10 = -2x, + 4(3) = 10 Total not of matrix = 4x1431

2x,=12-10=2=x =1
=2X, + 4x; = = 2x, + 4(4) = 20

Sol 5: (C) A2 = A
I+ A = (2 + A% + 2A)

~2x,+16 =20
=[I+A+2AR=[+3AF (v~ A2=A)
2%,=16-20=-4=x=-24 =-2 =P+ 9A%+6A=1+09A+6A=1+15A
2
—2X, + 4%, = — 2%, + 4(0) = 10 = - 2x,
10 sole: (=% P
X3:_—2:—5 —B o

Since, A is orthogonal matrix
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So, AA = AA =1 0 -
det (- A) = =0-(-2)(-2)=-4
2, @2 -2 0
AA_1=|:(X B}{a —B}: o +p —ap +oap
B a]lB o] |—ap+af o +p? f(A)_(I+A) _ 21 1|0 2
I-A) 4|1 1|12 0
o+p2 0 | [1 0
0 o? + p 01 __1]0+2 2+0| _ 2/1 1} _|-1 -1
2|0+2 240 2|11 1 -1 -1
o+ p2=1 (i)
X -px+q=0&x +px-q=0 Sol 9: (D) A is skew symmetric matrix
Sum of both equation for common roots — AA =1
X =px+gex+px-q=0 =A== A= (ATY = (A
2X2=0=>x=0 S ATA =—A2 =1
So if a is roots of x> — px + g = 0 and B is roots of x* + Taking square of both sides
px-q =0
At =1
=a+0=panda@0) =q=0
840 d BO) 0 SAN=I( -A’=Tare A=-A")\
—+ = — an = — =
pd 5 q ASA® = AT
D a=pandB=-p
) ) Adn+3 = _ AZ(—A) I
In (i) equation a? + b? =1
Atn+D-1 = (_A) = AT = Al
=p’+(pyr-1
4n-1eN
=>2p?=1
—AM-1 = AT
1
=>p=t —,q=0
V2 Sol 10: (D) |A| = [BJA,_, B
* 2x2 T2x2
Sol 7: (A) (det A) = 3 Tr (A) = Tr(B)
(det AA) = 81 A?-3A +141=0and B2=AB + pul=0
if As order = n x n if A =B, |A| = [B]
then (det AA) = A"(det A) = Ax3 = 81 Tr |A| = Tr(B) satisfied so A2 —AA + ul =0
xnzﬂ e p=14 (- Asorder =2 x 2)
3
An=27=3" -+ %eN Sol 11: (B) The adjoint of upper triangular matrix is
false.
So,n=3

“» That is equal to upper triangular not lower triangular
matrix.

Sol 8: (B) A =B 2] f) = 27X
Sol 12: (B) A, B, (A + B) are non-singular

{1 0} {1 2} {2 2} {1 1} [A(A + B)'B]*

I+A-= + = =2

01| |2 1| |2 2 11 = [AY(A + B) B = (A(A + B) BY

Lao|t O | 2| [o 2|  ,jo1 = [(A7A + A7B)B™) =[(I + A"'B)B?Y)

U lo 1] |2 1|2 o] 10 = [B1+A'BBY] = Al + B!

1= AF = 1 0 2 Sol 13: (C) A is an orthogonal matrix
detl-A)|2 O |A| =-1
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=AAT=AA =1
= |[A|=|A=-1

=A"=+Al(s Aisano

rthogonal matrix)

= AT = L (adjA) = - (adjA)

"~ det(A)

Sol 14: (C) A and B are square matrices of order 3

(A) adj(AB) = adj(A) + adj
= option (A) is wrong.
(B) (A + B)1#A1+ B
(OAB=0

A, B are square matrix
Soif AB=0
=|A||B|]=0
=|A|=0o0r|B[=0

0
Sol 15: (D) A = a
0
a? 0 0
adjA)=| 0 a’ 0
0 0 a

ladj |A|| = (@%)° = a®
~|A| |adj (A)] = a* a® = a°

1

Sol 16: (D) A :{
—tanx

|Al =1 + tan’x

pio 1 {1
1+tan’x [tanx

AT = 1 —tanx
tanx 1

AA = 1 { 1
(1+tan’x) | —tan

1 1+ tan

1+ tan’ X)

1 _1+tan2x

(1+tan2 x) | 0

_tanx—tanx

(B) is not necessary

= |Al=a% =2

tanx |

1 .

tanx | 3 A

1 | (@d+tan’x)

tanx 1 —tanx
X 1 —tanx 1

X tanx—tanx}

tan® x+1

0
1+tan’ x

B 1+tan’ x {1 O}

10
l+tan’x [0 1 _{0 1

10

|ATAT] =
01

‘ ) l

2 3
Sol 17: (D) A = L _2}

|

—|Al=2(-2)-3(5)=-15-4=-19

5 2] 19

a1 [2 5]
IAl[-3 2

Sol 18: (B) P" = P

_ -1
19

PP PP
AssumeP:{l Z]PT:{l 3}
Py Py P, Py

= |P| = PP, ~ PP,

P
pl= i (adj P) = i{ 4
IPI IPIL-P
|P| = P.P,— PP,

|:P1 P3}_i {P4 _Pz}
P, P,| |P||-P, P

Pl =1
P=-P

2 3

Only option (B) co.se sin®
—sin® cos6

Sol19: (A)B ' =1r>1

} is correct.

A1BtA-AIB'A = AB'BTA - AIBA

=AB'A-ABA=0

Sol 20: (C) A & B are orthogonal matrices

= AA"=AA=1 and BB =BB =1

AB = (AB) (AB)"
— (AB) (BTA)"

— A(BBNA! = AIAT
— AAT =1

(AB)" (AB) = B'ATAB = B'IB = B'B = I_

So (AB)T(AB)



gE = AB(AB)'= [
So, AB also satisfying property of orthogonal

Sol 21: (C) C is an orthogonal matrix
=CCT=CC=1

Tr (CTAC) = Tr [(C'A)C]

= Tr [C(CTA)] = Tr (CCTA) = Tr (IA)= Tr (A)

Sol 22: (C) A and B are idempotent matrices
so,A?=AandB?=B

|A], |B] = or1l

AB = BA

A — B is non-singular

= |Al=and |B|=1or|A|=1and|B| =0

Sol 23: (B) AA =1

(AT BA)™

= (A'BA) (ATBA) (ATBA.......... .
—ABIBIBL....... BA =ATB1°A

0 ¢ -b
Sol24:(C)A=|-c 0 a
b -a 0
a’ ab ca
B=|ab b? cb

ac bc c?

abc—abc b’c—b’c c’b-bc?
AB =| —a’bc+ab’c -abc+abc -ac® +ac?

a’b-a’b”® ab?-ab® abc-abc

AB

1l
o O O
o O O
o O O

1l

o

Sol 25: (C) AB =BA, C? =B

(A'CA)? = (AICA) (AICA) = AICICA = AICPA

=A'BA=A*AB)=1B=B=C

Sol 26: (D) Tr(A) = 12
aa 0 O

AssumeA=10 a, O (" A'is diagonal matrix)

0 0 a
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Tr(A) = a, + a, + a, = 12 and det |A| = a, a, a, for
maximum of det (A) = a, a, a,

a +a,+a,=3a =3a,=3a,=12

4= 12 _
13
det |A| = 4x4x4 =64

4

Sol 27: (C) AB =B

BA =A

(A + B)? = (AB + BA)?

AZ + B2 + AB + BA = (AB)2 + (BA)? + (AB) (BA) + (BA) (AB)
A? + B2 + AB + BA = ABAB + BABA + AB + BA

A? + B2 = AAB + BBA = AB + BA

A+ B=A+B

Sol 28: (C) A = {g (1)} B is column matrix

(AB+ A+ A+ A2+ ])B = 0
12><1

wo [0 1o 1) _[3 0] g
3 0/[30] |03
A = AA? = 37

A® = 33, A® = 34
AR+ AS+ A+ A2+ T1=T(1+3+32+33+3%=1211

0
0

|2|IB:{ } =B=|1
' 2

Sol 29: (C) AB = BAand A2 =1

ABA = A(AB) = AB=IB = B

Previous Years’ Questions

Sol 1: (B)

1+a° a a’

= A = |cos(p—d)x+cos(p+d)x cospx cos(p+d)x
sin(p—d)x+sin(p+d)x sinpx sin(p +d)x

1+a’ a a’

= A = |2cospxcosdx cospx cos(p +d)x
2sinpxcosdx  sinpx  sin(p + d)x
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Applying C, — C, - 2cos dxC,

1+ a® —2acosdx a a’

= A= 0

= A = (1 + a?—2a cos dx) [sin (p+ d) x cos px

—sin px cos (p + d) x]
= A = (1 + a? —2a cos dx) sin dx

Which is independent of p

Sol 2: (A)

1 X x+1
f(x) = 2X x(x—1) (x+1)x

3x(x—1) x(x-1)(x-2) (x+1)x(x—1)

Applying C; - C, - (C, + C)

1 X 0
= 2X x(x—1) 0 =0
3x(x—1) x(x-1)(x-2) O
L fx)=0
= (100) =0

SiNX COSX COSX
Sol 3: (C) Given, |cosx sinx cosxl =0
COSX COSX Sinx

ApplyingC, - C, + C, + C,
SINX+2COSX COSX COSX

= [sinX+2Ccosx SinX COsSX
SinX+2CcosXx Ccosx Sinx

1 cosx cosx
= (2cos x+ sinx) |L sinx cosx| =0
1 cosx sinx
Applying R, > R, -R,R, > R, - R,

= (2cos X + sin x)

1 COSX COSX
0 sinx-—cosx 0 =0
0 0 SinX — cosx

= (2cos x + sin x) (sin x—cos x)? =0

= 2cosx +sinx=0orsinx—cosx =0

cospx cos(p +d)x
0 sinpx  sin(p + d)x

= 2C0S X = — Sin X Or sin X = COS X

= cot x = -1/2 gives no solution in — % <x<

andsinx=cosx=tanx =1

=X =n/4

a

Sol 4: (B) For infinitely many solutions, we must have

k+1 8 4k

= = =k=1
k k+3 3k-1

Sol 5: (B) Since, given system has no solution

. A=0andany one amongst D, D, D, is non-zero.

2 -1 2
let=1 -2 1| =0 =>Ar=1
1 1 A

Sol 6: (A) Now,

B2 —172| (VB2 172
PP =
1/2 3/2||-1/2 3/2

= PP = 10
01

=PP=I=P" =PpP1

Since, Q = PAPT

PTQZOOSP

= PT(PAPT)(PAPT) ....... 2005 times]P
= PP)APTP)AP'P)......PTP)AP'P)

2005 times
= JA2005 = A2005[from eq.(i)]

et ]
¥=lo i) lo 3)[o 3

0 1
1 2005
PTQ2005 pP=

.. ()



Sol 7: (A) Every square matrix satisfied its characteristic
equation

e |A-AI|=0
1-» 0 0
=0 1-2 1 |=0
0 -2 4-1

=S1-0{1-M)@E-1)+2=0
= 13612+ 11A-6=0

=A-6A2+11A-61=0 .. (i)
=A%6A+111=6A""

Sol 8: Since, a,, a, are the roots of ax’ + bx + ¢ = 0

b c .
=a, +ta,= - and aa, = " (i)
Also, b, b, are the roots of
px>+agx+r=0

q r ..
=b, +b,=-—=andbb, = — ... (i)
P p

Given system of equations
ay+az=0

And by + b,z = 0, has non-trivial solution

=0 :ﬁzﬁ—l

a; By

Applying componendo-dividendo

o Foy B, +B,
o~ B =B,

= (o + o) B, -B,) = (o, —a,) B, +B,)
= (o, + o)’ {(B, = B, —4B,B,}

= (B, + B, (o, + 0,)* - 4oy}

From equation (i) and (ii), we get

lg’ _4r|_a'[b°_dc
ap? P p?la® a

b’q® 4% _ b*q* 4q’c

a’p? a%p a%p?  ap’

l:A+(p—1)D
a
1
Sol 9: E=A+(q—1)D
l=A+(r—1)D
C
111
bc ca ab a b c
letA=|p q r|=abclp q r|,
1 1 1 111

[From equation (i)]

A+(P-1D A+(q-1D A+(r-1D
= abc p q r
1 1 1

Applying R, - R, - (A-D) R, - DR,

00O
=abclp q r| =0
111
bc ca ab
=|p q r|=0
1 1 1
Sol 10: Given,
2ax 2ax-1 2ax+b+1
f'(x)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b

Applying R, = R, - R - 2R, , We get

2ax 2ax—-1 2ax+b+1

fx)=1]b b+1 -1
0 0 1
2ax

2ax 2ax-1|
b b+l

-1
- ‘(c2 —C,-C)

=f(x)=2ax+b

On integrating,

we get f(x) = ax?> + bx + ¢
Where c is an arbitrary constant

Since, f has maximum at x = 5/2

Mathematics | 16.57
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—f(5/2)=0=5a+b=0 ) = 25in2qcos% = 25in2qcos£n+§]
Also, f0)=2=c=2 .
andf(l)=1=a+b+c=1 )y " @sin2qcos3 =-sin 29
. L . 1
On solving equation (i) and (ii) for a, b, we get a = 7 sind cos0 sin20
b=-— 2 ~A=| —sin® —cos0 —sin20
4
1 5 sin(e—z—n) cos(e—z—nj sin(ze—ﬂj
Thus, f(x) = =x?— =x + 2 3 3 3
4 4
= 0 (since, R, and R, are proportional)
Sol 11:
sind cos0 5in20 Sol 12: (B)
[ A-1AT AT\ [ A-1aT “1\"
sin(6+2§J cos[6+2?nj sin[26+?j BBT_(A A )(A A ) _(A A )(A'(A ) j
T T
_ A1 (AT T (a-1) _ a-1 T\ a-1
+sin(6—2?nj +cos(6—%} +sin(26—?j =A '(A A)A '(A ) =A (AA )(A )
(a1 T (a-1\" _ a1\ (a-1a) _
sin G—E cos 9—2—“ sin 29—ﬂ _(A A)A '(A ) _A'(A ) _(A A) =1
3 3 3
Sol 13: (D) AAT =97
Now, sin(6+2—nj + sin (6—2—75]
3 3 12 271 2
5 5 5 5 A=|2 1 2|2 1 2|=9
0+ 402" 0+ -0+ a2 bll2 -2 b
= 2sin 3 3 cos 3 3
2 2 9 0 a+4+2b| |9 0 0
= 0 9 2a+2-2b|=1|0 9 O
:zsinecosz?n = 2sind cos [n_gj a+4+2b 2a+2-2b a’+4+b? [0 0 9
) P ) Equation a+4+2b=0=>a+2b=-4 . (i)
= —2sin6 cos — = —sin0O
3 2a+2-2b=0=2a-2b=-2 .. (i)
and cos(9+2?nj +cos(6—2?n] & a®+4+b’>=0=a’+b?*=5 .. (iii)
Solving a=-2,b=-1
9+2§+9—% e+2?“—e+2?“
_ 5a -b
2 cos 5 cos 3 Sol 14: (B) A:{; i }

2n 1 A=|”® Plaadja - AaT
= 2co0s0 cos ? = 2cos0O _5 = —cos0 3 2

{Sa —b}{z b}_{Sa —b}{Sa 3}
andsin(29+%]+sin [26—%} 3 2]|-3 5a 3 2||-b 2
{10a+3b 0 }_{25a2+b2 15—2b}

4n 4m n 0 10a+3b| | 15-2b 13

20+ +20- 2e+4?—2e+4l

. 3
=2
sin 5 cos >

Equate, 10a+ 3b = 25a° + b?
and 10a+3b =13
and 15a-2b=0



Mathematics | 16.59

a b

—=—=k (let

2715 (let)
. 2

Solving azg,b:B

So, 5a+b=5x§+3:5

JEE Advanced/Boards

Exercise 1

Sol 1: (a) |A| = a, (B) = (adjA), |B| =b

Il
[op )

=

+
%o

+
VR
| e
N

+
;I

_al 1 _a{ b? :|_ ab
bl, a| blb’-a] b’-a
T

S = 2ab
b? -a

b>aa=3

Bl = A" = JAPt=(32=9=b

= (ab? + a?b + 1) 2609 _ (3.(972+32.9+1) 2(3)9
9% -3 92 _3
=(1+81+243)@ _ 69 = 225
78 78

(b) |A| = -2, |B| = 1
(A") (adj B) adj(2A™Y)
— |A7] |adj B| 2* |adj A|

4><4_E

=i x1x22x(-2)?=
-2 -2 -2

Sol 2: A = [aij], a € {0, 1, 2, 3, 4}
all + alZ + a21 + a22 = 4
HTA)=a,+a,=4

and a, € {0, 1, 2, 3, 4}

1 a22

total possibilities=0+4=4+0=1+3=3+1=2+2

=5

(i) Ais invertible = so |A] = 0

a8y, 848, 7 0

a11a22 # aZl a12

2x(41+3) 2 oo

total way —
3C2 3

(i) Al
=[Al

- 1Al
max min

=a,a,,—a,a

max 227 9n%D

(a, a,,)

11 722/max = 4 (.'. all + a22 + a12 + a12 = 4)

and + (a,.a,) =3

12/ max

a,a,=0witha a, =
Sol|Al ., =22)-0=4
Al . =0-22)=-4

Al = ALy, = 4= (4 = 8

4=(2) (2

min
max min

(iv) A is symmetric or skew symmetric or both |det A| is
divisible by 2

So |det Al canbe 0, 2, 4
4 01To 0l [20] 12110 2
A=10 ol o 4| [o 2|1 o] |2 o

Total no. > 5

4 4 5
Sol3:A=|-2 3 -3
3 -3 4

A =12-4=3A, = . )
A,=-9+8=-A, =-15+16=1
A,=16-15=1-A_=-12+12=0

A,=12-15=-3,-A,,=-10+12=2
A,=12-8=4

3 41 -3
adiA=|-1 1 2
3 0 4

|Al = 4[A,] - 4(A) + 5[A,]
=4(3)-4(-1)+5-3)=12+4-15=1

) 3 +1 -3
ar=29A g g o

AL 13 0 4

3 41 -3][3 +1 -3] [17 4 -19
A?=|-1 1 2|[-1 1 2|=|-10 0 13

-3 0 4(|-3 0 4 -21 -3 25
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111
Sold: () A=|2 4 1| | :F 3}
2 3 ]_ 3 42><2
3x3
101
BPA={ }
01 0],

PP, P
Assume P = { L2 3}
P4 P5 P6 3

BPA=101
010

1 01
= - — R-1
BBPA=PA =B 010

B|=8-9=-1

1[4 -3 4 3
djg = — =

|4 3][r o] _[4 3 4
3 2|01 0 3 -2 3

IAl=1[4-31-1[2-2]+1[6-8=1-2=-1

1 3-1 1-4 1 2
adjA=| 0 -1 2-1|=[0 -1 1
6-8 2-3 42 2 -1 42
-1 -2 3
Al={0 -1 -1
2 1 =2
paat= | 3 Ao
3 2 3
403 4] | 23
P= _3 . _3} 0 1 -1
-7 2 1 =2
oo |[47 7
|3 5 5
2 1] [3 2 2 4
®rl3 5”5 3= [3 1

assume B = 2 1 C= 32
3 2 5 -3

Bj=4-3=1|C/=-9-10=-19

:>BAC:[2 4}
3

BIBAC = AC = 2 112 4 _ 4-3 8+1
-3 2 3 -1 —-6+6 -12-2

C= 19 = ACC?
0 -14

At 93 o2] 1
o -14) |5 3] 19
1{3+45 2-27} B 1{48 —25}

19| 70 42 19/-70 42

Sol5:A=| 0 m’-8 ¢
r 0 n*-15

A? = Al A is idempotent matrix]

A2 =
(? -3)° +0 p(£? —3)+p[m? — 8] pq
ar (m* - 8)? q(m? —8)+q(n” —15)
r(6? —=3)+r(n? +5) rp (n? —15)?
?-3 p 0
= 0 m? -8 q
r 0 n’ -15

compare elements

= (1°-3)0?=/?-3=1?-3=0o0r1
t=tBortJa=12
p[l1?-3+m?-8]=p=p=0o0rl2+m?-11=1
rp=0=r=00rp=0
(n?-15)2=n?-15=n’-15=10r0

gl(m?-8) +n?-15]=q=>qg=00orm?+n?*-23=0+1
(m?2-82=m?-8=>m?-8=orl

m=2++v8 ortv9 =13

if.1mnqgqrez

S={0, £2, £3, £4}



= Sum of products of elements = 22+32+42=29

cosx -—sinx O
Sol 6: F(x) =| sinx cosx O
0 0 1

cosy =-siny 0
Fly) = | siny cosy O
0 0 1

cosx -sinx 0|/ cosy -siny O
F(x). F(y) =| sinx cosx O0]|siny cosy O
0 0 1|l O 0 1

COSXCOSy —sinxsiny —cosxsiny —sinxcosy 0
=|sinxcosy +cosxsiny —sinxsiny +cosycosx 0
0 0 1

cos(x+y) —sin(x+y) O
= | sin(x+y) cos(x+y) O
0 0 1
[FOI™* = F(=x)
L.H.S. = |F(X)| = cos?(x) + sin’x — 1
cosx sinx O

adj[F(x)] =|-sinx cosx 0
0 0 1

diF cos(-x) —sin(=x) O
[FOOT™ = aJT(X) = | sin(=x) cos(—x) 0= F(=x)
0 0o 1

L.H.S.=R. H.S.
Hence proved
Sol 7: A =[a], B =[b]

_2i+] _3i-i
a; = 3on ' 52n

| = Lim Tr[3A, + 3°A, + 3°A,+..+ 3"An+... ]

Nn—oo
For A Tr(A) = a,, + a,, + a*
2O+ +22)+2+23)+3 _ 9+6+3 _ 18
- 32“ - 32!’1 - 32!’\

318 18
3 30

Tr(3" n) =

Mathematics | 16.61

_qg (Y|t (18 8 18
3, 1| 3 73-1 2
1-=
T = W-113@-2436)-3 _ 2+4+6 12

22n 22n - 27

2B = 12
2n

m = za:[Tr(Z” B)] =12 B+%+}

n=1

Y2,y
2 1 2
1-=
2

[+m=12+9=21

Sol 8: A is 3 x 3 matrix

A, = a, = 2, all other a, = 1

R, =R, -R,

Al =1=xA?+yA + 71
I=x+y+2)]I
x+y+2z=1

1 2 2
Sol9:A=|2 2 3
1 -1 3

1 10
1|,D=|13|,cb=D
1 9

=N R

2
C=12
1

IC|=2[2-1]+1[1-2]+1[2-2]=2-1=1



16.62 | Matrices

1 0 -1
adic=|-1 1 0 |=|cjCct=C?
0 -1 2
CCb = C'D
(1 0 -1 10
b=|-1 1 0 13
_0 -1 2 3x3 9 3x1
[ 10-9 1
b=1|10+13 |=|3
|-13+18] |5

|A|=1[6 + 3] + 2[3-6] + 2[-2-2] =9-6-8=-5

6+3 -8 2 9 -8 2
adjA=| -3 3-2 1 =-3 1 1
-4 3 2-4 -4 3 =2
A‘lziade:—lade
|Al 5
AX=Db
1 9 -8 2 1
X:Aflb:—g -3 1 1 3
-4 3 -2||5
1 9-24+10 1 -5 1
X=—§ -3+3+5 =—§ +5| =|-1
-4+9-10 -5 1
2 0 7 —x 1l4x 7x
Sol1l0:A=|0 1 O0},B=|0 1 0
1 -2 1 X —4x -2x
—2Xx+7x 28x-28x 14x-14x
AB = 0 1 0
—X+x 14x-2-4x Tx-2X
5x 0 0
=0 1 0
0 10x-2 5x

|AB| = 5x [5x] = 25x?

5x 0 0
25%° 0

0 -50x°+10x 5x

1
2

(AB)™ =

1
Sx 0 5x 0
(ABY' =| 0 1 0|=AB=|0 1
0 -10x+2 1 0 10x-2
5x 5x
=>x=1/5

(AB)? = (AB) (AB) = (AB) (AB)* =1
Tr[AB+(AB)?+(AB)3+...+(AB)]

= Tr[AB+I+AB+I+...+I]

= Tr[50AB+501]=50 Tr(AB)+50Tr(I)

= 50[-1+1-1]+50 [1+1+1] =-50+3(50)=100

Sol11: M _= [mij]order =n
1<i<n, m; = 10;

1<i<n-1m

i+ 1

I=m,i+1=3

All other entries in Mn are zero

10 3 O
M,=3 10 3 |,[M,|=10[100-9] + 3 [-30]
0 3 10

=1000-90-90 = 820

M= 3 oM =100-9=91
310

D,-9D,=820-9(91) =820-819 =1

-5 1 3 112
Sol122:A=|7 1 -5|&B=(3 21

1 11 21 3
X+y+2z=1 4 0 0
3x+2y+z=7 AB=|0 4 0] =4L
2X+y+3z=2 0 0 4

NN RN

N NI ENRA
NN




Bl = 1[6—1] + 1[2-9] + 2[3 — 4]
=5-7-2=-4
| X]

x === X
1B

N N

1 2
2 1 =[6-1] + 7[2 - 3]
13

+2[1-4=+5-7-6=-8

8 11 2
x=—=2,Y=

) 371

2 2 3

=1[21-2]+1[2-9]1+2[6-14]=19-7-16=-4

111

-4
y=—=1.2=3 27
21 2

=1[4-7] +1[14-6] +1[3-4]=-3+8-1=4

or=Bx=C

x = B1C

z=j =-1
4

xv.2z)=(21-1)

- 1 3
4 4 4 1 1
7 1 -5
x=|- = — =|+1
4 4 4 1
1o 1| Bha I
_4 4 4_3><3
3 -2 1] |x 6
Sol13: |5 -8 9| |y|=| 3
2 1 a||z -1
3 21

ID|=|5 -8 9| =3[-8a—9]-2[18-5a] + 1[5 + 16]\

2 1 a
=-24a-27-36+10a +21 =-14a-42
(i) System has a unique solution 101 =0
-140-42=0
_42
14
a#-3andb eR

a#

(i) At a = — 3 has no solution =>a = -3

3 2 1] |x b
5 -8 91]|y|l=|3

2 1 -3z -1
R,=R,+ 2R,
X 6
yl=[3-2|=|1
2 1 -3 ||z -1 -1

3 2 1] /[«x
9 -6 3||y|-=
2 1 -3z -1

3 -2 1
544 -8+2 9-6
b
1

Compare row 2™ and 1

3x-2y+z=b
-6y +3z=1
1
3Xx—-2y+z==
Y 3

From equation (i) and (ii)
bl

3

For no. solutiona=-3and b # %
(iii) Has infinitely solution
soa=-3andb = %

so|D|=0and|D| =0

Sol 14: A = 12,3:3 1,c=1 2
3 4 10 2 4
X, X,
(@) AX =B -1
X{l {H}l x{‘zf 1}_{1 é]z{z
3 4[[X% X, 10 01 1
Al=4-6=-2

adjA = { 4 _2}
-3 1

1[4 2] 1
>At=— — = —— adjA
—2L3 1} A%

so AAX = X = A*B-])
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wo L[4 2|[2 1]__1[8-2 4+2
-2(-3 1]]1 -1 2(6+1 -3-1

_1fs 6] |0 7
5 4] |2 2
2

2 —

by B-IDX=IC=C

N
1 -1

B-1Z[-1]-1=-3

-1

. -1
adj(B-1) = L ,

}, (B-D*

_adjB-n) _1[-1 -1] 11 1
-1 2] 3

IB-1] -3 1 -2

X = (BI/C = 1{1 1} 1 2}

311 -2)[2 4
wo L[1+2 2+4 13 6| _[1 2
S 3|1-4 2-8] 3|3 6] |-1 -2
(O CX=A
12
Ic| = =4-4=0
2 2

So C! does not exit = Y has no solution

Sol 15: A is orthogonal matrix

=S AX=AA=T

and B = AP, P is non-singular

if Ais orthogonal, so A7 is also orthogonal
B = AP

BB = APB

I = APB?

Al = AAPB?

Al =PB?

A7 is orthogonal, so PB™ is also orthogonal

sosoof 4]« [T [2] - [}

a., a
Assume M = { n 12}
91 9p

© a; a1 -1
a; ap|[-1] |2

a,-a,=-1+a,-a,=2 - (D)

M2 =

2
Ay a8  apdpt alzazz}

2
811851 T 8518y, 838 T3y

)

2
N { A1 T8 919y +a12a22} { 1 } _ {1}
2 _
A118y1 T8y  ay3p tay 1 0
2

a;; +a,a, +ta,a,=1 .. (i)

2 _
=a;a, taya,,-a,a,ta) = 0

= a11[a11 - alZ] + alz[a21 + azz] =1
=a,(-1)+a,2)=1
=2a,-a;=1
=a,+l=1=a,=0
=a,=-1

=a,la,-a,] +ayla, —a,] =0

=a,[-1]+a,2]=0

22]

=2a,,-a, =0

_[azl_azz_azz]:o
2-a,=0
=a,, =2
=a, =4
M:{an a12i|:|:_1 O}
a,; 8y 4 2
IM-XI| =0
_1-
X 0 0
4 2-X

1+x)(x-2)=0=>x=-1orx=2
5x, +2x,=5(2) +2(-1)2>-1=10-2=38

2 3
Sol17:A, = LA, = |, |,

6 7 8
Aj=[9 10 11| s
12 13 14
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No. of elementin A = n? - -

. 1 0 0
For A = 10% = 100, (10 in each row) 5
S, = sum of all element of A_ A=1|0 1 01, |A|= lllzi
6 ' 567 210
SoS$,=1,S5,=2+3+4+5 1
0 0 =
Sg=1+2+3+.... m | 7 |
Wherem =1+ 22 + 32 + 42 +.....+9? M1 T
— 0 0
_ (2n+D)n(n+1)  9(18+1)(9+1) 42
6 6 AdjA=|0 % 0 ,Al:llTI
=§><10><19=285 0 0 1
. 30
Soi a,=a,=285+1=286 ) .
a,, =286 + 11 1 |
a =286+ (n-1)l1 1|4
10 adjA = -1 =
tr(A) = D a; =286 x 10 + [11 + 11(2) 210 35
i=1 1
+ 3(11)+.....+9(11)] I %_
=286°+ 111+ 2 +..+ 9] 1 1 1
9%10° Tr(A?Y) =210 —+—+—| =5+6+7=18
=286° + 11 x = 286° + 11 x 45 = 3355 42 35 30
1oy Jos 72 s
Sol18:1, = [ ——dxVnm A=), 63 J,.
x' =1 ’ ’
1oy Jgs 56 i35
In,m:J‘Om dxVx>m,nmeN
X+l Jos 72 s
@A = [a],,, B=1J)s 63 Jys
L J 56 J
Sl V%] det(A) = =721, I, o=y o Jy
a; = Ie+1,3_11+3,3 = I7,3 - I4,3 Jn,quIQ_JN,a JMVQ
4 7 4 n+m n+m
=J.1x7dx _IleX :le —X dx Ifn+m=N+N,theJ.1 X 1—X — [dx=0
0x3-1 “0x3-1 “0x-1 O Xt X
1 Sodet (A) =0
1 x> -1 x> 1
=[ X5 | = {?} o Bl = 72 [I,,, 5L, o~ L, Ly o] oo
X p—
0 Sum as above 12 + 8 =7 + 13
1
1 Xl 1 So, Bl =0
a22=18’3_15'3=‘[ox dX =|:€:| :g
0 det(A) — det (B) = 0
1
L 1 e[ x®-1 x’ 1
a,= 83 -1, = x6[— dx=|=| == sol19:A=|> ¥ andB=|2 °
” oo x* 1 Tl 7 1 -1 0 1

P is orthogonal matrix = Q = PAPT,
R = PTQ*PS = PBPT, T = PTSKP
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Sol 20: A »p,q,t;B—>s; CoHprD—o>r
A2><2 = [aij]

Elements are 0,1, 2,4

(A) A = |:a11 a12:|
a1 9p

|A| =4a;; 8, —38,4,

IfJ[A|>0=a,a,>a,a

11712 21 712
10
4 2
21
:8,1 2 =4
0 4 0 4
B) If |A| = m, then is also a matrix = |A| = —m

So for all matrix, have one —ve det (A) matrix so X det(A)
=0

(C) Least value of det(A) = 2 or—2
ladj(adj@djA))| = ((£2)>1)* 1)1 = +2, 2 or -2
(D) det(A) is algebraically least = - 8

4adjA 4

AN = =
|Al -8

adjA = [izj (adj A)
[4A7Y = |-ZadjA| = (-2)? |A]*?

= l X —-—8==-2

Exercise 2

Single Correct Choice Type

Sol 1: (B) Let [A, B] = AB-BA
[[A, B], C] + [[B, C], A] + [[C, A], B]

— [[A B, C] = [AB—BA, C] = (AB — BA)C — C(AB - BA)

= ABC — BAC — CAB + CBA 0!
[[B, C], A] = [BC, — CB, A] = (BC — CB)A — A(BC — CB)

= BCA — CBA - ABC + ACB ...(ii)
[[C, A], B] = [CA—AC, B] = (CA—AC) B - B(CA - AC)

= CAB— A, B-BCA + BAC ...(iii)

sum of equation (i), (i) & (iii)

[[A, BIC] + [[B, C], A] + [[C, A], B]
ABB +....... =0

= ABC - BAC + BAC -

1 2 3
Sol2: (A)A=1|4 5 7

2 3 «
f(x) = x> —8x% + bx + vy

a satisfies f(x) =

. . 10

Sol 3: (A) two rowed unit matrix I, = {0 J
2

F=I

So square root of [, = [, = {a E} (given)
Y

ot

a=1=38,y=p=0

2

Sol 4: (A) A = [4 T} A=-2) (A=-3) =7
i

S . P R A H
S O F RS i
-] F 2'}

= 21) +2i() 4i- = null matrix
i—i 2i(i) — 1( 2)

1 cos(a—B) cos(o—7)
Sol 5: (D) A =| cos(B - o) 1 cos(B-y)
cos(y —B) 1

|A= 1[1 - cos(B —y)cos(y — B)] + cos (a.— B) [cos(B —r) cos
(y—a) - cos( — o]

cos(y —a)

+cos (o —y)[cos(B — a) cos(y — B) — cos(y — a)]

(. cos(A) = cos(-A))

=1-cos?(B-7v) +2cos (o —P) cos (B—1y) cos (y—a) —
cos? (B —a) = cos?(a—7)

(a+B-y-—oa+y-P) ?
2

=1-|cos

=1-cos’0=1-1=0
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x+a b d - -1
Sol6: (C)A=| a x+b ~ [+ 0 1:{2 0} =L{2 0}
o] -() = 0 1+1 0 2 det(A) 0 2
a b x+c
o . 1
matrix A is non singular 12 0] _ > 0
|Al=0 alo 2] |, 1
x+a b C 2
a x+b ¢ | #0 M1
a b x+c 5c X 2
sol 9: (C) | 2° :{5 0}
= (x + a) [(x + b) (x + ¢) — bc] + b[ac — a(x + ¢)] + c[ab 0 1 -a 5
—a(x+Db)=0 L 25
1
=S>x+a)[xX+x(b+c)]+blac—ax—ac] + (c) (~ax) =0 g 0‘1 g 0‘1 1[5 als[s a
=x3+ax?+ x4b +c)+ax(b + ¢c)—abx—-acx=0 “|-a 5 -a 5 © 25/0 5 0 5
3 2
=X +x@+rbr1)20 _ 1[5 a][5 alft/25 x
=X+ @+b+q]=0 " 625 |0 5/|0 5|| 0 1725
=xz0andx#—-(a+ b+ ¢
S R—1{0,~(@ + b + ) 1 |25 5a+ab 1 [25 10a
xX = R-{0, —(a C = — =
625| 0 25 625| 0 25
Sol 7: (B) A is skew symmetric matrix 10a 2a
X= —=—
A2=Aand B'B=B 625 125
T =
BB =8 Sol 10: (D) A? =1
i i -1 TR\R-1 = RR-1 =
Multiply with B = (B'B)B BB I 1Al =1, B = (adj A)*
BT=B"=1I 1
G LAy
B'=1SoB=I A= TARAA) = adiA)
X=(A+B)(A-B) (A7) = (adjA)™
X=A?-AB + BA-B*- B=1) A =(adj A)* = B given
X=A-A+A-1=A-1 A=8B
X = (A-DT=A -1 A2 =]
XX =(A"-1) (A-1) AA=AB=1
=AAT-AT-A +1 AB=AA=BA=1
AT =—A("+ Ais skew symmetric) = B=Iwecan'tsay that B =1

X'X=-AA-A+A+1

Sol 11: (B) adj A = Border of both = 3 x 3
=—A+1=-A+I=1-A

Adj (3AB)= 3** adj (AB)

Sol 8: (C) Z, and Z, are uni modular complex = 9(adj B) (adjA) = 9(adj B)B = 9|B| = I,
R -1 -.adj(AB) = (adjB) (adj A)

{El 22} Fl 32} = A (assume)
L h L7

Sol12: (C)A"+B =0
_ _ _ 1
_ {2121 +2,Z, 7y7Z, _ZZZI} A =adjB, tr(A) =1, A=A

5,2 =217, 72,717 tradj (AB)}
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=>A"+B=0 = M? NI-M)(=N")(-M)
=>A"=-B = - M2NMINIM

= tr[(adj B) (adj A")]

= tr[A adj(-B)]

= tr(A(=1)"A]

= (-1)" tr(A?) = (-1)" tr(A)
= (1 (D) = (1

Sol13: (C)C=A+B

ICI° = |AP [T - (A"B)
AB=BAC=A+B

= |C| = |A + B| = |A| [l + A'B]
IC|? = |AP [1- AB| |1 + AB| .. (if)

2
Equation @ = ]
@ |C]

_JAP|I-ATB| 1+ AT'B|
[A||I+AB|

IC| = A1 |I- AB| = |A-B|

IC| = |A-B|

Previous Years' Questions

Sol 1: (A) | A| # 0, as non-singular

1 ab

o 1 c/#0

o o 1
=>1ll-co)-a(@-cw?) +b W —-w?)#0
=>1l-co—am +acw?) #0
=>1l-cow)(l-am)#0

1 1
=a#—,C%* —
()] ()]

=a=w c=onandb={o v}

= 2 solutions

Sol 2: (C) Given, MT=-M, N"=-N

and MN = NM .. ()
- M2ZN2(MTN) (MND)T

= M2N2NLHMT)HNL)T™T

= M2N(NN)(=M)(N")*(=M)

=-M - (MN)MN1M
= - M(NM)MN M
= — MN(NNN- M
= — M(NN)M

= - M?

Note: Here, non-singular word should not be used,
since there is no non-singular 3 x 3 skew-symmetric
matrix.

X2 +x X—2

Sol 3: LetA = 2x* +3x—-1 3x 3x-3
x> +2x+3 2x-1 2x-1

Xx+1

Applying R, = R,— (R, + R,), we get

X2 + X x+1 x-2
A= -4 0 0
x> +2x+3 2x-1 2x-1

2

Applying R, - R, + XT R,
W2

andR, >R, + " R

Z’W

X x+1 x-2
A=| 4 0 0
2x+3 2x-1 2x-1

Applying R, = R, - 2R,

Xx+0 x+1 x-2
=| -4 0 0
3 -3 3

X X X 0o 1 -2
=4 0 O +|4 0 O
3 -3 3 3 -3 3

1 11 o 1 -2
=x|-4 0 0 +[-4 0 0

3 -3 3 3 -3 3
=A=Ax+B
1 1 1 o 1 -2
WhereA=|-4 0 O andB=(-4 0 O
3 -3 3 3 -3 3



Sol 4: The given system of equation
3x-y+4z=3

X+2y—-3z=-2

6x + 5y +1z=-3

Has at least one solution, if A # 0

3 -1 4
~A=11 2 -3 #£0
6 5 A

=32L+ 15 +1(A+18) +4(5-12)#0
=70 +5)#0=>A #-5

ForA=-5
=A=0
3 -1 4
Then, A = |-2 2 -3 =0
-3 5 -5
3 3 4
A=11 -2 -3 =0
6 -3 -5
3 -1 3
A,=11 2 -2 =0
6 5 -3

Sol 5: The system of equations has non-trivial solution,
ifA=0

sin30 -1 1
= |cos20 4 3| =0
2 7 7

Expanding along C, we get

=sin30 -(28-21)-cos20(-7-7) +2(-3-4) =0
= 7sin360 +14c0s20-14 =0

=sin30 + 2cos20-2=0

= 3sin0—4sin*0 + 2(1 - 2sin’0) -2 =0

=> sind (4sin’0 + 4sin0-3) =0

= sinO (2sin@ — 1) (2sin6 + 3) =0
=sin0=0,sin0= 1/2

(neglecting sin® = — 3/2)

=0=nmg,nt+ (-1)"n/6,ne”Z
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a-1 n 6
Sol 6: Given, A, = [@a-1)° 2n* 4n-2
@-1° 3n’ 3n°-3n

Zn:(a—l) n 6

1

[}
Il

n
.= @-1° 2n* 4n-2
a=1
n
> (a-17 3n® 3n°-3n
a=1
= Applying C, —» C,- 6C,
s | 1010
= "0=Dhh 1 6n 0 =0
n-1 6n O

n
= D> A, =¢ (c=0ie constant)
a=1

=-c@-p)(q-b)+ (- lp(g-b)-bla-pl
=-cl@a-p)(q-b) +p(r-c)(q-b)-b(r-c)a-p)
Since, A=0
=-cl@a-p)(@-b)+p(r-o(q-b)-b(r-c)a-p)=0
[On dividing both side by Radding 204 th side and —x
+(sina)y —(cosa)z =0 has non-

C b

b
@-p)@-b)(r-d] g+t

+2=2
r-c qgq-»b

——+ 0+ +0=2

g-b r—c

n! (n+1)!
Sol 8: Given, D = |(n+1)! (n+2)!
(n+2)! (n+3)!

(n+2)!
(n+3)!
(n+4)!

Taking n!, (n + 1)! and (n + 2)! Common from R, R, and
R, respectively.
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1 n+1) (h+1D(n+2)
“D=nl(n+DI(N+2)! |1 (n+2) (n+2)(n+3)
1 n+3) (n+3)(n+4)

Applying R, - R, -R and R, - R, - R, we get

1 (n+1) (n+1)(n+2)

D=nln+1)(n+2)1 0 1 2n+4
0 1 2n+6

Expanding along C, we get

D=(nYnNn+ DIn + 2)2n + 6) — (2n +4)]
D = (nh)(n + 1)I(n + 2)![2]

On dividing both side by (n!)?

D _ MYMHIN+1)(NH(n+1)(n+ 2)2
(n)? ()’

:%zZ(n+1)(n+1)(n+2)
(n!)

:>_D3 =2(n* +4n?+5n +2) =2n(n*+4n + 5) + 4

(n)
D

= —— —-4=2n(n?+4n +5)

(n!)?
Which shows that {%—4} is divisible by n.

(n!)

Sol 9: Given, Ax + (sin o)y + (cos o)z = 0
X + (cos a) y+(sina)z=0
and —x + (sin o) y—(cos a) z = 0 has non-trivial solution.

S~ A=0

A sina  cosa
= |1 cosa sina |=0
-1 sina —cosa

= A (- cos? o — sina) — sin a (- cos o + Sin a) + Cos a
(sina+cosa) =0

=—-XA+sinacoso + sina cosa—sin?a + cos’a =0

= A= cos 2a + sin2a

( —vJa? +b? <asin+bcosb < +a’ +b2j

o2 << ()

Again, when A =1, cos 2a + sin 2o = 1

1 1 .
= —C0S 200 + —Sin 200 = —

V2 V2 V2

= cos (2o — n/4) = cos n/4

s200—-m/4 =2n /4
= 20 =2nt—-n/4 + n/4 or 20 = 2nw + /4 + w/4

S.oo=Nnm oornm + w/4

Sol 10: Given,

ax—by-c
bx + ay

bx + ay cX+a
—ax+by-c

cy+b

cy+b =0

cx+a —ax—by+c

a’x —aby —ac bx +ay x+a

:>E abx+a’y  —ax+by-c cy+b =0

acx +a’ cy+b —ax—by+c

Applying C, - C, + bC, + cC,

@@% +b? +c®)x

= 2 (@ +b? +c?)y by-c-ax

ay + bx x+a
b+cy [=0

a’+b% +c? b+cy c—ax—by

ay + bx cx+a
b+cy [=0

c—ax—by

=

Q|

X
y by-c-ax
1 b+cy

(vat+b?+c2=1)
Applying C,—» C,- bC,
and C,— C,—-cC,

X ay a
—C—ax b =0

1
:>; y
—ax —by

1 cy

X2 axy ax

= — |y -c-ax b [=0

ax

1 cy ax —by

Applying R, - R, + yR, + R,

XX+y?+1l 0 0
—C—ax b =0
—ax —by

j— y
ax
1 cy

= L[ +y2+ 1) (- c-ax) (- ax ~ by) — b(cy)]= 0
ax
= ai [(x? + y?+ 1) (acx + bcy + a*? + abxy — bey)]=0
X
1
= - [(x? + y?+ 1) (acx + a*x? + abxy)]= 0
X

= i [ax(? +y?+ 1) (c + ax+ by)]=0
ax



> +y’+ ) (ax+by+c)=0
= ax+by+c=0

Which represents a straight line.

Sol 11: (A) A =1(1-co-a(w-o’c)+b(0))
A =1co—am+ w?ac

Azl—m(c+a)+co2ac

2

c=m a=o" singular

c=w’ a=w singular
c=®0 a=m non singular

2

c=w’ a=w’singular

for every pair (a, c) there are two possible values of b
hence 2 matrices.

a a4 &
Sol12: let M=|b;, b, b,
G & G
a, a, a;||0 -1
b, b, by||1]|=]2
c, C C 0 3

a, a, a;||1 1
b, b, by||-1|=|1|=a ~-a,=1
c, C, C 0 -1

=a,=0,b,=3,¢=3

a, a, a; |1 0
b, b, by [1|=]0|=c +¢+c;=12
q G G 1 12

=>¢=12-5=7

. Sum of diagonal elements =a, +b, +¢; =0+2+7=9

Sol 13: (D) There seems to be an ambiguity in the
question since 3 x 3 skew-symmetric matrices can't be
non-singular.

[Property: Determinant of an odd order skew-
symmetric matrix is always zero]

P is a 3x3 matrix

a
let P=|a

1

3 ™ T
S5 < 0
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a o 1
PT=lb B m

cC vy n
PT =2P+I
fa a 1] [2a 2b 2c] [1 00
b B m|={20 2B 2y|+|/0 1 O
¢ v nj _21 2m 2n 0 01
fa a ] [2a+1 2b 2c
b B mi=| 20 2B+1 2y
¢ v n| _21 2m  2n+1

=2b =0q,b =20 ltis possible when b =a,=0

Similarly,, c=1=0

m=y=0
-1 0 O
The matrix Pis| 0 -1 O
0O 0 -1

So, PX=-X

Sol 14: (D) P = [au]

Q= by

bij = 2'“.aij
2 3 4
b;; =2%a); by =2"a,; by =2"ay;

_ 93 _ o4 _ 95
b, =27a;, by, =2"a), by, =2a,,

4 5 6
b3 =2%a); by; =27a,, by; =2"a,

a a a

11 12 13

Given P a =2

=91 9 a9y
d3; 93 33
2 3 4
2%a,, 27a;, 27a;
193 4 5
Q=2"a, 27a,, 2’a,

4 5 6
2%a;, 2’a;, 2’ag

a1 8 a3

52934
Q=2°2°2"a, a,, ay
d3; 83 a3

2 3 4
2°a,, 2°a,, 27a;
Q=2°222%2%, 2%,, 2a,

4 5 6
2%a;;, 2’a;, 2°ag,




16.72 | Matrices

a1 9 a3
52934442 51
Q=2°2°2"2°2"a,; a,, a,
a,, a,, a

31 33

Q=22232%2220101 = 2B

Sol 15: (B, C, D) P? = 0 only when n is multiple of 3.

o 1 olle® 1 o 0
Egll o o|]1 o ©|=]0
o o 1 o o 1 0

-.P? #0when n=55,56,58

Sol 16: (A, B) MN =NM
NZM:N(NM) =(NM)N = (MN)N =MN?

(M—NZ(M+N2)):M2+MN2 N?M—N* = M2 —N*

As M—N2 ¢O:‘M+N2‘:O

- pre]

M? + MN? :‘M(M+_N2)‘

-0 = ‘M+N2‘:O

o O O

o O O

Sol 17: (D) When roots are purely imaginary.

Then the form of equation is x* +K =0

where K is positive no.

Let p(x)=x* +K

P(p(x) = (p(x))" +

p(p(x)) = (¥ +|<)2 +K

p(p(x)) = x* + 20 +K = p(p(x)) =0

x* +2Kx? +K =0

All coefficients are positive and no odd degree of x are

present.

Sol 18: (A) z =

—1+i\/§
=0
2

N =
—|wn
W =
R|lwn

2

Total no. pairs = 1

P pY\*
Sol 19: (B, C) (EJQ =1 Q= (—j

Comparing P,; we get,

K —K(3(x+4)
8 120+20

= oa=-1

Also |P||Q| K3

K2
~(1200 +20) = K3

K=6a+10=4

Sol 20: (B)

1 00][1 00O 1 00
PP=14 1 0|4 1 0|=
16 4 116 4

1 00J|1 oo
PP=|8 1 0|4 1 0

=
"
= oo
, o ®©F
= o
P, OO

48 8 1|16 4

O
(o)}
=
N

| 1
1 0 0
P = 4n 1 0
8(n2 + n) 4n 1
1 0
PP = 200 1 0
8x(n2+n) 4n 1
PP-Q-=I

Equation we get 200 -q,, = 0= g** =200
400x51-q,, =0
Oy = 40051

200-q;, =0=q;, =200

q31 + q32 _ 400x51+ 200 _
Oy 200

103




